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Preface 


This book is based on a lecture course entitled The Principles of 
Jet Propulsion g:iven by the author in 1943 and 1944, under the 
sponsorship of the University of California ESMWT program, to 
graduate engineers working in the aircraft companies located in the 
Los Angeles area. 

It was decided in preparing the original lecture notes to discuss 
basic principles only, and in order to conform with the wartime re- 
strictions on security only unclassified material was included. Since 
the manuscript for this book was completed during the war years 
the same policy was observed in its preparation. This introduced 
certain difficulties, because it was necessary to omit certain data and 
useful information. It is felt, however, that because the discussions 
in this book are confined to basic principles the observance of the 
interests of military security has not impaired the attainment of the 
main objectives: the presentation of requisite fundamental theory 
pertinent to an intelligent understanding of jet-propulsion engines 
and gas-turbine power plants. Although the book is written pri- 
marily for the student, and not for the specialist, it is hoped that it 
will also be useful to those actively engaged in the aforementioned 
fields. 

In preparing the manuscript the author was guided by the expe- 
rience obtained in teaching the ESMWT course discussed above. 
He found that the interest in the subject cross-sectioned various 
branches of engineering. For that reason certain materia! which may 
not be necessary for instructing aeronautical engineering students 
has been included. The instructor must use his own judgment in 
the selection and order of the subject matter to be taught. 

The author has drawn freely from the unclassified literature, and 
credit is due to those authors, professional societies, publishers, and 
manufacturers who were kind enough to permit the use of their 
material. In this connection the National Advisory Committee for 
Aeronautics deserves special mention. References to publications 
are given in the text, and those used in any chapter are collected at 
the end of that chapter. An earnest effort has been made to make 
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the acknowledgments complete, but some omissions may have been 
made inadvertently. The author hopes that the reader will take the 
charitable point of view, and call the omission to his attention. 

The author realizes that despite all his efforts it is probable that 
some errors, and even mistakes, will be found in this book. He is 
hopeful that they are few and insignificant, but he will welcome all 
communications calling them to his attention. 

Except for the last chapter, ‘^Some Aspects of High-Temperature 
Metallurgy,” the author takes full responsibility for the material 
presented. He regrets that, owing to the conditions existing when 
the manuscript was written, he was unable to avail himself of help- 
ful criticisms as is possible under more normal conditions. He is 
happy, however, to share the responsibility for the last chapter with 
his co-author Mr. C. T. Evans, Jr., Chief Metallurgist, Elliott Com- 
pany, Jeannette, Pennsylvania. The excellent cooperation received 
from Mr. Evans in preparing the aforementioned chapter is grate- 
fully acknowledged. 

It is with great pleasure that the author expresses his indebtedness 
to his colleague Dr. C. F. Warner, Assistant Professor of Mechanical 
Engineering, Purdue University, who gave unsparingly of his val- 
uable time to the reading of proof. He also wishes to express his 
thanks to his former colleagues Mr. W. Murray, Mr. R. D. Geckler, 
and Mr. T. B. Swanson for valuable aid in connection with some of 
the charts and tables presented in Chapter 12. Finally, he feels it 
is fitting to express here his appreciation to his former colleagues 
Mr. B. L. Dorman and Mr. L. K. Petersen, and also to Mr. J. Dillon, 
University of California, for their helpfulness in connection with the 
ESMWT course mentioned above. 

Lafayette, Indiana 
October 1947 
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Chapter One 


REVIEW OF FUNDAMENTAL PRINCIPLES 


1 . Units and Dimensions 

Two kinds of quantities enter quite generally into engineering 
measurements: dimensional quantities and dimensionless quantities. 
A dimensional quantity is one which has its magnitude expressed 
in terms of one or more fundamental units: for example, a velocity 
of so many feet per second^ an area of so many sqtcare feet, a momen- 
tum of so many slug-feet per second^ or the like. 

A dimensionless quantity is one that has no dimensional category 
and is, therefore, a pure number. Furthermore, the numerical 
magnitude of a dimensionless quantity is independent of the size of 
the fundamental units used for evaluating it, provided that a con- 
sistent set of units is employed. A dimensionless quantity may be a 
coefficient, such as the discharge coefficient for an orifice, the ratio 
of two similar variables, or the product of several dimensional quan- 
tities so arranged that the result is dimensionless. A familiar ex- 
ample of the last is the Reynolds number, which is the product 
(velocity X length X density) divided by dynamic (absolute) vis- 
cosity. 

The choice of either the size of the fundamental units or of the 
dimensions for expressing the magnitude of a physical measurement 
is arbitrary.^ Experience has shown, however, that in the fields of 
mechanics three principal dimensions suffice. They are length [L], 
time [T], and either mass [M] or force [/^]. All other dimensions for 
expressing the magnitude of a physical measurement are derivable 
from these. Thus, the dimensions of area are [L]^, of velocity [L]/[T], 
and so forth. ^ 

It should be noted that, if mass [M\ is taken as a principal dimen- 
sion, then force is a derived quantity, and vice versa. Mass and 
force are related by Newton^s law of motion, force [F] = mass 
[M\ X acceleration [A]. Hence, if mass is a principal dimension, the 
dimensions of force are 

^ Superior numbers refer to items in the bibliography at the end of the chapter. 
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2 PRINCIPLES OF JET PROPULSION [Chap. 1 

Each of the principal dimensions [L], [7’], and [M] or [7^] can be 
expressed in terms of the others. Thus, 

[F\ = [M][L][Tr^- [L] = [F\[Tf[Mr^\ [M] = [FMi:]-' 

and 

[T? = [M][L]\Fr^ 

Further; 

[M][L][Fr^[Tr^ = 1 

It should not be implied from the foregoing that the principal 
dimensions [L], [T], [iV/j or [F] are basic. As pointed out above, their 
choice is arbitrary and is based on convenience. In general, the 
principal dimensions may be any mutually independent set which 
are convenient to use. 

The selection of the size of the fundamental units is also arbitrary, 
but the demand that they be consistent requires that numerically 
they satisfy Newton’s second law of motion. Thus the product 
unit mass X unit acceleration must equal unit force. 

In the field of mechanics two basic systems of measurement arc 
used: (1) the English gravitational system (EGS) and (2) the English 
absolute system (EAS). Confusion sometimes arises in evaluating 
the units of mass and weight (force) for these systems. This may 
be due to the use of the same word, pound, for the unit of force 
(weight) in the (EGS) and for the unit of mass in the (EAS). An- 
other contributing factor may be the fact that the mass of a body 
is determined by measuring its weight, that is, the gravitational force 
exerted upon it. 

The confusion is avoided by noting that mass is a quantitative 
measure of matter. It is characterized by possessing the property 
called inertia, the tendency of a lump of matter to remain at rest or 
in an existing state of motion unless acted upon by an external force. 
Furthermore, the mass of a substance is independent of its volume, 
its numerical value being the same when the body is heated (ex- 
panded) or cooled (contracted). Mass is a scalar quantity, while 
force is a vector quantity. 

In the EGS of units, which is used in this book unless specifically 
stated to be otherwise, the unit of force F and the unit of accelera- 
tion a are chosen and the unit of mass m is calculated from F = ma. 
Thus the pound is the chosen unit for force, the foot per second per 
second is chosen as the unit for acceleration, and the unit of mass 
is derived from substituting F == 1 and a ~ 1 into F = ma. The 
unit of mass is a lump of matter which is given an acceleration of 
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1 ft per sec per sec, in a vacuum, when acted upon by a force of 1 
pound. 

The simplest way to measure the mass of a body is to weigh it. 
Hence, if a body weighs 1 pound, the gravitational attraction exerted 
upon it is a force of 1 pound and this attraction imparts an accelera- 
tion a — g ft per sec per sec, the numerical value of g depending upon 
the location of the body on the surface of the earth. To satisfy 
the equation F = ma, the body should experience an acceleration of 
1 ft per sec per sec. This means that m = W/g, where W is the 
weight, must be equal to unity. Hence, the unit mass weighs g- 
pounds. This unit is called 1 slug. 

The standard acceleration is 32.1740 ft per sec per sec, and is 
assumed to be the value at 45 degrees latitude and sea level.^ Its 
value in metric units is 980.665 cm per sec per sec. 

In the EAS the units of mass and acceleration are chosen and the 
unit of force is the derived unit. The unit of mass is called the 
pound, and the unit of acceleration is 1 ft per sec per sec. The unit 
force imparts an acceleration of 1 ft per sec per sec to a Upound mass. 
To satisfy Newton’s law, this unit of force must be 1/gth of the 
weight of the 1-pound mass, and is called the poundal. 

For a more detailed discussion of units of measurement consult 
references 12 and 13. 

Table 1 • 1 presents conversion factors for transferring measure- 
ments from one system to another. 

TABLE 11 

CoNVKRsioN Factors for Gravitational and Absolutk Systems 



OF Measurement 

Given 

Multiply by 

Result 

Force in pounds 

32.174 

444,823 

Force in poundals 
in dynes 

Mass in pounds 

0.0311 

454.0 

0.454 

Mass in slugs 
in grams 
in kilograms 

Length in feet 

30.5 

0.305 

Length in centimeters 
in meters 


Table 1*2 lists the units which must be used with their respective 
systems of measurement m order to satisfy the requirements of con- 
sistency. 
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TABLE 1-2 

Fundamental Units of Measurement and Dimensions 



Dimen- 

Gravitational 

Absolute System 

Fundamental 

sional 

System 

, 

. — 

Quantity 

Symbol 

English 

English 

Metric 

Mass 

\m 

1 slug 

1 ix)und 

1 gram 

Length 

[L\ 

1 foot 

1 foot 

1 centimeter 

Time 

[ri 

1 second 

1 second 

1 second 

Force 

1^1 

1 pound 

1 poundal 

1 dyne 


Table 1*3 presents the dimensional formulas and units of those 
physical quantities pertinent to propulsion problems. 

TABLE 1*3 

Dimensional Formulas and Units 


Unit 



English 

Dimensional Formula 


Gravitational 

, • 


Quantity 

System 

M, L, T 

F, L, T 

Acceleration 

ft/sec^ 

LIT^ 

LIT* 

Angular velocity 

rad /sec 

i/r 

IIT 

Angular acceleration 

rad/sec^ 

1/r* 

in* 

Area 

ft^ 


L* 

Compressibility 

ftVlb 

Ll^/M 

L^IF 

Density 

slug/ft® 

MIL^ 

FniL* 

Dynamic viscosity 

Ib-sec/ft® 

MILT 

FTIL^ 

Energy 

ft-Ib 


FL 

Force 

lb 

ML/T^ 

F 

Gravity acceleration 

ft/sec® 

LIT^ 

LIT* 

Impulse 

lb-sec 

ML IT 

FT 

Kinematic viscosity 

ft® /sec 

L^IT 

L^IT 

Length, linear dimension 

1 ft 

L 

L 

Mass 

1 slug 

M 

FT*IL 

Mechanical equivalent of heat ft-lb 

ML^IT^ 

FL 

Modulus of elasticity 

Ib/ft® 

MILT^ 

fh? 

Moment 

ft-lb 

ML^IT^ 

FL 

Momentum 

slug-ft/sec 

MLIT 

FT 

Peripheral velocity 

ft /sec 

LIT 

LIT 

Pressure 

Ib/ft® 

MILT^ 

FIL^ 

Power 

ft-lb/sec 

ML^IT* 

FLIT 

Revolutions per time 

rev /sec 

XjT 

IIT 

Rigidity modulus 

Ib/ft® 

MILT^ 

FIT} 

Surface tension 

Ib/ft 

MIT^ 

FIL 

Specific weight 

Ib/ft® 

MIL‘‘r‘ 

FIT} 

Time 

1 sec 

T 

T 

Torque 

ft-lb 


FL 

Weight 

lb 

MLIT* 

F 

Work 

ft-lb 

ML^/T* 

FL 
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2, Dimensional Analysis 

Many problems in engineering involve comparing the behavior 
of two similar machines of widely different size or the prediction of 
the behavior of a prototype from the behavior of a model. For the 
comparisons to be accurate, it is essential that the prototype and its 
model be geometrically similar in all respects. When the study also 
involves the flow of a fluid, as in aerodynamics, it is also required 
that the ratio of the forces due to the inertia and viscosity of the 
fluid be in a constant ratio, if the flow patterns are to be similar. 
This means that in problems involving fluid flow there must be dy- 
namic similarity as well as geometric similarity. The comparison 
of the behavior of machines and fluids utilizing the principle for 
geometric and dynamic similarity is based on dimensional analysis. 


Principal 

a 

B 

Cd 

Cp 


Cy 


D 

g 

g-mole 

h 

AA' 

Ah 

Ah/ 


Ahc 


J 

k 

k-cal 

k-mole 


Notation 


= acoustic velocity = “s/gkRTy fps. 

= mR = universal gas constant == 1.9864, Btu/lb mole F. 
= drag coefficient. 


= specific heat at constant pressure 



Btu/lb F. 

= specific heat at constant volume 



Btu/lb F. 


= drag. 

= acceleration due to gravity = 32.174 ft/sec^. 
= gram mole. 

1 

= w H — {pv) = enthalpy, Btu/lb. 


= — h 2 = isentropic enthalpy change, Btu/lb. 

= hi — ^2 = enthalpy change, Btu/lb. 

Zt 


— CpTi 


1 +Z, 


= enthalpy change due to isentropic ex 


pansion, Btu/lb. 

= CpTyZc = enthalpy change due to isentropic compres 
sion, Btu/lb. 

« mechanical equivalent of heat = 778 ft-lb/Btu. 

» specific heat ratio, Cp/Cy. 

« kilogram calorie, 
kilogram mole. 
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K == bulk mcxlulus =» , psf. 

(dv/v) 

(K)t ~ isothermal bulk modulus for a perfect gas = p. 

(K)ad = adiabatic bulk modulus for a perfect gas == kp, 
m = molecular weight. 

M = Mach’s number. 
p = pressure intensity, psfa. 
dQ = heat added, Btu/lb. 

g = = dynamic pressure, psf. 

1^2 = heat added during a change from state 1 to state 2, 
Btu/lb. 

R = gas constant == 154vS/m, ft-lb/lb F. 

= Pi/p 2 = pressure ratio for an expansion process from 

Pi- 

= P 2 / Pi = pressure ratio for a compression process from 

Pi- 

ds = entropy change = dQ/T, Btu/lb F. 

T = absolute temperature in degrees Rankine (460 + /° F). 
u = internal energy, Btu/lb. 

du = c^T = internal energy change for a perfect gas, 
Btu/lb. 

V = specific volume, ft^/lb. 

Fm = wzz; = molar volume, ft‘^/lb-mole. 

F = velocity of a body in a fluid medium, fps, or total 
volume as indicated in text. 

W = weight, lb. 

h-\ 

Zc = ^ ~ 1. 

k-l 

Z, = f, * ~ 1. 

Greek Symbols 

p = density, slug/ft^. 

Po == air density at sea level = 0.002378 slug/ft^. 
a = p/po = density ratio. 

7 = specific weight, Ib/ft^ 

7o == specific weight of air at sea level = 0.07651 Ib/ft^. 
p = absolute or dynamic viscosity, slug/ft sec. 

V =5 p/p kinematic viscosity, ftVsec. 


The importance of dimensional analysis to the engineer is that it 
permits arranging the variables of a physical problem in such a 
manner that the experimental work can be conducted without de- 
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stroying the generality of the physical relationship. This is par- 
ticularly true when a large number of variables arc involved.^*' 

The dimensions of a physical quantity stem from its definition; 
thus density is mass per unit volume and is accordingly expressed by 
the dimensional formula [M]/[Lf. An important principle in anal- 
yzing physical phenomena by applying dimensional analysis is the 
principle of dimensional homogeneity.^ This states that all the terms 
of an equation expressing an actual relationship between physical 
variables must have the same dimensions. 

If a certain number of physical quantities enter into an equation, 
since the equation must be dimensionally homogeneous, the number 
of possible relationships is limited in a special manner.® Thus it 
can be shown that. If the functional relationship 

FiQuQ2- Qm) = 0 ( 1 ) 

is a complete equation describing the relationship between m 
different physical quantities Qi, Q 2 ‘ ‘ ' Qm^ then, if there are n prin- 
cipal dimensions, the relationship may be put in the form ® 

/(tTi, 7r2 • • • TTm-n) = 0 (2) 

Relationship 1 is said to be a complete equation if it remains true 
regardless of the size of the consistent set of fundamental units used 
in evaluating it. In equation 2 the tt’s are m — n independent 
dimensionless quantities formed from the original variables Qi, 
02 • • * Qm- In each tt there will be w + 1 variables, and in each 
successive tt only one variable changes. 

It should be noted that if more than one of the same kind of quan- 
tity is involved in the relationship, such as several lengths, then all 
of the same kind of quantity can be represented by means of one of 
them and ratios of the others to it. In that case equation 2 becomes 

/(tTi, 7r2 • • • T,n-n» ^2 ' ’ • ) = (^) 

where ri, r 2 • • • are ratios. 

Each TT represents a dimensionless product of the form 

TT = Qi^-Q2^ -Qnr (4) 

where the a, b, • • • m are exponents. 

To illustrate the method of analysis, consider the problem of 
determining the aerodynamic resistance of an airplane or an airfoil. 

The resistance will depend upon those variables that affect the 
resistance of any body which is completely submerged in a large 
body of fluid. Owing to the great depth of the submergence of the 
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airfoil, no surface waves are formed in the free surface of the atmos- 
phere so that gravity has no effect upon the resistance. 

If it is assumed that the airfoil moves through the air at constant 
speed so that there are no acceleration forces, then the resistance 
force, or drag Dy will depend upon the following variables: F, the 
relative velocity of the air and the airfoil; p, the density of the air; 
ju, the viscosity of the air; a, the acoustic velocity; and the size and 
shape of the body. 

For a series of geometrically similar bodies, a single linear dimen- 
sion I will define each of them. Hence 


F(Z>, /, F, p, p, a) = 0 (a) 

Since there are three principal dimensions, [F], [L], and [F], and 
six variables, there must be three dimensionless ratios. Hence, the 
equation similar to equation 3 is 

fivi, T2, its) = 0 (5) 

The tt’s are determined by selecting three variables raised to ex- 
ponents and combining them with a fourth until all the variables 
have been used. Hence, selecting /, F, and p as the three variables, 

iri = 

T2 = 

^3 = afP'V* 

To solve for the exponents of the variables in tti, they are expressed 
in terms of their dimensions raised to the exponent of the variable 
for which they are substituted. Thus 


Writing an equation for the exponents of each dimension, thus 


Hence 


[F] 

1 +2l 

= 0 

Zi == 

-1 

[L] 

xi + yi - 4z 

X = 0 

Xi = 

-2 

[T] 

— yi + 2si 

= 0. 

yi = 

-2 


Vt =“ 

D 




Similarly, for t 2 , 

«-a =. 
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IF] Z2+ I = 0 

[Z^] X2 — 4z2 y 2 — 2 == 0 
[ 7 "] 2z2 — 3^2 + 1 = 0 

Hence 


Similarly, for ttq, 


^2 


M 


^2 “ — 1 
^2 == — 1 
y2 == 1 



ITS = 


Hence 

in 

33 

= o‘ 

CO 

II 

o 


[L] 

1 + ^3 + 3^3 

— 4z3 = 0 

xa = 0 


[T] 

— 1 — V3 

= 0. 

3'3 = -1 

Hence 


l( 

II 

CO 

1 

Mach number 


The dimensionless ratios give the following functional relationship 

ffJL^ -V 1 

IpV’ V/ 

Or, since an expression for the drag D is desired. 



The values of the unknown function are determined by test. 
Measured values of D/FpV^ are plotted against simultaneous values 
of IpV/p for a constant value of V /a. 

Similarly for a fixed value of IpV/p (the Reynolds number) values 
of D/l^pV^ can be plotted against F/a. 

It should be noted that, at the usual speeds of airplanes, the air 
can be assumed to be incompressible.^® The effect of F/a can then 
be neglected, and the drag equation can be assumed to be given by 

Experiments also indicate that the resistance of an airplane under 
the conditions where the compressibility of the air can be neglected 
is approximately proportional to the square of the relative velocity F 
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/IpV\ 

Then the function 4» ^ J reduces to a constant, the value of which 

depends upon the shape of the body. Hence 
D = l^pV^ X Constant 

If the projected area of the body 5 is used in place of /“, since area 
has the same dimensional formula, then 

D = KopV^S 

Since the dynamic pressure of moving air is given by q = 
it is convenient to express the drag in terms of the dynamic pressure. 
Thus 

D = Cd\pV-S = CnqS (6) 

where Cd is called the drag coefficient. 

From equation 6 it is seen that the drag of an airfoil or airplane 
depends upon the density of the air, the relative wind velocity, the 
wing area, and an experimentally determined drag coefficient. 

For a more complete treatment of dimensional analysis and also 
dynamic similarity the reader is referred to the references at the end 
of this chapter. 

3. Classification of Matter 

Material substances can be segregated into two broad classifica- 
tions: solids and fluids. Although the interest in this book is mainly 
in the phenomena associated with motions of fluids, it is instructive 
to focus the attention briefly upon the essential differences between 
these two subdivisions of matter before proceeding to the study of 
the pertinent properties of fluids. 

To facilitate the manipulation of the mathematical relationships 
which arise, it is convenient to assume the existence of ideal sub- 
stances. Consequently, it is the criteria distinguishing ideal solids 
from ideal fluids that are to be discussed. Although no such idealized 
substances occur in nature, their consideration yields important 
information which may be regarded as a first approximation to the 
behavior of real substances. Furthermore, the equations derived 
for an ideal substance can be made applicable to real substances by 
introducing experimental coefficients or other suitable modifications.'* 

A fluid is defined as a substance composed of particles which move 
with ease, change their relative positions without separation of mass, 
and yield readily to pressure. This definition places in the category 
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of fluids such substances as liquids, vapors, and gases or any sub- 
stance which cannot be classified as a solid. There are borderline 
cases where the line of demarkation between a fluid and a solid is 
not clearly establiwshed by this definition. In by far the majority 
of cases, however, the basic differences between solids, liquids, and 
gases are sufficiently pronounced to distinguish them. This is most 
conveniently accomplished by comparing their elastic properties.^-® 

i. Elastic Properties of Ideal Substa ices 

An ideal substance is assumed to be homogeneous in composition 
and isotropic. It can be shown that an isotropic body has only two 
elastic constants: the bulk modulus K, and the rigidity modulus N, 
These assumptions greatly reduce the complexity of the study of 
elastic properties.® 

(a) Bulk Modulus (K), Consider a cube having unit edges that is 
subjected to a uniform hydrostatic pressure />; sec Fig. 1. Assume 
that the stresses due to the hydro- 
static pressure are small so that 
Hooke’s law, the stress is proportional 
to the strain^ is applicable. 

The volume of the c^ube, as the re- 
sult of the compression, is reduced by 
the amount — Vq — Vi^ where the 
subscripts 0 and 1 refer to the initial 
and final volumes of the cube. Since 
it was assumed that the cube had unit subjected to 

edges, the volume change ^v represents uniform hydrostatic pressure, 
the change in volume for a unit volume 

of the material composing the cube; it is the strain. The ratio of the 
stress acting on the cube to the strain is a measure of the hulk modulus 
K of the material. 

Owing to the hydrostatic pressure each side of the cube expe- 
riences a reduction in length e. Hence, the compressed volume of 
the cube is 

i;i = (1 - = 1 - 3^ + ie^ - e^ ^ \ - 3e (7) 

Since the deformation e is very small, all powers higher than the 
first may be neglected, so that the strain is given by 

— Vq -- Vi = — 3e (8) 

Let it now be assumed that the hydrostatic pressure, stress per unit 
area, is changed by the infinitesimal amount dp. The corresponding 
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decrease in volume will be —dv. If the initial volume is denoted by 
Vy then the strain is —dv/v. By definition 


or 


Increment of stress per unit area 

K == Bulk modulus == 

Unit strain produced 



(9) 


(b) Compressibility (J), The compressibility of a material is de- 
fined as the inverse of its bulk modulus. Since the compressibility 
of a substance varies with the predominating temperature, it and 
the bulk modulus must be defined at a particular temperature and 
the conditions under which the compression is conducted must be 
specified. 

It should be noted that the dimensions of the bulk modulus are 
force/area = [F]/[Lf. Its units are pounds per square foot, for which 
the abbreviation is psf. 

(c) Rigidity Modulus (JV). Consider the unit cube illustrated in 
Fig. 2a. The sides AD and BC are extended by the tension stress 
p, while the sides AB and DC are shortened ^y a compression stress 
p of the same magnitude. Let the increase in the length of the sides 
AD and BC be denoted by e, and let the sides AB and DC be reduced 
by this same amount. The type of strain produced by these stresses 
is a shearing strain or shear. 




Fig. 2. Unit cube subjected to a shearing strain. 


Refer to Fig. 2b, and consider the rectangular prism BCD, The 
face BC IS subjected to the hydrostatic pressure p, while the face DC 
is acted upon by the tension p of the same magnitude. The prism 
BCD is in equilibrium under the combined actions of these two normal 
stresses and the forces due to the action of ABD on BCD, The re- 
sultant of the two normal forces is the force ^ V2 acting along BD, 
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The action of ABD on BCD is equal to this force but oppositely 
directed as illustrated in the figure. 

Since the cube was assumed to have unit edges, the area of the 
face BD is units. Consequently, the tangential stress on this 
face has the same intensity p as the normal stresses acting on DC 
and BC, Hence, the shearing stress may be measured on the area 
subjected to either pure normal or pure tangential stress. 

Refer to Fig. 2c, Assume that the directions of the principal axes 
of shear are along the diagonals .4 C ai d BD, and that these diagonals 
are contracted and elongated respectively by an amount e per unit 
length. It can be demonstrated that, when the strains are small, 
no change is produced in the sides of the cube, the area of its un- 
stressed face, and the perpendicular distance betw^een the stressed 
faces if all powers of e above the first ire neglected. The square of 
Fig. 2a merely distorts to form the rhombus, Fig. 2c, In other 
words, the material of the cube is distorted without expansion. 
The plane of the shear is the plane parallel to 
which all points are displaced. This type of 
strain is called a pure shear, 

If the rhombus of Fig. 2c is rotated so that dc 
coincides with a line through DC, the result is 
that illustrated in Fig. 3. The shearing strain 
may be regarded as being produced by the 
material of the cube sliding along parallel planes 
through distances proportional to the perpen- 
dicular distances of these planes from the face 
DC, the sliding being caused by the tangential 
stress p acting along the upper face of the cube, 
this tangential stress is measured by the angular displacement B, 
The rigidity modulus, also called the shear modulus, is defined by 



Fig. 3. Deforma- 
tion of unit cube due 
to tangential stress. 


The strain due to 



For small angles tan 0 = 9, 


P 

AL/L 


( 10 ) 


5. Definitions for Ideal Solids and Fluids 

Ideal solids and ideal fluids can be defined in terms of their bulk 
and rigidity moduli. 

(o) Ideal Solid. An ideal solid is a substance possessing bulk elas> 
tidty and rigidity. When it is stressed, the external forces are bal- 
anced by internal forces arising from the elastic strains, and in this 
manner equilibrium is maintained. It should be noted that the 
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stress on an element plane of an ideal solid may have any direction 
with respect to that plane.'**^ 

(b) Ideal Fluid. An ideal fluid is a substance possessing bulk elas- 
ticity but no rigidity. An ideal fluid cannot, therefore, permanently 
resist a tangential stress no matter how small the stress may be. 
Consequently, the stress on any element plane in an ideal fluid is 
always normal to that plane; the pressure is, therefore, independent 
of the orientation of the plane. Hence, in an ideal fluid the pressure 
at any point is the same in every direction. 

From the foregoing, it is apparent that an ideal fluid has the follow- 
ing properties 

1. It can transmit pressure only. 

2. It cannot transmit a tangential stress, hence it is frictionless. 

3. The pressure at any point in the fluid is the same in all directions. 

Actual fluids differ from ideal fluids in that they are not friction- 
less. There arise tangential stresses whenever there is relative mo- 
tion between the fluid particles. These tangential stresses tend to 
damp out the relative motion, and they exist as long as there is such 
motion. The fluid yields to these stresses, different fluids yielding 
at different rates depending upon their internal friction or their 
dynamic or absolute viscosity. It should be noted, however, that 
when a real fluid is at rest it behaves as an ideal fluid, for in that 
condition it cannot support a tangential stress. 

(c) Ideal Liquid. An ideal liquid is defined as an incompressible 
ideal fluid. This means that the bulk modulus for an ideal liquid 
is infinite, or, conversely, the compressibility is zero. No real 
liquid is truly incompressible, but the numerical values of the bulk 
moduli for most real liquids are large enough to justify this assump- 
tion. This is particularly true when small pressure changes are in- 
volved. 

(d) Ideal Gas. The ideal gas is likewise defined in terms of the 
bulk modulus. Since the value of bulk modulus for a gas depends 
upon the type of compression process employed, the condition under 
which the compression takes place must be specified. Two principal 
compression processes are of particular interest: (a) isothermal and 
{b) adiabatic. 

An ideal or perfect gas is defined as a perfect fluid for which the 
bulk modulus when determined by compressing it isothermally is 
numerically equal to the pressure.^ Thus, the isothermal bulk modulus 
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The subscript T indicates that the temperature is constant. Hence 
for the isothermal compression of an ideal gas the following equation 
applies 

pdv + V dp = 0 ( 12 ) 

The integration of equation 12 yields 

pv = Constant (13) 

Equation 13 states that, when an ideal gas is held at a constant 
temperature, the pressure on the gas varies inversely with its volume. 
This law was determined experimentally by Boyle and also by 
Mariotte. 

If the compression of the gas is frictionless and is conducted under 
adiabatic conditions, no heat exchange between the gas and outside 
sources or sinks, then the equation for the compression process is 
pv^ = Constant. The exponent k represents the value of the ratio 
of the specific heat of the gas at constant pressure to its specific heat 
at constant volume and has different values for different gases. 
Differentiating pv^ = Constant yields 

dp + kv^'^^p dv — 0 

Dividing by pv^ 

dp dv 

-£ + = 0 

p V 

or 

iK)aa = - = kp (14) 

{dv/v) 

Equation 14 states that the adiabatic bulk modulus of an ideal gas 
is equal to the product of its adiabatic exponent, k, and the absolute 
pressure. 

Thus, assuming air to be an ideal gas for w'hich fe == 1.4, then its 
adiabatic bulk modulus is given by {K)ad = 1.4/». Hence, at sea 
level, {K)ad for air is 1.4 X 14.7 X 144 = 2970 psf. 

6. Dynarmc or Absolute Viscosity 

It is this property of a real fluid, its viscosity, that is the source 
of all so-called fluid friction.® It is by virtue of this property that a 
real fluid in motion can sustain a shearing stress whereas an ideal 
fluid cannot. Consequently, in formulating the equations of motion 
for a real fluid, its dynamic viscosity, or more briefly its viscosity, 
should be considered. 
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The definition of the viscosity of a fluid is based upon the ability 
of the fluid to resist and distort when subjected to an external force 
causing a shear stress. Thus Maxwell defined viscosity as follows: 
The viscosity of a substance is measured by the tangential force per 
unit area on either of two horizontal planes at a unit distance apart 
required to move one plane with unit velocity in reference to the 
other plane, the space between being filled with the viscous fluid. 



z z 

Fig. 4. Distribution of shearing stress in a fluid. 


Figure 4 illustrates two parallel planes Y and Z at a distance 
apart s. If the shearing stress //, force per unit area, gives plane Y 
the velocity V with respect to plane Z, then, as first pointed out by 
Newton, the velocity of each stratum of fluid between the planes 
Y and Z will be proportional to its perpendicular distance from 
plane Z. 

The rate of shear is V/s and is, therefore, constant throughout a 
homogeneous fluid. The total shearing force is Ft = ftA^ where A 
is the area of plane Y, 

To maintain constant velocity the tangential force Ft must be 
opposed by an equal force due to the internal resistance of the fluid. 
The ratio of this force to the rate of shear, called the coefficient of 
viscosity^ is defined by 


Ft ^fjS 
A V/s V 


(15) 


If =* 1, 5 = 1, and F = 1, then /z is the dynamic viscosity as 
defined by Maxwell. In general, therefore. 


M = [M][L][T]-^ X [L]-^ X [L] X ir][L]-i 

or 

M = OTLJ-Mr]"* (slug/ft sec) 


If [F], [Z,], and [Z] are taken as the principal dimensions, then the 
unit of viscosity is 


M = [F\[T][L]-^ (lb sec/sq ft) 
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Most physical data pertaining to the viscosity of fluids are ordi- 
narily stated in metric units, usually centipoisesy where 1 poise = 100 
centipoise. 

Table 1*4 presents the conversion factors for transferring the 
units of dynamic viscosity from one system of measurement to 
another. 

TABLE 1*4 

Conversion Factors for Dynamic Viscosity 


or [Fi[r][L]-2 


/X Given in 

Multiply by 

Obtained in 

poises 

too 

centi poises 

(1 gram /cm sec 

0.0672 

Ib/ft sec 

or 

0.0672 

poundal sec/ft“ 

dyne-sec/cm^) 

0.00209 

slug/ft sec 


0.00209 

lb sec/ft'*^ 


360 

kg /meter hr 

Ib/ft sec 

14.88 

poise 

or poundal sec/ft*^ 

1,488 

centipoise 


0.03105 

slug /ft sec 


0.03105 

lb sec/ft^ 


5,356 

kg/meter hr 

slug/ft sec 

478.5 

poise 

or lb sec/ft^ 

47,850 

centipoise 


32.174 

Ib/ft sec 


172,300 

kg/meter hr 

1 kg/meter hr 

0.002778 

poise 


0.2778 

centi[K)ise 


0.0001867 

Ib/ft sec 


0.000005804 

lb sec/ft^ 


In general, the viscosities of liquids decrease with increasing tem- 
l^erature whereas the viscosities of gases increase with the temperature. 
S The viscosity of air as a function of temperature in degrees centi- 
grade is given by Holman’s formula.^® Thus 

M = 1715.5(1 + 0.00275/ - 0.00000034/^) X 10”^ (poises) (16) 

where m = viscosity, poises. 
t = temperature, C. 

To obtain the viscosity in slug/ft sec, the coefficient of the equa- 
tion is multiplied by 2.09 X 10“"^. Thus 

M « 3582.9(1 + 0.00275/ - 0,00000034/^) X 10~^® 


(17) 
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7. Kinematic Viscosity 

Although the dynamic viscosity is a measure of the stresses in a 
fluid, in general it is the ratio of these stresses to the inertia of the 
fluid which has to be considered. The inertial forces in the fluid 
dep)end upon its density p. The ratio p/p is called the kinematic 
viscosity and is denoted by v. Its dimensions are ft"/sec 


p slug ft'^ 

p ft sec slug 


(18) 


The data pertaining to the viscosity of a fluid are often stated in 
terms other than its dynamic viscosity, such as (a) relative viscosity 
or {b) Saybolt seconds. 


8. Relative Viscosity 

This is the ratio of the dynamic viscosity of the fluid to that of 
water at a definite reference temperature. In this country relative 
viscosity is ordinarily referred to the dynamic viscosity of water at 
20 C or 68 F. At this temperature, the viscosity of water is prac- 
tically 3d!oo poise or 1 centipoise. With this reference base, the 
numerical value of the relative viscosity of a fluid is the same as its 
dynamic viscosity in the proper units. Sometimes water at 0 C' 
or 32 F is taken as the base liquid. Since the dynamic viscosity of 
water at that temperature is 1.7921 centipoiscs, the dynamic viscosity 
in terms of relative viscosity is given by 

Dynamic viscosity = Relative viscosity X 1.7921 (centipoise) 


9. Saybolt Viscosity 

This method of measuring and stating viscosity is very common. 
Since the rate of flow through the nozzle of the Saybolt viscometer 
depends on the dynamic viscosity and the pressure head, and since 
the pressure head is a function of the density of the fluid, Saybolt 
viscosity is a function of the kinematic viscosity. For the new Say- 
bolt viscometer, Herschel gives 


or 


poises 

V = Kinematic viscosity = ; — 

grams/cc 


1.8 

V = 0.0022 Xt 

/ 


( 19 ) 


where / is the time in Saybolt seconds. 
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Since the kinematic viscosity, p, is the ratio of the dynamic vis- 
cosity of the fluid to its density, equation 19 can be transformed to 
give the dynamic viscosity /i. Thus 




= p 


(o.()()22t 



( 20 ) 


where p is in grams per cubic centimeter. 

In the metric system the density is equ i! to the specilic gravity 6', 
so that equation 20 can be written 




0 . 0022 / 



poise 


( 21 ) 


Some commercial measurements of viscosity are made with tlie 
Engler viscometer and the results are stated in Kngler seconds. 
The equation for this viscometer is 


1 fence 


or 


n 3.74 

^ = 0.00147/ 

P / 


poise/gram 


n = 0.00147/p - 3.74 ^ poise 

/ 3.74\ 

fi = s f 0.00147/ j~j poise 


( 22 ) 


(23) 


10. Ideal or Perfect Gases 

The ideal or perfect gas is a fluid which cannot be liquefied by 
merely lowering its temperature. !t is assumed that its structure 
is such that the individual gas molecules remain so far apart that 
they exert no attraction forces upon each other, and there is no 
internal friction. Real gases deviate from these assumptions, but 
the experimental results of the earlier scientists led to the belief 
that certain gases such as oxygen, nitrogen, hydrogen, and helium 
behaved as ideal gases because they had been unable to liquefy 
them. It has now been demonstrated that under suitable conditions 
all known gases can be liquefied. 

Experiments indicate that the deviations in the behavior of a real 
gas from the perfect gas increase as the pressure acting upon the gas 
is raised or as the temperature is decreased. For many engineering 
calculations the error due to assuming ideal-gas behavior is relatively 
small and the results need not be corrected for deviations from the 
perfect gas laws. These laws will now be reviewed.^ 
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(a) Boyle’s or Mariotte’s Law. This law has been discussed in 
Section 5(d) of this chapter. Its most usual statement is, wAen the 
temperature of a given mass of gas is kept constant^ the volume and 
pressure vary in inverse ratio. The mathematical statement of this 
law is equation 13, which is also written in the form 

piVi = P 2 V 2 == pv Constant (24) 

The numerical value of the constant depends upon the mass and 
kind of gas involved, and the temperature predominating during 
the isothermal change from state 1 to state 2. The graphical repre- 
sentation of this law, the plot of absolute pressure as a function of 
volume, is a rectangular hyperbola. 

The product ^ is a constant provided that the absolute tempera- 
ture, T, is constant. Consequently, the numerical value of pv 
changes with T, or 

pv^f(T) (25) 

In dealing with gases or vapors which do not follow the gas laws 
closely the specific volume of the fluid should be obtained from 
experimental data. Thus, for steam the tables of Keenan and 
Keyes, Thermodynamic Properties of Steam^ John Wiley and Sons, 
should be used, 

(b) Charles’ Law. Charles’ law may be stated as follows: if the 
volume of a given mass of gas is kept constant and the temperature is 
changed, the accompanying change in pressure is proportional to the 
change in absolute temperature. Mathematically, 



— == Constant 
T 


(26) 


where p is in pounds per square foot absolute and T in degrees 
Rankine. 

(c) Combination of Boyle’s and Charles’ Laws. Boyle’s and 
Charles’ laws when combined yield the following equation 


PiV\ _ ^ 
Ti “ T2 


pv 

— = Constant 
T 


(27) 


(d) Characteristic Equation. If the volume and temperature of 
a confined gas are unchanged, then the pressure it exerts against 
the containing vessel is proportional to the weight of gas. Obviously, 
it requires five times as much pressure to force five times the weight 
of the same gas into the identical volume. Furthermore, if the 
pressure and volume are unaltered, then the temperature will vary 
inversely as the weight <rf gas. 
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From the foregoing, it follows that the constant in equation 27 
must be proportional to the weight of gas. Replacing the constant 
by WR, where R depends only upon the kind of gas and W is its 
weight, then for a given volume of gas 

— = WR — Constant 
T 

or 

pv = WRT (28) 

If a weight of 1 lb of gas is considered, then v is the specific volume 
of the gas in cubic feet per pound, and equation 28 becomes 

pv = RT (29) 

Equation 29 is known as the characteristic equation for perfect gases. 
The differential forms of this equation are 

pdv V dp ~ R dT (30) 

or 

pdv = RdT - vdp RdT - Rt(^^ (31) 

(e) Avogadro’s Hypothesis. According to Avogadro's hypothesis, 
equal volumes of all gases when at the same temperature and pressure 
contain an equal number of molecules. This indicates that under the 
same conditions of pressure and temperature a molecule of any gas 
possesses a fixed volume. The specific weights of different gases 
must, therefore, be proportional to their molecular weights. 

Let V denote the specific volume of a gas and 7 its specific weight, 
and consider two different gases denoting them by the subscripts 1 
and 2 respectively. Then, since v = I/ 7 , 


’i.Ti.m.’m ( 32 ) 

V2 7l gPl 

where mi and m 2 are the molecular weights of the gases and p denotes 
density. 

In studies involving gases the calculations are frequently simplified 
by introducing the unit called the molCj which is defined as follows: 
let m denote the molecular weight of a gas; then 1 mole = m lb (or 
m grams in the metric system). Thus 1 mole of oxygen, O 2 , weighs 
2 X 16 s* 32 lb, and 1 mole of ammonia, NH3, weighs 14 + 3 ~ 17 lb. 

Since, at the same T and p, the volume of one molecule is the same 
for all gases, it follows that the volume of 1 mole is the same for all 



22 


PRINCIPLES OF JET PROPULSION 


[Chap. 1 


gases at identical values of p and T, Thus at / = 32 F and p = 14.7 
psia, 1 cu ft of oxygen weighs 0.08922 lb. Hence the volume of 1 
mole of oxygen under these conditions is 32 X 1/0.08922 = 358.7 
cu ft. Thus 1 mole of any gas at 32 F and 14.7 psia occupies a volume 
of 358.7 cu ft. Similarly, at 14.7 psia and 60 F, the volume of 1 
mole of any gas is 380.6 cu ft. 

(/) Relation between Gas Constant and Molecular Weight. 

Multiply each side of equation 29 by the molecular weight m. Then 

p X vm = RT X m (33) 

Since v is the specific volume in cubic feet per pound and m is the 
weight of gas in 1 mole, the product imi is the volume of 1 mole of 
gas. For the conditions ^ = 14.7 X 144 = 2116.3 psfa and 
T = 32 + 460 = 492 R, the product vm = 358.7 cu ft. Substi- 
tuting for mv in equation 33 gives 

2116.3 X 358.7 1545 

R = = (34) 

492 X ni w 

The above relationship is not quite true for real gases but is suffi- 
ciently accurate for most purposes. 

If the characteristic equation is applied to 1 mole of gas, that is 
m lb, then the volume term on the left-hand side is the same for all 
gases. Let = mv = the volume of 1 mole of gas, and let 
mR = B. 

Then equation 33 becomes 

pV,n = BT (35) 

where B = the universal gas constant and is independent of the kind 
of gas. 

The values of the universal gas constant in different units of 
measurement are listed below 

B = 1.9864 Btu/F lb-mole 
1.9864 k cal/K k-mole 
3.40709 ft Ib/F g-mole 
847.81 m kg/K k-mole 
8311.5 int. joule/K k-mole 
8.3141 X 10^^ erg/K k-mole 
where K denotes degrees Kelvin. 

In this book the value of B used will be B = 1.986 Btu/F lb mole. 
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The thermodynamic constants for certain common gases are pre- 
sented in Table 1*5. 


TABLE 1-5 


Thermodynamic Constanis for Common Gases and Vapors 





Gas 

Specific 





Constant 

Heat at 

C,) 


Chemi- 

Molec- 

R 

70F Cp 

at 


cal 

ular 

(fMb/ 

(Btu/ 

70 F 

Gas or Vapor 

Symbol 

Weight 

IbF) 

lb F) 

approx. 

Argon 

Ar 

39.90 

38.70 

0.124 

1.66 

Helium 

He 

4.00 

386.00 

1.25 

1.66 

H ydrogen 

IE 

2.016 

765 . 86 

3.42 

1.40 

Nitrogen 

No 

28.02 

54.99 

0.246 

1.40 

Oxygen 

tL 

32.00 

48.25 

0.217 

1.40 

Air 


28.96 

53 . 35 

0.240 

1.40 

Carbon dioxide 

COo 

44.00 

35.12 

0.206 

1.30 

Carbon monoxide 

CO 

28.00 

55.14 

0.243 

1.40 

Methane 

C\U 

16.03 

96.31 

0.528 

1.31 

Octane 

QHi8 

114.14 

13.55 

0.349 

L66 

Propane 

C 3 H 8 

44.06 

35.04 

0.473 


Water vapor 

H 20 

18.01 

85.6 

0.46 

1.28 

ig) Dalton’s Law. 

This law 

states 

that, in a 

mixture of gases 


where the constituents do not react chemically with one another, 
each constituent behaves as if the others were absent. 

From this law it follows that the pressure exerted by a mixture 
of gases upon the walls of the containing vessel is the sum of the 
pressures exerted by each gas in the mixture. The individual gas 
pressures are called partial pressures. If pm is the total pressure of 
the gaseous mixture and pi, p 2 , <-'tc., are the partial pressures of 

the constituents, then 

pm = Pl + p2 Pn (36) 

or 

WiRiTi + W2R2^ 2 + • • • + WnR-nTn 

p^^xp^ (37) 

Vrn 

where Vm is the volume of the gas mixture and Wi, W 2 • • • Wm are the 
weights of the individual constituents. 

11. Principal Thermodynamic Properties of Perfect Gases 

A perfect gas is a homogeneous substance, and its state is com- 
pletely determined if two of the coordinates p, v, and T are given. 
Hence the following functional relationships can be written for a 
perfect gas or any homogeneous fluid. Thus 

p = p{v, r), V = v{p, r), and T = T{p, v) 


(38) 



24 


PRINCIPLES OF JET PROPULSION 


[Chap. 1 


The total differential dT is given by 

where the subscripts denote the coordinate that is held constant 
during the change. 

The total differentials dp and dv are accordingly 



dp = 

v) (^) 

OV/T \dr/v 

(40) 

and 







(41) 

In the thermodynamic discussions which follow the weight of gas 


considered is 1 lb unless specifically stated to be otherwise. 

(a) Specific Heats and Specific Heat Ratio. The Regnault rela- 
tionship between the specific heat at constant pressure Cp, and that 
at constant volume is given by 


Hence 


and 



Cp Cp 

J 

= Cv{k — 

1) 

(42) 

J Cp 

k 

or 


' "I 

(43) 

R 

~ k - \ 

A 

k - 1/ 

J Cyj 

1 

or 


^ \ 

(43a) 

R 

~ k-\ 

C 

k - 1/ 


According to the kinetic theory for gases the specific-heat ratio 
depends on the number of atoms in the gas molecule.® Thus gases 
having the same atomic number should have approximately the 
same values for k = Cp/c^ Thus according to that theory 

For monatomic gases k — 1,66 

For diatomic gases Jfe == 1.40 

For triatomic gases ife = 1.30 

The above conclusion is accurate for monatomic gases, less accu^ 
rate for diatomic gases, and least accurate for triatomic gases. 
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For air the value of k at ordinary conditions is taken as 1.40. At 
high temperatures and pressures this value will lead to substantial 
error, but at ordinary temperatures it is reasonably accurate. Its 
use simplifies the numerical values of the functions of k in flow equa- 
tions. Thus 


k+\ ^ 2 

^ ~ 1) “ ' ' k - 1 


and 



(44) 


(b) Internal Energy of a Perfect Gas. Joule’s law shows that the 
internal energy of a perfect gas is a function only of its tempera- 
ture. Thus for 1 lb of gas the internal energy u is given by 


u = f{T) Btu/lb 


(45) 


According to the kinetic theory of gases the internal kinetic energy 
of a perfect gas depends only upon the velocities of translation and 
rotation of the gas molecules. These velocities and their associated 
kinetic energies are functions only of the gas temperature. Since 
the internal energy « is a direct function of the temperature T, this 
means that the internal potential energy of a gas is zero. Hence, 
the temperature of a gas is a direct measure of the random kinetic 
energy of its gas molecules. 

A differential change in the internal energy of 1 lb of gas is 

du = c^dT Btu/lb (46) 

For a perfect gas the specific heat is assumed to be a constant. 
Hence 

u =J'cvdT = c^T + uq (47) 

where Uq is a constant of integration. Hence the change in internal 
energy in passing from state 1 to state 2 is 

«2 — wi = Cv{T 2 — Ti) Btu/lb (48) 

If the internal energy is measured above some arbitrary datum 
for which «i = 0, then at this datum c^Ti = 0 and U 2 = c^T 2 . 
Dropping the subscripts, the internal energy can be expressed above 
the datum Ti = 0 by the equation 

u = f{T) « CvT ^ Cv— Btu/lb 

R 


( 49 ) 
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Examplk. The internal energy of air is nieasiirecl above 520 R as the datum. 
If its molar internal energy at 1000 R is 2431 Btu ixt lb mole F, what is its specific 
heat at constant pressure? The molecular weight of air is 28.96. 

Solution. 

m{u^ — «i) ~ 2431 = w/ri,(1000 ~ 520) = A^Omcv 

Hence 

2431 

mc« — 5.06 Btu /lb mole I' 

480 


For air 


5.06 
“ ;^6 


0.1745 Btu/lbF 


1545 
R = 


m 


1545 

= 53.35 

28.96 


ft-lb/lb F 


53.35 

= 0.1745 f 

' 778 


0.2430 Btu/lb F 


The internal energy when measured from the base 7"i = 0 can be 
expressed in terms of the gas constant R. Thus, substituting for 
from equation 43a into equation 49, 


pv RT 

J{k -T) J{k - 1) 


(50) 


Example. Calculate the molar internal energy of air at 1000 R, assuming it 
to be a {X'rfect gas, k — 1.4, and the ba.se temp<'raturo i.s 520 R. 

Solution. 

mR{Ti - To) 


28.96 X 53.35 X 480 
778 X 0.4 


= 2383 


Btu/lb mole F 


(c) Enthalpy of Perfect Gas. The thermodynamic property called 
enthalpy (also heat content and total heat) is defined by 


h 


u + 


pv 

7 


Btu/lb 


(51) 


The enthalpy of a gas is, therefore, the sum of its internal energy 
and the compression work pv/J done on the moving boundary of the 
fluid. The compression work, also a state property, is the work 
required to compress a gas volume v into a space which is at the 
pressure p. Differentiating equation 51 gives the equation for an 
infinitesimal change in enthalpy. Thus 


dh — du d — (pdv + V dp) 


(52) 
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du = dQ — —p dv 


(53) 


where dQ is the heat added to the fluid from external sources in Btu 
per j>ound. Hence the heat added during a change from state 1 to 
state 2 is given by 


or 


1 



iQz = hi — hi — -j 

J V dp 

(54) 

1 , 



— hi iQi — - 

1 V dp 

(55) 

J J 



The enthalpy, and also the interna! energy, are state properties. 
The value of the enthalpy at a given state is independent of the path 
or process employed in bringing a substance to that state. For this 
reiison, the analysis of steady-flow processes for gases is greatly 
simplified by using this thermodynamic property. Any convenient 
datum may be used for calculating differences in enthalpy. 

Substituting for ti from equation 49 in equation 51 and for pv 

RT 

h = CvT + -j~ Btu/lb (56) 


Substituting for 
gives the following 

h = 


from equation 50 and introducing k = Cp/c^^ 


k pv k RT 

— ^ j' 

k - \ J k - 1 J ^ 


(57) 


Hence for perfect gases, since Cp = (R/J)(k/k — 1), the enthalpy 
above any datum is the product of the specific heat and the tempera- 
ture rise above the datum. 

Let Ah denote a finite change in the enthalpy of a perfect gas 
accompanying a change from state 1 to state 2; then 

k 1 

AA = - *2 = 7 7 (Pm - P 2 V 2 ) - = Cp(Ti - T 2 ) (58) 

A — 1 J 

(d) Entropy Change for Perfect Gas. If (^(2 is the heat added 
from external sources, then the entropy change for a pure fluid which 
undergoes a reversible change of state is defined by 
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According to the first law 


Hence 


dQ du + -p dv 


dQ = dh — ~v dp 


du 1 p dv dT \ p dv 

d$ = ) = Cv 1 

T J T T J r 


I V dp 


dT I dp 


These equations can be applied without modification to irrevers- 
ible processes. (See Chapter 3.) To integrate these equations 
the characteristic equation pv = RT is used to give the following 


expressions 


dT R dv 

ds = Cl) 1 

T J V 


dv \dT dll'] 

= — 1 ) 

V Li V A 


d T R dp 


Hence 

T 2 R V2 

5i - 52 = Cy loge — + “7 loge — (6Sa) 

Ti J Vi 

T 2 R p2 

= Cp loge T loge — (656) 

Ti J pi 

If the entropy at some arbitrary selected base is Si == 0, then the 
value of 5 at any other state is 

T R V 

S == Cy loge — + — (66a) 

i 0 J ^0 

T R p 

= Cp loge — r loge — (666) 

Iq J Po 

The entropy is constant for a reversible adiabatic process for which 
pv^ == Constant. Hence, a reversible adiabatic process is an iseti’- 
tropic process. An irreversible adiabatic is not given by pt^ «= Con- 
stant and is not isentropic. 
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(f) Changes of State. Processes by which a gas can pass from 
state 1 to state 2 are, in the abstract at least, infinite in number. 
In general, the following particular types of processes are of greatest 
significance: 

1. The isothermal change of state (dT = 0). 

2. The adiabatic change of state (dQ = 0). 

3. The poly tropic change of state (pv^ = Constant). 

4. The isen tropic change of state (ds == 0). 

It will be recalled from elementary thermodynamics that all the 
above changes of state can be regarded as special cases of the poly- 
tropic change : 

n ^ 0 corresponds to dp = 0 

w = 1 corresponds to dT = 0 

n = k corresponds to dQ = 0; ds — 0 

n = 00 corresponds to dV = 0 


Flow processes which take place rapidly, such as the flow of gases 
through the nozzle of a rocket motor or a thermal jet engine, the 
blade passages of turbines and compressors, ducts and diffusers, and 
the like, are substantially adiabatic (dQ == 0) owing to the extremely 
short time interval available for heat transfer. These processes, how- 
ever, are never isentropic (ds = 0) because they are invariably ac- 
companied by internal friction, turbulence, wall friction, and eddies, 
all of which increase the entropy of the fluid stream. Consequently, 
when discussing the flow of gases through an ideal nozzle, turbine, 
or compressor, it is tacitly assumed as a first approximation that the 
changes of state are reversible and adiabatiCy that is, isentropic. 

From elementary thermodynamics a change of state under isen- 
tropic conditions is given by ^ 

piVi^ = p 2 V 2 ^ so that V 2 = 1^1 ( “ ) (67) 

\p2/ 


Substituting equation 67 into equation 58 gives the following ex- 
pression for an isentropic decrease in enthalpy 

M,' — 

j(k - 1) L pi \pi/ J 

which can be transformed to read 


Mt' 



( 68 ) 
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or 


k~l 

AW = Cj,Ti [l - * j Btu/lb 


(68a) 


In the above equations the prime denotes that the change of state 
is brought about by an isentropic process. Since the final enthalpy 
h 2 is smaller than the initial enthalpy /zj, the final pressure p 2 is 
less than px. Equation 68a applies, therefore, to an isentropic expan- 
sion. The corresponding enthalpy change for an isentropic com- 
pression {p 2 > p\) will be denoted by and it is given by 


Lhc = h2 — hi = 


or 


J(k - 1) 

fe-i 


plVi 




k 


Ahc = CpTi 


[(?:r- '] 


Btu/lb 


Let rt = P 1 /P 2 and Tc = P 2 /P 1 , and let 


and 

Then 

and 


Zt = r,'>‘ - 1 

k-l 

Zc — fc ^ ~ 1 


Aht' — CpTi 


I +Zt 

Ahc = CpTiZc Btu/lb 


Btu/lb 


(69a) 

(69Z») 

(70a) 

(70ft) 

(71) 

(72) 


Example. Air at 60 F is compressed isentropically from a pressure of t atm. 
Calculate the enthalpy change in Btu per pound. Assume that k = 1.395 and 
Cp = 0.24 Btu/lb F. 

Solution. 


k - 1 
k 


0.395 

1.395 


0.283 


f. = 2 

_ 1 = 0.21672 


Ahc' “ CpTiZc = 0.24 X 520 X 0.21672 
= 27.0 Btu/lb 

Example. An ideal air turbine receives air at 1600 R and 3 atm pressure. Cal- 
culate the ideal output in pound feet per pound of air. Assume that Cp — 0.24 
Btu/lb F and ft = 1.395. 
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Solution. 

- 3 and Zt = 3®*283 - 1 =. 0.3647 

From equation 71 

0.3647 

JMii' - 0.24 X 1600 X X 778 

1.3647 

- 80,000 ft-lb/lb 

12. -4cous*'c Velocity 

The acoustic or sonic velocity is the speed with which sound and 
also small disturbances arc propagated in a fluid medium. Its im- 
portance is due to its association with the phenomena encountered 
in the flow of gases at high speeds. It also enters into the rcwsistanc(i 
phenomena or drag encountered by high-speed aircraft. 

From elementary physics the acoustic velocity for a fluid is the 
square root of the ratio of its bulk modulus K to its density p. Thus, 
let a denote the acoustic velocity, then 



Since a liquid has a large bulk modulus, and its value is practically 
constant, its acoustic velocity is larger. To illustrate, consider the 
acoustic velocity for water. According to reference 8, for this 
liquid K = 43,200,000 Ib/ft^ and at ordinary temperatures y = pg 
= 62.41 Ib/ft^, so that 

/43.2 X 10^ X 32.174 

a = \/ = 4700 fps 

^ 62.41 

As pointed out in Section 5d, the bulk modulus of a gas depends 
upon the thermodynamic process used to produce the relative change 
in volume. If the pressure change is rapid, as it usually is, then 
the assumption of adiabatic conditions is permissible, and from 
equation 14, (K)ad = kp. Substituting the latter into equation 73, 
the following equation is obtained for the acoustic velocity 



For standard air fe = 1.40 and R = 53.35. Hence, at sea level 
where the standard temperature is 59 F, small pressure differences 
are propagated through the air with a velocity of 1120 fps. 
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The acoustic velocity for standard air at any absolute temperature 
T is accordingly 

a = 1120 V— (75) 

^519 

Values of the acoustic velocity for standard air are presented in 
Table 1*6. 


13. Mach Number 

It was mentioned in Section 2, in discussing the resistance of a body 
in an infinite medium, that when the compressibility of the air 
affects the resistance the ratio of the local velocity V to the acoustic 
velocity a, called the Mach number M, is a dimensionless criterion 
of the flow phenomena. For a compressible fluid it follows from 
equation 74 that the Mach number is given by 


or 



a 


V 

VgkRT 



72 


(76) 

(77) 


As pointed out in reference 9, the physical significance of the Mach 
number can be readily grasped by considering equation 77. The 
ratio V^/a^ is a ratio of kinetic energies. Since V is the velocity of 
the directed motion of the gas particles, measures the kinetic 
energy of directed flow. The magnitude of the acoustic velocity a 
for a given gas depends upon the absolute temperature T, so that 
the kinetic energy corresponding to depends upon the thermal 
energy imparted to the gas. According to the kinetic theory of gases 
the thermal energy is utilized in increasing the random translation 
and random rotation of the gas molecules. Hence, is a measure 
of the kinetic energy associated with the random movements of 
the gas molecules. The value of for a given set of conditions, 
therefore, measures the ratio of the kinetic energy of directed flow 
to the kinetic energy of random motion. Since both thermal and 
directed kinetic energies appear in the flow equations for compress- 
ible fluids, the Mach number of the directed flow indicates the degree 
of controlled motion regardless of the cause producing the type of 
motion. 
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Taking the logarithms of both sides of equation 77 and differ- 
entiating gives the following relationship between changes in the 
Mach number, gas velocity, and gas temperature. 


dM dV IdT 

'm^~V''2Y 


(78) 


Example. A gas flows through a restricted passage with a speed of 2800 fps. 
Its local temperature is 3000 R; its specific heat ratio k and gas constant R are 
1.25 and 60 respectively. Calculate the local sonic velocity and Mach number. 
Solution. 

a - Vl.25 X 32.174 X 60 X 3000 = 2680 fps 


M = l-l-tS » 1.045 


It is shown in reference 11 that the pressure and density changes 
produced by a plane disturbance in a compressible fluid are related 
to the acoustic velocity by the relationship 


dp 

dp 


== a 


(79) 


As the speed of a body through a compressible fluid increases, the 
effect of the compressibility of the fluid is to distort the normal 
stream lines. When sonic and supersonic speeds are attained there 
is a change in the character of the flow patterns. The basic char- 
acteristics associated with high-speed air flow are discussed in later 
chapters. 


14. Standard Atmosphere 

The aerodynamic forces acting upon an airplane are dependent 
upon the physical properties of the atmospheric air at the flight 
altitude. Furthermore, the power output of any type of propulsion 
system utilizing air as one of its working fluids or the reactions of 
flowing air to produce a thrust for propulsion purposes are also 
affected by the properties of the atmosphere. The altitude of the 
airplane enters into performance problems because the following 
properties of the air change with altitude: air density p, air pres- 
sure pt and air temperature T, 

Because these properties of the air change with the altitude, it 
has become the practice to express the performance characteristics 
of the airplane, or its components, as a function of altitude rather 
than by the specific variables p, and T. For the purpose of stand- 
ardizing performance data, practically aP the major countries have 
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TABLE 1-6 


Properties of vStandard Air 




Density 



Pressure 

Acoustic 

Altitude 

Temper- 

Ratio 



Ratio 

Velocity 

in 

ature 

p 

1 

/l 


fps 

1000 ft 


<r = — 

PO 

<T 


pQ 

a 

0 

519.0 

1.0000 

1.000 

1.000 

1.0000 

1120 

1 

515.4 

0.9710 

1.0299 

1.015 

0.9643 

1116 

2 

511.8 

.9428 

1.0607 

1.030 

.9297 

1112 

3 

508.4 

.9151 

1.0928 

’ 1.045 

.8962 

1109 

4 

504.8 

.8881 

1.1260 

1.061 

.8636 

1105 

5 

501.2 

.8616 

1 . 1606 

1.077 

.8320 

1101 

6 

497.6 

.8358 

1 . 1965 

1.094 

.8013 

1097 

7 

494.0 

.8106 

1 . 2336 

1.111 

.7716 

1093 

8 

490.6 

. 7859 

1.2724 

1.128 

.7426 

1089 

9 

487.0 

.7618 

1.3125 

1.146 

.7147 

1085 

10 

483.4 

. 7384 

1.3542 

1.164 

.6876 

1081 

11 

479.8 

.7154 

1.3977 

1.182 

.6613 

1077 

12 

476.2 

.6931 

1.4428 

1.201 

.6366 

1073 

13 

472.6 

.6712 

1.4898 

1.221 

.6112 

1069 

14 

469.1 

.6499 

1.5386 

1.240 

.5874 

1065 

15 

465.5 

.6291 

1.5896 

1.261 

.5642 

1061 

16 

461.9 

.6088 

1.6425 

1.282 

.5418 

1057 

17 

458.3 

.5891 

1.6975 

1.303 

.5201 

1053 

18 

454.7 

.5698 

1.7550 

1.325 

.4992 

1048 

19 

451.3 

.5509 

1.8152 

1.347 

.4789 

1044 

20 

447.7 

.5327 

1.8772 

1.370 

.4593 

1040 

21 

444.1 

.5148 

1.9425 

1.394 

.4404 

1036 

22 

440.5 

.4974 

2.0104 

1.418 

.4221 

1032 

23 

436.9 

.4805 

2.0812 

1.443 

.4045 

1028 

24 

433.5 

.4640 

2.1551 

1.468 

.3874 

1023 

25 

429.9 

.4480 

2.2321 

1.494 

.3709 

1019 

26 

426.3 

.4323 

2.3132 

1.521 

.3550 

1015 

27 

422.7 

.4171 

2.3975 

1.548 

.3396 

1011 

28 

419.1 

.4023 

2.4857 

1.577 

.3249 

1007 

29 

415.5 

.3879 

2.5780 

1.606 

.3105 

1002 

30 

412.1 

.3740 

2.6737 

1.635 

.2968 

997.9 

31 

408.5 

.3603 

2.7755 

1.666 

.2836 

993.5 

32 

404.9 

.3472 

2.8801 

1.697 

.2708 

989,1 

33 

401.3 

.3343 

2,9913 

1.730 

.2584 

984.7 

34 

397.7 

.3218 

3.1075 

1.763 

.2466 

980.3 

35 

394.3 

.3098 

3.2279 

1.797 

.2351 

976.1 

36 

393.0 

.2962 

3.3761 

1.837 

.2242 

974.5 

37 

393.0 

.2824 

3.5411 

1.882 

.2137 

974.5 

38 

393.0 

.2692 

3.7147 

1.927 

.2038 

974.5 

39 

. 393.0 

.2566 

3.8971 

1.974 

.1942 

974.5 

40 

393.0 

.2447 

4.0866 

2.022 

.1851 

974,5 
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TABLE 1*6 (Continued) 
Properties of Standard Air 


Density 


Altitude 

Temper- 

Ratio 

in 

ature 

p 

1000 ft 


cr == — 

PO 

41 

393.0 

0.2332 

42 

393.0 

.2224 

43 

393.0 

.2120 

44 

393.0 

.2021 

45 

393.0 

. 1926 

46 

393.0 

. 1837 

47 

393.0 

.1751 

48 

393.0 

.1669 

49 

393.0 

.1591 

50 

393.0 

.1517 

51 

393.0 

. 1446 

52 

393.0 

.1379 

53 

393.0 

.1315 

54 

393.0 

.1254 

55 

393.0 

.1195 

56 

.393.0 

.1139 

57 

393.0 

. 1086 

58 

393.0 

.1036 

59 

393.0 

.09872 

60 

393.0 

.09412 

61 

393.0 

.08974 

62 

393.0 

.08555 

63 

393.0 

.08155 

64 

393.0 

.07775 

65 

393,0 

.07413 

66 

393.0 

.07067 

67 

393.0 

.06737 

68 

393.0 

.06422 

69 

393.0 

.06123 

70 

393.0 

.05838 

75 

393.0 

.04597 

80 

393.0 

.03621 

85 

393.0 

.02852 

90 

393.0 

.02246 

95 

393.0 

,01769 

100 

393.0 

.01393 

105 

393.0 

.01097 

no 

393.0 

.00864 

115 

393.0 

.00681 

120 

393.0 

,00536 

125 

393,0 

.00422 




Pressure 



Ratio 

1 

J- 

t 

a 

\(T 

Pa 

4.289 

2.070 

0.1761 

4.497 

2.120 

.1683 

4.71/ 

2.171 

.1605 

4.949 

2.224 

.1530 

5.192 

2.278 

.1458 

5.444 

2.333 

..1391 

5.711 

2.390 

.1325 

5.992 

2.447 

.1264 

6.285 

2.507 

.1205 

6.592 

2.567 

.1149 

6.916 

2.630 

. 1095 

7.252 

2.693 

.1044 

7.605 

2.758 

.0995 

7.974 

2.824 

.0949 

8.368 

2.892 

.0905 

8.780 

2.963 

.0863 

9.208 

3.034 

.0822 

9.653 

3.107 

.0784 

10.13 

3.183 

.0747 

10.63 

3.261 

.0713 

11.15 

3.340 

.0679 

11.70 

3.421 

.0648 

12.26 

3.502 

.0617 

12.86 

3.586 

.0589 

13.49 

3.687 

.0561 

14.15 

3.761 

.0535 

14.85 

3.853 

.0510 

15.58 

3.947 

.0486 

16.30 

4.037 

.0464 

17.13 

4.139 

.0442 

21.76 

4.665 

.0348 

27.54 

5.248 

.0274 

35.07 

5.922 

.0216 

44.52 

6.673 

.0170 

56.53 

7.519 

.0134 

71.79 

8.472 

.0106 

90.99 

9.538 

.00831 

115.7 

10.75 

.00654 

146.8 

12.11 

.00515 

186.6 

13.66 

.00406 

237.0 

15.39 

.00320 


35 


Acoustic 

Velocity 

fps 

a 

974.5 

974.5 

974.5 

974.5 

974.5 

974.5 

974.5 

974.5 

974.5 

974.5 

974.5 

974.5 

974.5 

974.5 

974.5 

974.5 

974.5 

974.5 

974.5 

974.5 

974.5 

974.5 

974.5 

974.5 

974.5 

974.5 

974.5 

974.5 

974.5 

974.5 

974.5 

974.5 

974.5 

974.5 

974.5 

974.5 

974.5 

974.5 

974.5 

974.5 

974.5 
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adopted the so-called International Standard Atmosphere. This 
standard is based upon the assumptions presented below: 

Sea-level temperature /q = 15 C = 59 F = 519 R 
Isothermal temperature /* = — 55 C = — 67 F = 393 R 
Temperature gradient 0.0065 C/m == 0.003566 F/ft 
Linear lapse rate 59 — 0.003566 F/ft 

Sea-level pressure pQ = 2116.4 Ib/ft^ 

A detailed discussion of the Standard Atmosphere is presented in 
N,A,C,A, Technical Report 218, 1925. 

The ratio of the density p of the air at an altitude h to the sea-level 
density po is denoted by o-, where a = p/po. It is customary to ex- 
press the air density at any altitude in terms of the density ratio. 
Thus 

p = <rpo = (80) 

& 

where po = sea-level deUvsity = 0.002378 slug/ft^. 

7o = sea-level specific weight = 0.07651 Ib/ft^. 

Table 1*6 presents the characteristics of the standard atmosphere 
from sea level up to an altitude of 125,000 ft. 


REFERENCES 

1. P. W. Bridgman, Dimensional Analysis, Yale University Press, 1922. 

2. L. S. Marks, Mechanical Engineers' Handbook, McGraw-Hill Book Co., 4th 

ed., 1941, p, 84. 

3. E. Buckingham, ‘‘Model Experiments and the Forms of Empirical Equations,” 

Trans, A.S.M,E., Vol. 37, 1915. 

4. Allan Ferguson, The Mechanical Properties of Fluids, Blackie and Son, 

1915, pp. 1 to 6. 

5. A. G. Webster, The Dynamics of Particles and of Elastic and Fluid Bodies, 

G. E. Stechert and Co., 1922. 

6. P. P. Ewald, T. PdscHL, and L. Prandtl, The Physics of Solids and Fluids, 

Blackie and Son, 1936. 

7. J. A. Moyer, J. P. Calderwood, and A. A. Potter, Elements of Engineering 

Thermodynamics, John Wiley & Sons, 1931, pp. 15-17. 

8. A. H. Gibson, Hydraulics and Its Applications, D. Van Nostrand Co., 1925. 

9. Neil P. Bailey, “The Thermodynamics of Air at High Velocities,” /. Aero, 

Set,, July, 1944, pp. 227-238. 

10. W, S. Diehl, Engineering Aerodynamics, Ronald Press, 1936. 

11. G. I. Taylor and J. W. Moccoll, The Mechanics of Compressible Fluids, 

Aerodynamic Theory, Vol. Ill, Division H, pp. 210-222. 

12. H. Rou^e, Fluid Mechanics for Hydraulic Engineers, McGraw-Hill Book Co., 

1938, pp. S-12. 



Chap. 1] 


REVIEW OF FUNDAMENTAL PRINCIPLES 


37 


13. F. B. Seely and N. E. Ensign, Analytical Mechanics for Engineers^ John Wiley 

& Sons. 

14. G. F. Swain, Structural Engineering, McGraw-Hill Book Co., 1924, pp. 61-H54. 

15. W. Spannhake, Centrifugal Pumps, Turbines and Propellers, The Technology 

Press, M.I.T., Cambridge, 1934, pp. 1-10. 

16. C. B. Millikan, Aerodynamics of the Airplane, John Wiley & Sons, 1941, 

p. 27. 

17. L. Prandtl and C. G. Tietjens, The Fundamentals of Hydro- and Aerome- 

chanics, McGraw-Hill Book Co., 1934, Chapter XIII. 

18. E. R. Van Driest, “On Dimensional Analysis and the Presentation of Data 

in Fluid-Flow Problems,” Paper 45-A-7, Annual Meeting, A.S.M.E., 
New York. N. Y., Nov. 26-29, 1945. 

19. Max Jakob, “A Survey of the Science of Heat Transmission,” Engineering 

Experiment Station, Research Series 68, Purdue University, Lafayette, Ind. 

20. E. Schmidt, Einfiihrung in die technische Thermodynamik, Julius Springer, 

Berlin. 1936. 



Chapter Two 


MOMENTUM AND ENERGY RELATION- 
SHIPS FOR FLUIDS 


1. The Reaction Principle 

The fundamental operating principle of any jet-propulsion device 
is the action-equals-reaction principle formulated by Sir Isaac Newton 
in 1687, This principle, generally known as Newton’s third law of 
motion, states that to every action there is an equal and opposite 
reaction. Examples of this principle are quite familiar. Thus if 
one throws a large stone away from him, a reaction is experienced 
by the thrower tending to move him backwards. Another familiar 
illustration is the recoil of a gun when the projectile leaves the barrel. 

Where motion of a body through a fluid medium is concerned the 
reaction principle predominates.^ Thus rowing a boat or swimming 
in water are methods for utilizing this principle. It is employed 
by the screw for propelling a ship, the propeller for moving an air- 
plane, and for jet propulsion. In all these examples a fluid is accel- 
erated in the direction opposite to that of the desired motion for the 
body, and the reaction due to its acceleration produces a propulsion 
force or thrust in the direction of motion. The magnitude of the 
propulsion force is determined by the application of the momentum 
principle. 

2, Definition of Momentum 

Newton termed the momentum of a body the quantity of motion 
and defined it as the product of the mass of the body and its veloc- 
ity.^® Thus, if V is the velocity of a body and m its mass, its momen- 
tum M is given by 

W 

M = wv = — V (1) 

g 

The symbols in bold-face type are vector quantities. 

The direction of the momentum vector is identical with that of 
the velocity vector. The momentum vector can be resolved into 

38 
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its components in any specified direction.^ If the components are 
referred to three mutually perpendicular axes X, F, and Z, then, 
denoting the direction of the components by the subscripts jc, y, 
and z respectively, the following vector equations may be written 

M = M, + My + M, (2) 

and 

V = + Vy + Vz 

where Vx = dx/dt, Vy = dy/dt, and Vz = dz/dt. 

If the mass of the body is constant, Newton’s second law of motion 
can be applied to the force acting in any specified direction.® Thus, 
for the X direction 

d 

X — m~ {vx) = max (3) 

dt 

Similar expressions can be written for the y and z directions. 

In general, the following expression can be written for each di- 
rection : 

d d 

F = - («7V) = - (M) (4) 

dt dt 

Equation 4 is the mathematical representation of Newton’s second 
law, and it states that the rate of change of momentum in any direction 
is equal to the force acting in that direc- 
tion. 

Equation 4 can be rewritten in the 
form 

Ydt=^ d{mv) = d(M) (5) 

This equation states that the change 
in momentum is equal to the time im- 
pulse (F dt) of the force (F). Figure 1 
is a vector representation of a change in the momentum of a particle. 

J. Conservation of Momentum 

This important principle may be stated as follows: if the resultant 
of the external forces which act on a body has no component in a given 
direction, the linear momentum of the body in the given direction re- 
mains constant. This means that, if any portion of a system expe- 
riences a momentum change in one direction, the rest of the system 
experiences a corresponding change in momentum in the opposite 
direction so that the resultant of all the momentum changes for the 


O 



M, 


FAr = M«-M, 


B 


Fig. 1. Vector representation 
of momentum change. 
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cx)niplete system is zero. This principle can be represented by the 
vector equation 

Ml + Ms = miVi + W 2 V 2 == 0 (6) 

where the subscripts 1 and 2 refer to the two portions of the material 
system under consideration. 

Thus consider a projectile fired from a gun. Suppose that the 
projectile weighs 1000 lb and the gun is mounted on a ship weighing 
2000 tons (4,000,000 lb). If the muzzle velocity of the projectile is 
2500 fps, the conservation of momentum principle applied to the 
ship and projectile gives 

miVi = m2V2 (7) 


1000 

32.174 


X 2500 = 


4,000,000 

32.174 


Hence the velocity imparted to the ship in the direction opposite 
to the motion of the projectile is 0.625 fps. 

It is quite apparent from equation 7 that, the larger the difference 
in the masses of the bodies exchanging momentum, the greater is 
the difference in their velocities. 


4. Momentum of a Continuum of Particles 

The equations presented in the preceding sections are in a strict 
sense applicable only to an isolated particle. Consider now a mass 
of fluid; this may be regarded to be a system composed of a large 
number of discrete particles. It is possible to write an expression 
similar to equation 4 for each particle of the system.^ The resultant 
force acting on the continuum of particles can then be obtained by 
taking the vector sum of the momenta of all the particles. This 
can be expressed mathematically by the equation 

^ (mv) = i S(M) - SF (8) 

dt 

The above equation states that the time rate of change of momen- 
tum for a system of discrete particles is equal to the total of all the 
forces acting on the particles comprising the system. 

In general, the forces acting on any angle particle of the fluid may 
be segregated into two groups (1) external forces, such as gravity, 
mass attraction, pressures acting on outer boundary, and friction 
forces on outer boundary; and (2) internal forces, pressure and fric- 
tion, acting within the outer boundary surface and between adjacent 
particles. 
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The internal forces act in pairs. Thus consider any pair of parti- 
cles, such as those illustrated in Fig. 2; for each of the internal 
forces Pab or Fab exercised by particle a on particle b there is an 
equivalent force exercised by particle b on particle a. Consequently, 
if the summation described by equation 8 is made for all the particles 
forming a bounded volume of fluid, the internal forces cancel out and 
only the external forces remain. Hence, the momentum change of 



Fig. 2. Internal forces acting on a continuum of particles. 


a fluid depends only upon the external forces. The result of the 
summation equation 8 written for n = i particles may be written in 
the form 


d 

dt 



SFe^ 


(9) 


Equation 9 states that the time rate of change of the total momentum 
of a bounded mass system of discrete particles is equal to the resultant 
of the external forces and is independent of the internal forces. 

Integrating 9 between the time limits ti and and letting A 
denote a finite change, 

A(Smv1 = (2Fext ) dt (10) 

Equation 10 states that the change in momentum of a bounded 
system of particles during any period of time is equal to the integral 
of the time impulse of the sum of the external forces acting on the system 
aver that period. 

In many engineering problems it is not the force acting on the 
fluid that is of interest, but the reaction exerted by the fluid on some 
body with which it is in contact. 

5. External Forces Acting on a Flowing Fluid 
Consider a fluid flowing through the pass^e illustrated in Fig. 3. 
From Section 4 it follows that the following kinds of external force 
can act upon the boundaries of the fluid. 
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(a) Pressures over the bounding surfaces at the cross sections A 
and B; both these forces are directed inward with respect to the 
fluid boundaries. 

(d) Impressed forces, such as gravitational attraction. 

(c) Pressures due to the inner surface of the conduit acting upon 
the boundary of the fluid. 

In the majority of cases of fluid flow the effect of gravity is so 
small that it may be neglected, and the external forces then belong 
to categories {a) and (^:) above. 



Fig. 3. Determination of the resultant force exerted by the walls of a conduit 

on a fluid. 


Refer to I"ig. 3, and let the subscripts a and b refer to cross sections 
A and B respectively. Let 

Po = Aapa = pressure force acting on a. 

Pi, = Ahpb = pressure force acting on b. 

R = resultant pressure force from the conduit actingon the fluid. 
M = momentum per second. 
p = pressure intensity. 

A = area. 


The vector sum of the forces Pa, P^,, and R must be equal to the 
change in the momentum entering and leaving the conduit in 1 sec. 
Thus 

Pa + Pb + R = Mi, ~ Ma 

Hence 

R = Mfr - Ma - Pa ~ P 5 (11) 

This last equation may be rewritten as a sum of the vectors,^ thus 


R = Mi, + (-Ma) + (-Pa) + (- P.) (12) 

Equation 12 gives the value of the force acting on the fluid by the 
walls. Reversing the direction of R gives the force exerted by the 
fluid on the conduit. 
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Refer to 3. The vector Oa = —(Ma + Pa), Oi = 
and the resultant Or = R. Hence the vector rO = — R is the 
resultant force exerted by the fluid on the conduit. 

6. Reaction of a Fluid upon a Body Immersed within It 

Figure 4 illustrates schematically a body immersed in a stream 
of fluid. The force acting on the body in the direction of its motion 
can be calculated by applying the principles discussed in the pre- 
ceding sections. In analyzing the problem two methods of approach 


Pi 

^i 

Fig. 4. Momentum theorem applied to a body immersed in a fluid. 

are possible: {a) the fluid may be considered to be at rest and the 
body to move through it; or {b) the body may be assumed to be 
stationary and the fluid to flow^ toward the body with the velocity 
w'hich the body actually possesses. 

In the first approach the problem is referred to an absolute system 
of coordinates, and in the second to a relative coordinate system. 
Since the reactions between the body and the fluid are independent 
of the coordinate system selected either approach may be employed 
to determine the magnitude of the force acting on the immersed 
body. This force is equal to the difference between the increase in 
the momentum of the fluid stream and the increase in the pressure 
force acting on the surfaces enclosing the body. These surfaces are 
the planes and ^2 which are perpendicular to the reaction force, 
called the thrust 5, and they extend to infinity. The surfaces 
and S 2 arc located far enough from the body so that the pressure 
intensities pi and p 2 j acting over Si and 82 ^ are the same as the fluid 
pressures in the absence of the body; that is, pi and p 2 are the un- 
disturbed pressures for the fluid. If Wj and m 2 are the mass rates of 
flow per unit area crossing Si and 52 respectively, the thmst 3 is 

5 = 1 mw 2 dS 2 — I mwi dSi -f \ p 2 dS — \ pi ds\ (13) 

JSg, %ISi L*'S2 J 
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It is apparent from equation 13 that only where pi ~ p 2 is the 
thrust given solely by the rate of change in the momentum of the fluid. 

7. Moment of Momentum {Angular Momentum) 

The moment of momentum of a particle about a fixed axis, most 
frequently called its angular momentum, is the product of the momen- 
tum of the particle and the distance perpendicular to the line drawn 
in the direction of the velocity of the particle; st^e Fig. 5. 



Fig. 5. Moment of momentum (angular momentum) of a particle. 

Since momentum is a vector quantity, angular momentum can 
also be represented by a vector.^*® The vector representing the angu- 
lar momentum of a particle bears the same relation to the vector 
representing momentum that the vector representing the moment 
of a force bears to the vector representing the force.® 

Since the momentum and time impulse of the external force F 
are equ^^^alent vectors, moments may be taken about a selected 
axis. Let 

Tm = radius to momentum vector 
f/ = radius to force vector 
Then for a system of particles 

d 

-j-S(mv)r^ = SFr/ (14) 

dt 

This last equation states that the time rate of change of the resultant 
angular momentum of a system of particles is equal to the resultant 
moment of the external forces. 

From the preceding sections it is seen that for a body of flowing 
fluid the resultant momentum and the resultant moment of momen- 
tum depend on the external forces alone. 

& Energy Transfer between a Fluid and a Rotor 

The gas-turbine type of power plant is an assembly of fluid dy- 
namical machines which depend for their operation upon the energy 
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transfer between a working fluid and a rotor. In the case of turbine 
machines, the fluid transfers energy to the rotor, while in the case 
of pumps and compressors the rotor transfers energy to the fluid. 
In neither of these cases is the energy transfer complete because 
of losses, and the excellence of the energy transfer is expressed in 
terms of experimentally determined coefficients. 

The mathematical development of the underlying principles of 
energy transfer is due to the German mathematician Euler, but the 



first clear explanation of the application of these principles to tur- 
bines and compressors is due to G. Zeuner (Theorien der Turbinen, 
Leipzig, 1899). The analysis presented here is based on references 
7 and 8. 

The basis of the theory of energy transfer rests on the following 
simplifying assumptions: (a) the flow through the rotor is steady 
and uniform over the entrance and exit cross sections of the flow 
passage; (b) the rotor, to which the blades which form the flow 
passages are attached, rotates with a uniform angular velocity; 
(c) there are no losses due to fluid by-passing the flow passages 
formed by the blading; (d) there is no friction loss due to the sides 
of the rotor being in contact with the fluid ; (e) the fluid completely 
fills the flow passages in the rotor. 

It should be realized that no real machine behaves in accordance 
with the assumptions outlined in the preceding. Furthermore, the 
theory is incomplete since it neglects the effect of circulation by not 
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taking into consideration the actual velocity and pressure distribu- 
tions around the rotor blades. Since the losses external to the rotor 
are neglected, and the fluid which by-passes the blading is not 
taken into account, the theory is concerned only with the fluid which 
actually flows through the blading. Nevertheless, the theory is 
instructive since it gives an understanding of the factors influencing 
the energy transfer. 

Figure 6 illustrates a rotating blade pass^igc. Since the velocity 
of flow over any cross section is uniform, all velocities are referred 
to points in the entrance and exit cross sections which are repre- 
sentative of the average fluid velocities. 

Notation 

c = absolute velocity. 

^Cu = Ciu — C 2 u = whirl velocity, fps. 
w — relative velocity. 
u = tangential velocity. 

Subscripts 

1 entrance. 

2 exit. 

a axial direction. 

u direction of u. 

Angles 

a = angle between c and w. 

P = angle between w and u. 



Fig, 7, Velocity diagram for a fluid entering a moving blade passage. 


Let the rotor have the uniform angular velocity o) rad/sec. The 
general forms of the velocity triangles for the fluid entering and 
leaving the blade passage are illustrated in Fig. 8. 
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O 



Fig. 8. Velocity diagrams for a fluid entering and leaving a moving blade passage 

It is apparent from Figs. 7 and 8 that any axial component of 
either an absolute or a relative velocity is given by an equation of 
the form 

= c sin « = sin (15) 

In general, a relative velocity is given by the vector equation 

w = c — u ( 16 ) 

and its tangential component Wu is given by 

Wu = w cos (17) 

The tangential component of the entrance absolute vcdocity Ci is 
given by 

C\u = <^os = 71^1 cos /3i + (18) 

The tangential component of the exit absolute velocity C2 is 
given by 

C2u = = ^2 cos 012 = "^2 COS ^2 — ^<2 (19) 

The relationship between the velocity vectors c, w, and u is ob- 
tained by applying the law of cosines. Thus, in general, this gives 

^2 _ ^2 _ 2uc cos a (20) 

Substituting Cu for c cos a, equation 20 becomes 

— 2uCu 


Rearranging 


2uCu 


( 21 ) 
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An equation similar to equation 21 can be written for the entrance 
and exit velocity triangles. Thus for the entrance to the blade 
passage 

— Wi^ = 2uiCiu (22a) 

and for the exit section 

C2^ "f- //2^ — = 2U2C2u (22b) 

The velocity triangles are employed for calculating the tangential 
components Ciu and C 2 uy while the absolute velocity C 2 and the rela- 
tive velocity W 2 are determined by applying the energy and conti- 
nuity equations. The absolute velocity C\ is usually known or readily 
determined; for example, in a turbine Ci would be the exit velocity 
of the fluid leaving the nozzle or stationary blades. The tangential 
velocities ui and «2 are determined from the rotational speed of 
the rotor oj, and the radii Ri and R 2 from the center of rotation to 
the inlet and exit reference points. 

Subtracting equation 22h from 22a and rearranging the terms, 


(U\Ciu ^ 2 ^ 2 m ) 

= - C 2 ^) + (wi^ - W 2 ^) + (^ 2 ^ - wi^)] (23a) 

When U 2 C 2 U is larger than UiCiuf equation 22a is subtracted from 
226, and 

(U2C2U 

~ ^1^) + (^2^ ^^2^)] (23b) 

Examination of equation 23a or 23b reveals that each term on the 
right-hand side has the form f (velocity)^. Hence, since the equation 
applies to a constant weight rate of flow of fluid, which is premised 
by the assumption of steady flow, it signifies that equations 23a and 
236 are energy equations. Each term in parentheses corresponds to 
a change in the kinetic energy of the fluid. It is, therefore, concluded 
that equations 23a and 236 present the factors influencing the energy 
transfer, and if these equations are multiplied by 1/g they present 
the energy transfer relationship for 1 lb of fluid. Let L denote the 
energy transfer in foot-pounds per pound of fluid, the subscript / 
denoting that the fluid transfers energy to the rotor, and the sub- 
script c that the energy transfer is from the rotor to the fluid. 

As a consequence of the energy transfer there is a torque 
action between the rotor and fluid, or vice versa. In either event 
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the net efifect is a tangential force acting on the fluid in a pump, and 
on the rotor in a turbine. The moment of this force around the 
axis of rotation is the torque due to the interaction of the fluid and 
rotor. The product of the torque and the angular velocity of the 
rotor give the rate of energy transfer, that is, the power absorbed or 
developed. The magnitude of the torque is equal to the rate of 
change in the angular momentum of the fluid between the entrance 
and exit sections. In a pump, the angular momentum is increased, 
while in a turbine it is decreased. 

The angular momentum theorem applied to a flowing fluid states 
that the time rate of change of the resultant angular momentum of 
a system of discrete particles in a given direction is equal to the 
moment of the external forces acting in the same direction. 

Let the symbol MM denote angular momentum and ^ denote 
torque; rate of angular momentum; or angular impulse. 

If the torque is exerted by the fluid, it will be denoted by 4>^; 
if the rotor exerts torque on the fluid the torque is denoted by €><.. 

For a turbine Ciu is larger than C 2 ut hence 


1 

<i>t = MMi — MM2 = - (RiCiu — R2(^2u) ( 24 a) 

g 

whereas for a pump or compressor 

1 

= MM 2 - MMi = - (i^2^^2u - RiCiu) (246) 

i 


The energy transfer per pound of fluid is accordingly 


Lt = = - {R\Ciu -- R 2 C 2 U) (25a) 

g 

and 

CO 

Lc = = ■“ {R2^2u ““ -^l^lu) (256) 

g 


When the energy transfer is from the fluid to the rotor, as in a 
turbine, then Ciu > so that equations 24a and 246 show that 
the energy transfer depends only upon the tangential components, 
Ciu and C 2 ut and the tangential velocities ui and U 2 . The axial com- 
ponents Cia « Wia and C 2 a = ^^20 do not enter into the energy transfer 
in any manner. The change in these components is effective only in 
producing axial thrust on the rotor. 
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Substituting for {uiCiu — W 2 ^ 2 u) and for (w 2 ^ 2 u from 

equations 23a and 236 into the above equations gives 

Lt = — [(ci^ - C 2 ^) + {ui^ - ti 2 ) - (wi^ - W 2 ^)] (26a) 

2g 

and 

. = ~ l(C2^ - Cl") + iU2^ - Wi") + (Wi" - W2^)] (266) 

2g 

Equations 26a and 266 present the energy transfer in terms of 
kinetic-energy changes for the fluid. 

In general, the energy transfer is independent of the path taken 
by the fluid in flowing through the rotor. The conditions at the 
entrance and exit sections determine the effectiveness of the energy 
transfer. 

Equations 24a and 246 show that the basic requirement is that the 
flow passage be so arranged that a change in the direction of the flow 
is produced. In other words, the fluid-flow direction must be turned, 
and the net amount of this turning determines the energy transfer. 
Consequently, if the flow passage is so designed that the net amount 
of turning of the flow direction is zero, there can be no energy 
transfer.^ 

Equations 24a and 246 are applicable to any type of fluid and 
any rotor, since no assumptions were made concerning either of 
them. The only assumption that is implied, in addition to those 
made at the outset, is that it is possible to calculate the velocity 
terms involved. Until the magnitudes of Ciu and C 2 u are established, 
the equations cannot be solved. 

The magnitudes of the tangential components Ciu and C 2 u are 
governed by the angles with which the fluid enters and leaves the 
flow passage. In a strict sense, the angles a and p are not the geo- 
metric angles of the blading, but those made by the absolute and 
relative velocities with the tangential velocities. Practically, they 
may be regarded as being the blade angles required to give the fluid 
shockless entrance and exit. 

The derivation of the energy-transfer equation imposed no re- 
strictions upon the magnitudes of the tangential velocities ui and W 2 . 
They may be unequal as in radial-flow machines, or equal as in axial- 
flow machines. 

In axial-flow machines, the entire flow is assumed to be concen- 
trated at some circle which is representative of the average flow con- 
ditions. This circle is usually taken at the pitch diameter that divides 



Chap. 2] 


MOMENTUM AND ENERGY 


El 


the flow area through the blades into two equal portions. This pitch 
diameter is generally taken to be the root mean square of the diam- 
eters based on the radii from the center of rotation to the blade root 
and blade tip. If the blade height is small enough, compared to the 
wheel diameter, no serious error is introduced by using the radius 
from the center of rotation to the mean height of the blade in cal- 
culating the pitch diameter. 

Since equations 24a and 24Z^ involved no assumptions regarding the 
characteristics of the fluid, they appl^ to both incompressible and 
compressible fluids. Although the equations contain no factors 
that are related explicitly to the characteristics of the working fluid, 
the fluid characteristics enter in an indirect manner since the magni- 
tudes of W 2 and C 2 are affected by the properties of the fluid. 

Similar comments are applicable to the losses in the flow passage 
due to heat transfer, fluid friction, and shock. Since the equation is 
concerned only with the inlet and exit conditions, it is independent 
of these losses. Though the losses, like the fluid characteristics, do 
not appear explicitly, they are incorporated in the equation by virtue 
of the effect these losses produce upon the exit velocities. This means 
that any improvement that reduces the losses in the blade passage 
will be indicated by the effect produced on the exit velocity. 

It has been shown that the energy transfer equations for a turbine 
or a compressor in foot-pounds per pound are given by 

1 

Li — - — U 2 C 2 u) (26c) 

(f 

and 

Lc = - {lt2C2u — UiCiu) (26d) 

Since the rotor turns with the uniform angular velocity co rad/sec, 
then 

ui = Rio) and U 2 == (27) 

Substituting for tii and U 2 in the above energy equations 


and 


Lt ^ {RiCiu — R 2 ^ 2 u) (28a) 

g 


Lc = — {R 2 C 2 U 2?iCiu) (286) 

g 


A product of the form Rc^ is termed the whirl of the fluid, and the 
velocity change ACu = Ciu — <^ 2 u is called the whirl velocity. It is 
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seen from equations 28 a and 286 that the energy transfer depends 
directly upon the change in whirl produced between entrance and 
exit sections of the flow passage. If the entrance whirl is the larger, 
the machine is a turbine; if it is the smaller, the machine is a pump 
or compressor. 

The interpretation of equations 26 a and 266 for a turbine and 
pump are as follows: 

In a turbine the term (ci^ — represents the change in the 

kinetic energy of the fluid due to its change in absolute velocities. 
Since C2 is smaller than Ci the above term represents a removal of 
kinetic energy from the fluid by the rotor. The kinetic energy 
(1/2 ^)c 2^ is called the leaving or exit loss. 

The term (ui^ •— u<^)/ 2 g is a change in kinetic energy in the 
turbine blades due to Ri and R2 being unequal. This indicates 
that, if this so-called '‘centrifugal effect” is to be utilized to transfer 
energy from the fluid to the rotor, then the flow through a radial 
turbine must be radially inward. 

The term (wi^ — W2^)/2g represents the conversion of pressure 
into kinetic energy in the flow passage through the turbine rotor. 
If the velocity of the fluid relative to the rotor is greater at exit 
than at entrance, this means that pressure energy has been con- 
verted into kinetic energy in the flow passages. This effect is termed 
the reaction effect. 

For a pump or compressor, the above terms ha,ve similar signifi- 
cance. The term {c2^ — Ci^)/ 2 g represents the change in kinetic 
energy of the fluid as it flows through the rotor. Since C2 is greater 
than Cl in this type of machine, the increase in kinetic energy is 
provided by the rotor. This increase in kinetic energy is available 
for conversion into pressure energy in the machine itself, and not 
in the rotor. 

The term (w2^ ui^)/ 2 g represents a change in static pressure 

accomplished within the rotor due to centrifugal force acting on the 
fluid. When «2 and ui are unequal, as in a centrifugal compressor, 
the fluid flows radially and, as it flows to the impeller tip, it expe- 
riences an increasing centrifugal effect. Since a centripetal force is 
requfred at any radius to rotate the fluid about the axis of the im- 
peller, all fluid at the greater radii exerts a force on the fluid at the 
smaller radii, indicating that the static pressure of the fluid increases 
from the impeller hub to its tip. This centrifugal effect exists in 
conjunction with other flow effects superposed upon it. 

The term {wi^ — W2)/2g is the change in kinetic energy due to 
the change in the relative velocity of the fluid relative to the rotor 
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flow passages. In a radial-flow pump or compressor, the fluid is 
retarded in its flow relative to the rotor, so that Wi> w^-, this term, 
therefore, represents a conversion of kinetic energy into static pres- 
sure within the rotor itself. Consequently, the total increase in 
static pressure within the rotor or impeller is given by 

— [(«2^ - ni^) -f (7e,2 - 7^2^)] 

2g 

This increase in static pressure is termed the reaction effect of the 
pump or compressor. 

In axial-flow machines Ri - R 2 - R and so that 

the energy transfer equations differ from those for a radial-flow 
machine by the absence of the centrifugal-effect term. Hence for 
an axial-flow turbine 

u u 

~ ~ {^\u ^ 2 m ) ~ 

S g 

or 

[(ri^ - C2^) + {W2^ - 

This work is available at the periphery of the turbine and is, of 
course, equal to the product of the tangential force Fu X u. The 
equation gives the work transferred to the turbine rotor periphery. 

In an aocial-flow fan, compressor, or blower the energy transferred 
by the rotor to 1 lb of the fluid is 

ic = ^ [(^2^ ~ (31) 

2g 

Equation 31 gives the work done 3 

by the ideal compressor upon 1 lb 
of fluid. 

It is instructive to consider the 
energy changes for a complete 
machine. Consider a centrifugal 
pump such as that illustrated 
schematically in Fig. 9. 

The fluid enters the pump with 
the absolute velocity Cq and leaves pjo. 9, Energy changes for a com. 
with the absolute velocity C3. If pletc machine. 



(29) 

(30) 
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there is no friction in the inlet to the pump, then 


Po ^0“ 

h — 

7 2g 


Pti 


= Total pressure = Constant 


(32) 


or 


Since there are no losses, it follows from the Bernoulli theorem that 

(33) 

Pm = Pn (34) 


or _ 

7 7 


In this case the total pressure at the entrance to the impeller pa 
is equal to the total pressure at the entrance to the machine pto. 
If Co is small compared to Ci, so that it can be assumed that Co == 0, 
then the kinetic energy term is due to conversion of the static pres- 
sure po into kinetic energy. Otherwise, it is due to the conversion 
of total pressure. 

If the conversion of pressure into kinetic energy is accompanied 
by loss, this is indicated by the efficiency coefficient, less than unity, 
rje. In that case, the kinetic energy of the fluid entering the impeller 
is reduced, and 

Ci^ Pm - Pi 

rie — - = (35) 

2g 7 


Equation 35 is quite general and is applicable to the passage lead- 
ing from the entrance to the machine to the entrance of the rotor. 
As written, it applies to any incompressible fluid, but a similar 
expression can be written for a compressible fluid by replacing 
the Bernoulli equation by the energy equation for the stream lines 
taken with reference to the rotating axes. Thus for 1 lb of fluid 


I o loo 

CpT H ^ = Constant (36) 

2g 

For simplicity, the discussion for the present will be confined to 
incompressible fluids. 

The process of converting kinetic energy into static pressure within 
the rotor is also accompanied by losses. In an actual pump impeller 
the fluid motion is accompanied by turbulence and friction and the 
fluid does not move along stream lines as assumed by theory. The 
velocity distribution across the flow passage is non-uniform, being the 
resultant of a circulatory and a translatory flow. The fluid tends to 
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rotate in the direction opposite to that of the rotor. The extent of 
the circulatory flow depends upon the shape of the how passcige. 
Increasing the number of blades, which gives belter guidance to the 
fluid, tends to reduce the circulatory flow.^® 

In impellers for compressible fluids such as air compressors, the 
conditions are generally worse. The fluid enters the impeller with 
large impact losses, if the speed of rotation deviates from the best 
operating speed. Flow separation generally begins at the inlet-vane 
tips, and, by the time the fluid reaches tne impeller outlet, the passage 
is incompletely filled. The circumferential velocity traverse of the 
air in any one passage is very complicated. The fluid is generally 
flowing radially outward near the high-pressure side of the blade 
and radially inward near the low-pressure side of the adjacent blade. 
Besides all of this, most of the air crowds to the back wall of the 
impeller. 

Beaiuse of the losses associated with the aforementioned phenom- 
ena, the reaction effect is smaller than in the ideal case. This can be 
expressed by means of the efficiency coefficient 77^. 

It has already been pointed out that the transformation of the 
kinetic-energy term (^2^ — C\^)/lg into pressure must be accom- 
plished in the diffuser, which is generally not an efficient process. 
The fluid leaves the pump impeller with the large velocity Oi, and 
leaves the machine with the lower velocity 63. Let 

Pvi __ p[i <* 3 ^ 

y y 2g 

If there were no losses in the passage leading from the rotor exit to 
the machine exit (diffuser), then 

^ ^2" _ ^ ^3" _ Pi\i 

y 2g y 2g y 

or 

('2^ _ Pv6 - p2 
2g y 

Owing to the aforementioned losses, the transformation of C2/2g 
into pressure is reduced. Let rid be the efficiency coefficient for this 
process; then 

C2 ptz — p2 



y 
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Losses are encountered due to fluid friction in the How passages. 
These friction losses increase practically proportional to the square 
of the velocity of the fluid and the wetted areas of the flow passages. 
Since the friction factor for a flow passage increases with its rough- 
ness, in the interest of reducing the friction losses, the surfaces of 
all the flow passages should be as smooth as is practicable. Energy 
must be expended to rotate a rotor surrounded by a body of fluid. 
This energy is dissipated in heating the fluid and is called the disk 
friction loss. 

9. Characteristics of Hydraulic Jet Propulsion 

Some of the earliest applications of jet propulsion were made by 
the British and Swedish governments to the propulsion of ships.® 
Water was inducted at the fon\^ard end of the vessel, it flowed through 
pumps which imparted energy to it, and it was then discharged at 
the rear through suitable nozzles. The complete flow path for the 
propulsive fluid, the water, comprises the entrance piping, the pump 
impeller passages, the outlet piping, and the discharge nozzle. These 
form the complete guide system acting on the fluid, and the fluid 
reacts upon the guide system.® For the purpose of propelling the ship, 
it is only the fore and aft component of the fluid reaction that is of 
interest. This component of force is denoted by 3 and is termed the 
propulsion force or thrust. Let 

V = absolute velocity of ship, fps. 
c == absolute velocity of jet, fps. 

w = relative velocity of the water discharged to the rear, 
taken with respect to the discharge nozzle, fps. 

A = area of exit section of nozzle, sq ft. 

G = weight flow rate of water, Ib/sec. 

P = propulsion power, ft-lb/sec. 

Pt = thrust power, ft-lb/sec. 

Pl = leaving loss, ft-lb/sec. 

R = resultant force acting on water in the fore and aft direc- 
tion, lb. 

3 = force or thrust propelling ship, lb. 

M « momentum, slug-ft/sec. 
y « specific weight of propulsion fluid, Ib/ft^. 
p = density of propulsive fluid == y/g, slug/ft^. 
p = V/w — speed ratio. 

* angular velocity of pump impellers, rad/sec, 
i; = efficiency. 
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Subscripts 

1 at entrance 

2 at exit. 

h hydraulic. 

P propulsion. 

0 at time / = 0. 

m condition of maximum thrust power. 

R required. 

a available. 

The jet of water is discharged from the exhaust nozzle with the 
relative velocity w, while the ship moves in the opposite direction 
with the absolute velocity V, Hence, the absolute velocity of the 
jet is c = {w — V). 

For convenience the relative coordinate system will be used. The 
ship is assumed to be at rest, and the water approaches the ship 
with the actual velocity of the ship F. The velocity of the water 
entering the guide system is assumed to be so small that it may be 
neglected, which is substantially correct.®'^’^ Its momentum at the 
entrance section is Mi == 0. Let the weight flow of water be G Ib/sec; 
then the change in momentum per second is given by 

G G 

R = Mg - Ml = - r = - - F) lb 

g g 

The external force R is the reaction of the guide system on the 
fluid and acts in the direction of increasing fluid velocity. The pro- 
pulsion thrust 3 = — R acts in the direction of motion of the ship. 
Neglecting the minus sign, which denotes the direction of the thrust, 
the thrust equation becomes 

G yAw 

5 = - (z£; - F) = {w - F) lb (37) 

g g 

since G ^ yAw Ib/sec. 

The net work done upon the water is utilized to increase its kinetic 
energy. This work is the energy transferred by the pump impeller 
and the reaction force of the guide system. The pump work in 
foot-pounds per second is the torque of the impeller Mt times its 
angular velocity a> and its hydraulic eflSciency tin- This work 
is called the propulsion power P and is equal to the useful work done 
by the propulsion jet 3F, called the thrust power Pt^ plus the kinetic 
energy lost with the ejected fluid {G/2^(^, called the eodt or leaving 



58 


PRINCIPLES OF JET PROPULSION 


[Chap. 2 


loss Pl. 
becomes 


Hence, noting that c = (w — F), the energy equation 
F = Ft + Pl (38) 


Substituting for P, Ft, and Pl 

G „ 

Mto^nh = nF + — {w - F )2 

Substituting for 5 from equation 37 

G G 

Mto>vh = - («’ - F) F + — {w - V)- 
S 2 ,? 


G 


(w^ - F^) 


(39) 


(40) 


The ratio of the thrust power 3F to the propulsion power Mtut)h is 
a measure of the effectiveness with which the kinetic energy' imparted 
to the fluid is transformed into usc‘ful work. This ratio is called the 
propulsion efficiency and is denoted by np- Thus 


3F 


( 41 ) 


Substituting for 3 from equation 37 and for Mtwrih from equation 40 
gives the following equation for the propulsion efficiency 


2{w - V)V _ 2F _ 2v 
~ F + w “ 1 + V 


(42) 


where v = V/w is called the speed ratio. 

The overall efficiency for the propulsion plant (the pumps and 
hydraulic system) is denoted by and is given by 


■n = nhnp = 


3F 

M(<>) 




It is seen from equation 43 that to obtain a high propulsion effi- 
ciency the velocity ratio v must be close to unity. This means that 
the exit relative velocity of the jet w should be of the same order of 
magnitude as the speed of the ship F. Equation 37 shows that, 
when F and w are of the same order of magnitude, the thrust de- 
veloped per pound of water 3/G approaches zero. This means that 
if F and w are of the same order of magnitude the weight of v ater 
pumped per second, G, becomes extremely large. Further, when 
F *= w all thrust development ceases. 
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Equation 43 indicates why the early attempts to apply hydraulic 
jet propulsion to ships were unsuccessful. The plant efficiency t) 
depends directly upon the hydraulic efficiency of the pump 77 ^, 
which had a low value. With a more efficient pump the possibilities 
of hydraulic jet f)ropuIsion became more favorable. 

The thrust equation when expressed in terms of the jet area, speed 
ratio, and fluid density p is given by 

3 = pAw^il - v) (44) 

The corresponding equation for the thrust power Pt is 

Pt = 3F = pAw^{\ — v)v (45) 

From these equations it is apparent that, as w approaches the 
magnitude of F, to obtain a high value of propulsion efficiency, the 
area of the discharge noz/Ie ^ sq ft becomes exceedingly large. 

If the rate of flow of water G is kept constant, the thrust power Pt 
is a parabolic function of the speed of the ship F, since for that con- 
dition the discharge velocity w isa constant. In that case the thrust 
power equation becomes 

Pt = 3F = Constant (r — r^) (46) 


Differentiating equation 46 with respect to v and setting the 
right-hand side equal to zero shows that the maximum thrust power 
occurs w’^hen the speed ratio is = 0.5. The propulsion efficiency 
corresponding to the speed ratio for maximum thrust power is ob- 
tained by substituting = 0.5 into equation 42. 

Thus, when the thrust power attains its maximum value (G con- 

stant) 2. 2 

T]p = = — = 0.667 

1 + 3 

The rate of flow of water through the propulsion system can be 
determined directly from equation 40. Thus 


G = 


2gM to) 
vP - 


Vh 


(47) 


The thrust can be expreswsed in terms of the pump power by com- 
bining equations 47 and 37. Thus 


2Mto) 

~ F^ 


Tihiw - V) 


2M(W 

= - -- -- - Vh 

w V 


( 48 ) 
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Let 3o be the thrust at starting up, that is, when the speed of the 
ship is F = 0. Then 

2Mtoi 

3o = Vh (49) 


w 


Let ^rn denote the magnitude of the thrust when the thrust power 
is a maximum. It will be recalled that the thrust power is a maximum 
when V = V/w = 0.5, or when V = w/2. Then from equation 48 


3 




(50) 


The ratio of the starting-up thrust 3o to the thrust at maximum 
thrust power 3m is seen to be 3o/^w == L5. This thrust ratio is con- 
siderably smaller than that obtainable from a screw propeller. 
To increase this ratio during the start-up period additional power 
would have to be supplied. 

In ship propulsion the required thrust power Ptr is given by an 
equation of the following form ® 

Ptr = bV^ ft-lb/sec (51) 

where 5 is a constant depending for its value on the characteristics 
of the ship in question. 

When a ship propelled by a hydraulic jet is moving at constant 
speed, the required thrust power Ptr and the available thrust 
power PTa == 3F are equal. Hence 


Hence 


^ 7-4 

37 = 6^3 = (w - F)F 

g 

yAw yAw^ 

V^+ V^-—— = 0 


gb gb 

Solving equation (Jb) for the speed of the ship 


2gb \ ^ yAj 

The propulsion efficiency is 


2F K 


4gb\ 

yA/ 

“ F + w ” 

1 - 

^ yA 

_ M 

yA 


(n) 

(*) 


(c) 


( 52 ) 
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Mult iply the numer ator and the denominator of equation 52 by 
[1 + Vl + (4gb/yA)]; then 


VP 


4 


3 + 



yA 


(53) 


To compare the efficiency of the jet propulsion system with that 
of the screw propeller, the plant efficiency is required. Thus 


V = 


VhVP = 


^Vh 


3 + 



4gb 

yA 


(54) 


This last equation gives the combined efficiency of the hydraulic 
jet and its pump. 


Example. A ship is propelled at 20 mph by hydraulic jet propulsion. The 
resistance coefficient of the ship is 6 = 2.5; the area of the discharge nozzle opening 
is A = 2.5 sq ft; the hydraulic efficiency of the pumps is ijh = 0.60; and the specific 
weight of the water is 7 = 62.5 Ib/ft^. 

Calculate: (a) the propulsion efficiency rjp; (b) the volumetric rate of flow of 
water Q cfs; (c) the plant efficiency ij. 

Solution. 


(a) 


VP = 


3 -f 





4 X 32 . 17 'X 2.5 
62.5 X 2.5 


4 

4.75 


0.842 


(b) 20 mph = X 88 = 29.3 fps 

From equation 42 


Hence 


VP = 0.842 = 
w = 40.3 fps 


2 X 29.3 
29.3 + w 


Q — Aw 


« 2.5 X 40.3 « 101 cfs 


(c) V » VP'Vh “ 0.842 X 0.60 = 0.505 


10. Momentum and Circulation 

When a moving body is completely submerged in a fluid the 
reaction of the fluid on the body is to produce a resistance force 
opposing the motion and a force normal to the direction of motion. 
The resistance force is termed the drag, and the normal force the 
lift. As pointed out in reference 14, if every detail of the flow con- 
ditions around the body were known then the velocities and pres- 
sures at all points in its surface could be evaluated by applying the 
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Bernoulli theorem to each point. By integrating the results the 
resultant pressure force would be obtained, and its components in 
the direction of motion and normal to that direction would be the 
drag and lift respectively. Since the foregoing procedure cannot be 
applied these force components are evaluated by applying the 
momentum principle to the flow. 



Figure 10 illustrates schematically a portion of an infinite row of 
equally spaced identical blades. Since it is the relative motion 
between the blades and the fluid which gives rise to the hydrodynamic 
forces, the relative coordinate system can be used. This assumes 
that the blades are stationary and the fluid flows towards them. 
Further, let all the blades be placed at the same angle of attack 
with their leading edges on a line normal to the direction of the 
flow. Let the spacing between the blades be denoted by 5, and 
consider unit length of blade perpendicular to the plane of the paper 
of an arbitrary blade. Owing to the geometrical arrangement the 
flow pattern around each blade is identical. The lines AB and CD 
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may be regarded as the typical stream lines or stream surfaces for 
each blade of the row. 

Let A BCD be a region between the two aforementioned stream 
lines that is bounded by the lines (surfaces) AC and BD drawn 
parallel to the y axis. 

Let 

w = velocity. 

M = momentum. 

F = force. 

p = pressure. 

G = weight rate of How, Ib/sec. 

^ = G/g — mass rate of flow, slug/sec. 

g = acceleration due to gravity == 32.174 ft/sec“. 

L = lift force, lb. 

D == drag forcef lb. 

Subscripts 

1 denotes at section A C. 

2 denotes at section BD. 

X in direction of x axis. 

y in direction of y axis. 

Greek 

p == density, slug/ft^. 

7 = specific weight, Ib/ft'^ 

r = circulation. 

Since the bounding surfaces AB and CD are tangent to the direc- 
tion of flow at all points, no fluid can flow across these boundaries. 
Therefore, fluid can flow only across the surfaces AC and BD. The 
weight rates of flow across these two surfaces are 

Gi = WixSyi and G 2 = ^2x572 (55) 

Since 5 has the same value at ^ C that it has at BD^ and 7 is as- 

sumed constant, then from continuity Gi = G 2 and W\x = W 2 x — Wx- 

Assume that there is no heat transfer, no losses due to friction, and 
no turbulence. The Bernoulli theorem applied to these two cross 
sections gives 

P\ p2 ^ 2 ^ 

y 2g y 2g 

or 

•y 

Pi - P2 ^ — iW - Wl®) 

2g 


( 56 ) 
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Any forces acting upon the bounded mass of fluid bounded by the 
surface ABCD will be transmitted to the blade. The total external 
force acting in any direction is the vector sum of that due to momen- 
tum change and that due to change in pressure forces. Since there 
is no velocity change in the x direction {wix = the only 

forces acting on and BD in the x direction are those due to pres- 
sure difference; there can be no force in the x direction owing to mo- 
mentum considerations. Let this pressure force component be de- 
noted by ¥x. Hence 

F. = S(pi - P 2 ) (57) 


Noting that 




(a) 


and 


W2^ = W2x^ + ^^ 2 / 


(b) 


substitute (a) and (b) into equation 56 and then in equation 57. 
The result is 

¥x (W2x^ + W2y^ - Wix^ - Wiy^) (58) 


or since Wix = W 2 x = 

F* = — iW2y^ - Wly^) = —S{W2y + Wly){W2y “ Wly) (59) 
2g 2g 

The surfaces AB and CD are located in the same relative positions 
with regard to adjacent blades; hence there is no unbalanced pressure 
force acting on those surfaces. The velocity component Wiy is not 
equal to W 2 y \ consequently there is a force acting in the y direction 
due to the rate of change in momentum. 

The rate of change in momentum of the fluid is M 2 y — Miy, and 
the force required to produce this change is 

C 

M2y - Mly = ~ (W2y ~ Wly) 

g 

The forc^ acting on the blade is 


Let 


F, 


- 7i>2y) 

g 


r = S(Wly — W2y) — SAWy 


(60) 

( 61 ) 
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Substituting equation 61 into equation 59 gives the following equa- 
tion for the force Since ^ D the drag force acting on the blade 



{Wly + •W2y) 
2 


(62) 


The force Fj, is a lift force acting on the blade. Let L = F^^, then 

L = pVWj, (63) 

In equation 62 the factor {wiy + W 2 y)/'^ is the average of the y 
components for the entrance and exit velocities. Consequently, 
the Far is proportional to the average y component of the velocity 
of the fluid. Similarly, the force L = Fj, is proportional to the 
average x component of the fluid velocity. 

The physical significance of the factor T can be obtained in the 
following manner. Let the boundaries of the region enclosed by 
CABDC be traversed in the order indicated, and the length of the 
boundary be multiplied by the velocity component parallel to the 
boundary. Thus 

For CA the result is Swiy 
For AB the result is AB • w 
For BD the result is ^Sw 2 y 
For DC the result is — DB • w 


If the above products are summed up, taking cognizance of the 
signs, the clockwise direction being taken as positive, then, since 
AB = DB, the result of the summation is S{wiy — W 2 y) which from 
equation 61 is equal to F. 

The value of F is called the circulation around the blade. It can 
be shown, by using the same argument as above, that the value of 
the circulation is the same for all closed regions enclosing the blade. 
Mathematically speaking, the summation procedure in the foregoing 
is equivalent to taking the line integral around the closed curve of 
the tangential velocity to the bounding surface. Thus 

r cos 6 • ds (64) 

where 6 =» angle between the velocity vector w, and a tangent to 
the closed curve. 

ds » an elementary length of the closed curve. 

Physically, the circulation F is a measure of the speed of rotation 
of the fluid as a solid body. 
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If the blade pitch 5 is made infinite the system illustrated in Fig. 
9 reduces to a single blade (or airfoil) in an infinite fluid medium. 
If at the same time the bounding sections AC and BD are moved 
infinite distances to the left and right respectively the circulation 
is maintained constant, and the lifting force per unit length of 
blade, which is denoted by L', is given by 

V = pFFo (65) 

where Fo is the velocity of the undisturbed stream. 

Equation 65 is known as the Kutta-Joukowski theorem. 
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Chapter Three 


THERMODYNAMICS OF GAS FLOW 


i. Introduction 

Turbojet engines and gas turbines utilize the thermodynamic proc- 
esses of compressing atmospheric air, heating it to a high tempera- 
ture by burning a fuel in it, and where auxiliary jet propulsion is 
utilized with the gas turbine then in both cases the gases are finally 
discharged through a suitably shaped exhaust nozzle. These proc- 
esses are common regardless of the prime mover used for driving the 
air compressor. On the other hand, rocket motors generate high- 
pressure, high-temperature gases in a suitable combustion chamber 
and then exhaust the gases through some form of nozzle. 

The purpose of this chapter is to review the thermodynamic prin- 
ciples upon which the processes mentioned above are based. As* a 
first approximation it will be assumed that air or the propellant 
gases behave thermodynamically in accordance with the laws for 
perfect gases and the flow is one-dimensional. The basic relation- 
ships involved can be demonstrated by applying these laws. The 
results obtained in this manner can then be modified to take into 
account the deviations from the foregoing assumptions. 

The equations derived in this chapter can be used with any con- 
sistent set of units (see page 2); those presented with the notation 
are for the English gravitational system. 


Notation 

a = y/ gkRT = acoustic velocity, fps. 

A = area, sq ft. 

= area of smallest cross section (throat), sq ft. 
c = absolute velocity, fps. 

B {h — Tqs) = availability function, Btu/lb. 




Cv 



specific heat at constant pressure, Btu/lb F. 
specific heat at constant volume, Btu/lb F. 
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Cc = cx)ntraction coefficient for a fluid jet. 

Cd = <pCc = discharge coefficient for a nozzle or orifice. 

D = diameter, ft. 

Ek == kinetic energy, ft-Ib/lb. 

Ep » potential energy, ft-Ib/lb. 

Ep = heat energy due to friction, ft-lb/lb. 

/ = friction factor in the Fanning equation. 
f = A/G = area which passes a flow of 1 Ib/sec. 
g = acceleration due to gravity, 32.174 ft/sec^. 

G = weight flow rate, Ib/sec. 

H = {hi h 2 ) = available energy for an expansion, Btu/lb. 


1 

h = enthalpy of fluid = w + - /w 



/RT\ 

for a perfect 


gas, Btu/lb. 

Ah = a finite charge in enthalpy, Btu/lb. 

Ahc == a finite increase in enthalpy (flow compression), Btu/lb. 
Aht = a finite decrease in enthalpy (flow expansion), Btu/lb. 

J = 778 ft-lb/Btu = mechanical equivalent of heat. 
k = Cp/cv = specific heat ratio. 

L = useful work done on or by a fluid, Btu/lb. 

1 L 2 == useful work done on or by a fluid between sections 1 and 2. 
m = molecular weight, mass rate of flow (slug/sec), or hy- 
draulic radius (ft), as indicated in the text. 

M = velocity/a = Mach number. 
p = absolute static pressure, psf. 

Q = heat flow, Btu/lb. 

1 Q 2 = heat added between sections 1 and 2, Btu/lb. 

Q = (velocity)^ = dynamic pressure, psf. 

R = gas constant = 1545/(molecular weight), ft-lb/lb F. 

(R = friction force, lb. 

= P 2 /P 1 = pressure ratio for a compression process. 
rt = P 1 /P 2 = pressure ratio for an expansion process. 

1/rt = P 2 /P 1 = expansion ratio for an expansion process, 
j = entropy, Btu/lb F. 

A5 = a finite change in entropy, Btu/lb F. 

T == absolute temperature (460 + t° F), ® R. 


Tt = total temperature 
3 = thrust, Ib. 




U 



— internal energy for a perfect gas, Btu/lb. 
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i' = 1/7 = specific volume, cu ft/lb. 
w = relative velocity, fps. 

W = total weight, lb. 

X = distance in direction of x axis. 

X = force in direction of x axis. 
y = wetted perimeter, ft. 
z == elevation, ft. 

k - 1 

Zc = (^c * *“ 1) for a compression orocess = 

k-i ^ 

Zt {rt ^ — 1) for an expansion process. 

Greek 

a = divergence angle for a nozzle. 

Y = = specific weight, Ib/ft^. 

7 ^ 2 ' (PzX^ . 

^ =- — I — I — isentropic temperature ratio. 

Ti \pi/ 

ri = efficiency. 

P = 7 /j? = f = density, slug/ft^. 

S = summation. 

r = friction force per unit area, psf. 

(p = = velocity coefficient. 

P = 

Total temperature /k -- 1\ _ 

^ = — = 1 + ( )m^. 

Ti Initial static temperature \ 2 / 

Subscripts 

1 = initial state (in general). 

2 == final state (in general). 
cr == critical. 

e == exit section. 

t = throat section of nozzle, or total, as indicated in text. 
c = combustion chamber, or compression, as indicated in text 
0 « initial or rest condition, 
max. =s maximum. 

L = limiting value. 

F =* friction. 

Superscripts 

Prime denotes isentropic process. 
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2. Dynamic Equations for the Steady Flow of Fluids 

The discussions in this chapter assume that the fluid moves under 
the conditions for steady flow. This signifies that the static pressure p, 
the specific weight of the fluid y and the velocity w are constant with 
respect to time at each cross section of the flow passage. Under 
these conditions the weight rate of flow G is the same at all cross 
sections and does not vary with time. 

In reality, steady flow can exist only if the fluid particles move 
along stream lines. Consequently, the turbulent eddying flow which 
accompanies most of the practical examples of flow is not steady, 
even if no variations in the rate of flow can be detected with ordinary 

measuring instruments. However, un- 
der the conditions where the rate of 
discharge G is constant, it is possible to 
draw fixed lines in the fluid stream in 
such a manner that they are tangential 
to the average direction of the flow. 
The actual fluid motion can thereby be 
conceived as being composed of a steady 
motion along these stream lines, with 
irregular random disturbances of veloc- 
ity superimposed upon them.^ 

Figure 1 illustrates an arbitrary converging passcige through which 
a fluid is flowing. Assume that the flow is steady, does not change 
its elevation, and is in tlie direction of the constriction, so that the 
velocity is increasing; that is, the fluid is being accelerated. To deter- 
mine the magnitude of the force causing the acceleration consider 
an element of the fluid bounded by the two parallel surfaces 1-1 
and 2-2 perpendicular to the direction of flow and the infinitesimal 
distance dx apart.^ 

The following forces act on the fluid element in the direction of 
the X axis: 

(a) The pressure force pA on the left-hand face due to the pressure 
intensity p. 

(b) The pressure force —(p + dp){A + dA) on the right-hand 
face, the negative sign indicating that it acts in the negative direction. 
It should be noted that for the configuration shown dp and dA are 
both negative since the pressure and area have decreased at section 2. 

(c) On the bounding surface of the element of fluid there acts a force 
which has the component [p + {dp/2)] dA acting in the x direction. 

{d) The X component of the wall friction force which is denoted 
by —d(R, 



Fig. 1. Fluid element flowing 
in a converging passage. 



Chap. 3] 


71 


thermodynamics of gas flow 

The net force acting on the fluid element in the positive direction 
of the X axis is the vector sum of the aforementioned forces. Neglect- 
ing all differentials smaller than the first, the general equation for 
the sum of the external forces is 

SX = pA — (/> + dp) (A + dA ) + ^p + dA — dCR 

= -A dp ~ dm (1) 

The resultant external force, —A dp - dm, imparts to the ele- 
ment the acceleration dw/di. The mass of the element is pA dx 
= iy/g)^ dx. The equation for the acceleration of the element will 
now be determined. 

Each particle of fluid moves along a certain stream line, and its 
instantaneous velocity w is a function of the time t and the distance 
X it moves along its stream line. Hence w is a function of both t 
and X. Thus w = f(t, x), and its total differential dw is 

dw dw 

dw — — dx ■\ dt ( 2 ) 

dx dt 

The acceleration equation for the particle is 

dw dw dx dw dt dw dw 

- — = d w 1 (3) 

dt dx dt dt dt dx dt 


The term dw/dt is the increase in velocity with respect to time at 
the same point on the stream line, while the term w dw/dx is the 
increase in velocity due to the particle moving with the velocity w 
through a field of flow having the velocity gradient dw/dx. 

In view of the assumption of steady flow, the velocity at a given 
point is invariant with time. Hence the term dw/dt = 0, and the 
term w dw/dx is the only one that is significant. This means that 
the fluid particle velocity in steady flow is a function of x alone, 
and the partial differential notation may be replaced by that for 
ordinary differentials. Thus 


dw dw 

dt dx 


( 4 ) 


The external force producing this acceleration is given by equation 
1. Hence, using equation 4 for the acceleration, applying D’Alem- 
bert’s principle, and dividing through by the area A, gives 

dm 

dp + P'i^dw = 0 

A 


( 5 ) 
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Multiplying through by v = I/7 = 1/pg, where v is the specific 
volume 


w vd(R , , 

V dp -\ dw = 0 (6) 

g A 


If the fluid changes its elevation by the amount dz in the distance 
dx, equation 6 becomes 

( u^\ V d(R 

— ) + —- + dz = 0 (7) 

2g/ A 


Equation 7 is the general form of the dynamic equation for the 
flow of any fluid in contact with solid boundaries. To integrate this 
equation the relationship between p and Vy the flow area, and the 
friction force must be established as functions of the flow path. 

In general, where the flow of a gas is under consideration the term 
dz is so small that it may be neglected. Further, if the friction co- 
efficient for tfie passage is denoted by /, its hydraulic radius by w, 
and its length by dxy then, for perfect gases, the dynamic equation 
for flow with friction becomes 


dp = — 


p *ur 
^ -J—dx^ 


gRT 2m 


P 

gRT 


wdw 


(7a) 


3. Energy Equation for the Flow of Gases 

Refer to Fig. 2, which illustrates the general condition for the 
flow of a fluid. The energy relationships for the flow of a gas are 



based on the conception that its motion is related to some process 
that involves heat exchange. Consequently, the macroscopic aspects 
of the flow process are amenable to analysis by the application of 
the law of the conservation of energy. Consider a flow of 1 Ib of gas. 
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Then, if the quantity of heat dQ Btu/lb is added to the gas from all 
sources, and the external work \/J dL Btu/lb is removed from the 
gas, it follows from the first law of thermodynamics that, in the 
absence of friction and changes in potential energy, 

dQ = du — V dp -\ — p dv -\ wdw -\ — dL Btu/lb (8) 

J J Jg J 

Where the flow process involves f'liergy losses such as friction, 
shock, and turbulence the energy expended in overcoming the re- 
sistances is converted into heat that remains in the gas. Its effect, 

as is shown later, is to raise the final enthalpy of the fluid above that 

which would have resulted if no friction or turbulence were associated 
with its motion. Let the energy loss per unit weight due to friction 
be denoted by \/J dEp\ then for flow with friction equation 8 becomes 

111 11 

dQ ^ du — V dp — pdv wdw — dL — dEp (9) 

J J Jg J J 

If the fluid experiences a change in its potential energy by virtue 
of changing its elevation by the amount dEp per unit weight, then 
equation 9 becomes 


dQ = du + 




dp -{■ pdv -\ — w dw + dL + dEy + dEj^ 
g f 


But, by definition, the enthalpy change dh is given by 


Btu/lb 

( 10 ) 


1 1 

dh = du + ~ d{pv) ^ du -jip dv + V dp) 


( 11 ) 


Substituting in terms of dh into equation 10 from equation 11 and 
noting that dh = CpdT for gases 

dQ — dh wdw — {dEp + dEp) H — dL (12a) 

Jg J J 

For gases 

dQ Cp dT H w dw H — {dEp + dEp) + — dL (126) 

Jg J J 

or 

dQ as ( \ — dT H w dw H — {dEp + dEp) + — dL (12c) 

\k — 1/ J Jg J J 

Referring to the flow passage illustrated in Fig. 2, denote the state 
coordinates of the fluid at section 1 by the subscript 1, and those at 
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section 2 by the subscript 2. Further, let 1 Q 2 denote the heat added 
to the gas from all sources during its movement from section 1 to sec- 
tion 2, l/Ji{Ep )2 denote the potential energy change, and 1 /Ji(Ef) 2 
denote the heat energy due to frictional effects. Integrating equa- 
tion 10 between the limits 1 and 2 gives 

1 .,1 

1Q2 = (^2 ^l) + (^’2“ — Pi^i) 

2gJ J 

+ — l(^p)2 + J 1^2 + -J i{Ef)2 (13) 

The above energy equation can be stated in terms of the enthalpy 
changes for the fluid by integrating equation 12a. Thus 

1 Q 2 = h 2 — hi +-—(w 2 '^ — Wi^) + - i(Ep )2 + - \{Ef )2 + - ii ^2 (14) 

2gJ J J J 

Equations 10 and 14 are the most general forms of the energy 
equation for the steady flow of a fluid. They are general statements 
of the energy relationship for any flow passage and any fluid. The 
only restriction imposed is that the passage cannot store energy. 

4. Reversible Processes and Available Energy 

A reversible process may be defined as one which is in such a state 
of equilibrium at all points in its path that any small change in the 
“driving force” will cause it to proceed in the direction corresponding 
to the sign of the change. In a heat-flow process the driving force 
is the temperature difference applied to the equilibrium state. Con- 
sequently, if an arbitrarily sftiall temperature difference will produce 
either a compression or an expansion, depending upon its sign, and 
the corresponding works are equal to the qua;^ties of heat trans- 
ferred, then the process is reversible. It is apparent from the fore- 
going that heat-flow processes involving friction cannot be reversible 
because an amount of heat equal to the friction must always be 
supplied before the direction of the process can be reversed. This 
heat of friction does not reappear as external work but is dissipated 
within the system. Since friction invariably accompanies the flow 
of real gases, actiial flow processes are irreversible. As a matter of 
fact all natural processes are irreversible; they tend to proceed in a 
given di|*ection and never reverse themselves unless work is done, 
at the expense of some other system, to reverse them. Ideal flow 
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processes can be conceived, however, which are frictionless and re- 
versible. They are of great importance because actual flow processes 
can be studied in terms of these ideal processes and the results cor- 
rected to take care of the departures from the ideal. 

Even in reversible processes it is not possible to transform thermal 
energy completely from one form into another. PZxperience has 
demonstrated that the transformation is inevitably accompanied by 
a degradation of energy into a less useful form.^ The thermal energy 
associated with a gas cannot, therefore, be converted entirely into 
mechanical work by permitting the fluid to expand. This is because 
the thermal energ\^ is associated with the random movements of the 
gas molecules^ and is not completely subject to control. It should 
be realized that the first law of thermodynamics is not concerned 
with this matter and gives no information regarding it. It is con- 
cerned only with that portion of the thermal energy that is converted 
into useful work and points out that each Btu of heat converted into 
work produces 778 ft-lb (the exact value is 778.2 ft-lb).^ It is the 
second law that is concerned with the quantity of thermal energy 
that can be converted into useful work, and this law presents the 
basis for judging the performances of actual processes.® 

The second law is based entirely on scientific experienced^ which 
has demonstrated, as stated by Stodola,^^ that '‘whereas work can 
always be transformed into heat (as, for example, through friction) 
the reverse process, transformation of heat into work, is neither 
unlimited nor can it be carried out at will.’^ The transformation of 
heat always requires that there be a temperature difference between 
the heat source and the heat sink. The second law was first formu- 
lated by Clausius (1850). Thus 

A. Heat cannot itself flow from a reservoir at lower temperature 
to one at a higher temperature without there being changes in 
the environment {CUiusius), 

A later statement due to Thomson (1851) is 

B. No machine is possible vohich removes heat from a heat reservoir 
and changes it completely into work without changes taking 
place in the environment. 

The last statement is based on the following definition, due to 
Ostwald, of a perpetual-motion machine of the second type: a machine 
that undertakes to transform heat drawn from a single reservoir 
into work without changing anything else in its environment. 
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A satisfactory statement of the second law based on Ostwald’s 
definition of a perpetual-motion machine of the second type is as 
follows; 

C. Perpetual motion of the second type is impossible even with an 
ideal, frictionless, perfectly insulated heat engined- 

The above statements point out that in a reversible heat transfer 
process a part of the heat energy is always unavailable for conversion 
into work. Thus, if 1 lb of a substance acts as a heat reservoir at 
the temperature T at any instant, and supplies heat Q, by a re- 
versible process, to a reversible engine, the engine always rejects a 
portion of this heat to the lowest available temperature Tq. The 
maximum conversion of the heat into work (1 ^J)L, is obtained in a 
Carnot engine and is given by 


or 


~J ~ ' 

-fj 


dQ 

(15a) 

AX 

/•^o 


'T,, dQ 


T " ' 

-X/e+W, 

\ ~f 

(\5b) 

1 the temperatures Ti and Tq 


1 



■iro 


-AX 

J 

= — 

Q - Tos 

Jn 

(15c) 


Equation 15c states that, in a reversible process where the total 

r 

heat transfer is Q, a quantity of heat equal to is unavailable 

for conversion into work, and the balance ca^^be completely con- 
verted into work only in an ideal machine.^® 

Because of the assumption of reversibility all the heat rejected 
must take place at the temperature Tq. Consequently, in accordance 
with the second law, 

dQ = To ds (ISd) 

The addition or removal of the heat dQ changes the internal 
energy of the substance in accordance with the first law. Thus 
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The work obtained, (1/7) dL, is composed of the maximum useful 
work (1/7) and the work (1/7) />o dv required to overcome 

the pressure of the environment.^* Hence 


di4f 7 Q ds 


1 

-p^dv 


(17) 


Integrating between Ti and To, and transposing, gives an expression 
for the maximum work obtainable fn m a reversible process. Thus 

1 1 

~ ^ Uq — Tq{Si — 5()) H — i;o) (1^) 


This last expression is usually presented in the following form- it 
is called the availability function and is denoted by B. Thus 

-8 = (wi + Pq;di — — (^0 + Poi^o (19) 

Since pQ and are fixed for a given process, it is seen that the 
availability is a function of the initial state, i.e., state 1. The change 
in availability for a rcversibile process proceeding from state 1 to 
state 2 is accordingly 

A5 = {u2 + P 0 V 2 ““ 7 * 0 ^ 2 ) ““ (^1 “b /^o^i (20) 

In a reversible flow process, where gravitational work and potential 
energy changes are neglected, the availability change reduces to 

1 

AB = Ah — To As = — - L,„ax. (21) 


For a more detailed discussion of availability consult references 
2, 3, 8, 9, and 10. 


5. Dynamic Equations for Frictionless Flow of Gases 

Refer to the general dynamic equation, equation 7, and assume 
that a gas encounters no friction as it flows along its path, nor does 
its elevation change. Then d(R = dz = 0^ and equation 7 reduces to 

vdp + d[ — ) = 0 or — \ vdp = — — (22) 

\2g/ Ji 2g 2g 

and equation 7a, in terms of the fluid density p, becomes 

dp 

— + w dw =*0 or dp =* — fyw dw 

P 


(22a) 
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Rewriting equation 22a in the following form 

dp dp 

— . — = —wdw 
dp p 

But, from Chapter 1, equation 79, 


(22b) 


— =z =: (acoustic velocity)^ 
dp 


Hence in the case of the frictionless How of gases the energy equation 
becomes 

dp w 

— = :^dw (23a) 

p 


or 


dp pw 

dw 


(23b) 


Referring to equation 22 it is api)arent that the kinetic energy, 
Efc = w^/2g, derived from expanding a gas in frictionless flow is 

exactly equal to the work, obtainable by expanding the gas 

in a piston engine. 

If the pressure change in flowing from station 1 to station 2 is very 
small, no sensible error is intrcxluced by using the average of the end 
pressures, ^(p\ + p 2 )y instead of the actual pressures. A mean 
value of the specific volume Vm = I/Tw can then be applied. Hence, 
for very small pressure changes, the kinetic energy in foot-pounds 
per pound, is given by 

r P\ — p2 

vdp = v„,(pi - P 2 ) = (24) 

Irn 

Substituting equation 24 into 22 


pi + — wi^ = ^2 + — ^^ 2 ^ = Constant (25) 

2g 

Equation 25 is recognized as the Bernoulli equation for incompres- 
sible fluids. It could have been obtained directly from equation 22 
by assuming that p = y/g = constant. Hence, for the flow of a 
non-vis cous incompressible fluid in a horizontal passage, 

A (a,22 _ = i 

2g y 


( 26 ) 
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If changes in elevation arc encountered by the incompressible fluid, 
then dEp = pg dz and the Bernoulli equation takes the following form 

dp + pg dz ^ d{w^) = 0 (27) 


6. Iseniropic Flow Equation for Gases 

For an isentropic process ds dQ— 0, and the changes in the 
internal energy of the gas are due entirely to the work of flow com- 
pression or expansion; this work is represented by the term {\/J)p dv 
in equation 8. If the flow process is an expansion, the temperature 
of the gas is lowered, which signifies that the internal energy of the 
gas is decreased; the reveise obtains for a coni])ression. Hence 


or 


dn — p dv = 0 


(28a) 


dT + -jp dv 


R 

1 




dT -j p dv 


(2Sb) 


The energy equation for isentropic flow and no work done on or 
removed from the gas is obtained by substituting dQ = r/L = 0 and 
equation 28a into equation 8. The result is 


w 


V dp H dw = 0 


For an isentropic process it follows from 12a 

1 V 

0 = dQ = T ds = du p dv — dh ~ -j dp 
Hence for a reversible process 

J dh -- V dp = 0 


(29) 


(30) 

(31) 


Substituting for v dp from equation 29 into equation 31 gives the 
following energy equation for the isentropic flow of a fluid. Thus 


Jdh + d j = 0 


and the dynamic equation, equation 22, is 


V dp + d 



( 32 ) 


0 
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It is seen from equations 22 and 32 that in non-turbulent, friction- 
less adiabatic flow the energy and dynamic equations are identical. 
If the pressure in the direction of flow is decreasing (accelerated flow) 
the flow passage is called a nozzle; if it is increasing (decelerated flow) 
it is a diffuser. 

For a perfect gas dh = Cp dT. Substituting this into equation 32 
and for Cp in terms of k and R yields 

1 

RdT + - wdw ^ 0 

g 

Hence the energy equation for the isen tropic flow of a gas can be 
written in the form 

kgR dT + {k - 1) wdw 0 (33) 

Dividing through by kgRT = 

dT w 

y + (A - l)—dw = 0 

Dividing and multiplying the last term by w, the energy equation 
for the isen tropic flow of a gas becomes 

dT dw 

— + (k - 1)M^— = 0 (33a) 

T w 

Integrating equation 32 and using the prime to denote that the 
end point is attained by an isen tropic process 

— {W 2 '^ - wi^) = Ai ~ * 2 ' = // = Aft/ Btu/lb (34) 

2gJ 

In mechanical units 

— Wi^ = 50,000 Aft/ (fps)^ (35) 

Equation 34 gives the maximum change in kinetic energy obtain- 
able from expanding a fluid from state 1 to state 2. The term 

= (Ai — A 2 ') is termed the available energy for the reasons ex- 
plained in Section 4; it is also referred to as the isentropic enthalpy 
change. 

Assume that the initial velocity Wi is small enough so that the 
assumption zai = 0 is justified. Then the final velocity of the gas is 

Ws' = 223.7\/Ai - A 2 ' = 223.7VH = 223.7\/aV (36) 

The velocity W 2 is termed the isentropic velocity. 
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If the initial kinetic energy is not zero, then the isentropic velocity 
is given by 

W 2 = VlgJH + wi^ fps (37) 


7. Toted Temperature and Ideal Pressure Rise Ratio 

In the preceding section it was shown that the energy equation 
for isentropic flow is given by equation 32. For a perfect gas this 
equation can be written in the form 

Jcp dr + d = 0 


That the process is isentropic is indicated by writing jy for the 
final temperature instead of T 2 . Hence the energy equation is 


/2 


2 "1 ~ H 

2gJ 2gJ 

Solving for the ideal temperature ratio ly/l'j = 0 


T2’ 

1 + 

Ti 2gJc, 


lex A _ 


(38) 


(39) 


Assuming that the flow is a compression process, so that {wi is 
less than unity, substitute for from equation 1 • 43 and note that 
Mx = W\ ja^ = /gkRT\ then 



If the final velocity is zero, the temperature T 2 is called the 
stagnation or total temperature and is denoted by 7"^, and the ratio 
Tt/Ty == 4>. Thus 

^ ^ = 1 + tzl My^ = ^ + —I (41) 

Ty 2 2 1 A - IJ 

The relationship between the temperature change and the corre- 
Sf>onding pressure change is obtained from equation 31 and the 
characteristic equation for perfect gases. Thus 
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From which it follows from equations 42 and 33a 


dT (k - 1\ dp 

Y ~ \ T~ / ~p 



(43) 


Integrating equation 43 between the limits 7" = 7\y T = Tt 
P ^ Pi f tind p — pt gives 




Mach number 


Fig. 3. Ideal temperature rise ratio for normal air. 


The relationship between the ideal pressure rise ratio pt/pi and 
the Mach number is 



The total pressure pu also called the stagnation pressure, is that cor- 
responding to the pressure in an infinite reservoir from which the 
fluid is accelerated isen tropically to its actual velocity. It is seen 
from equation 1 • 70 that in general Zc ^ — 1. For the stagnation 
condition 6 = Hence, using equations 41 and 44, 

2 


( 45 ) 
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The cntcring^ IVItich numher cis ci function of the icJcul pressure 
rise ratio is accordingly 

M, = (<l> - 1) = (46) 

Thti ideal pressure rise ratio resulting from the isentropic decelera- 
tion of a gas from an initial Mach number Mi to a final Mach number 
M 2 is obtained from the ratio (Pi/Pi)mi/ {pt/Pi)Mi- 



2.0 2.2 2.4 2.6 2.8 3.0 3.2 3.4 3.6 3.8 4.0 

Mach number 

Fig. 4. Ideal temperature rise ratio for normal air. 

For normal air k = 1.395 and R = 53.35 according to reference 
44. Values of the parameter Zc for normal air are presented in 
Table 4-5. 

Figures 3 and 4 present = Tt/Ti as a function of M. Figure 5 
presents Pt/pi as a function of M. 



on 


84 


PRINCIPLES OF JET PROPULSION 


[Chap. 3 



P oooooooopo 

? vd<Noc)^ou>cvio6^ 

ro CO CNJ C\i CM 


V/ V ouBj asu ajnssajd jeapi 



ooooo oo opp 
oa>odr<vd iti ^ rocMr-* 


V/ V 0!)cj asM djnssajd leapj 



V/ ’</ ot|Bj asu ainssdjd teapi 


Mach number 

Fig. 5. Ideal pressure rise ratio for normal air. 
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Example. Air at atmosphere pressure and 59 F flows into an ideal diffuser. 
The entrance velocity is 600 fps. Calculate the ideal final (ram) pressure and the 
total temperature. 

Solution, 

oi = VgkRTi = ^32.174 X 1.395 X 53.35 X 519 = 1115 fps 
Ml = Att = 0.540 
From equation 4.S 

From Table 4-5 


Ze = 0.1975 X (0..S4;2 - 0.0576 
Pt 


Pi 


- r, * 1.219 


From equation 41 


Pt * 17.9 psia (final pressure) 


ll I 

= 1 + (0.1975 X 0.293) = 1.0575 
Ti = 1.0575 X 519 = 548 R (total temperature) 

It follows from equation 38 and the foregoing that, for perfect 
gases in isentropic flow, since Cp is constant, 

2 


and 


Wi 

+ :rT- = 

2gJcp 

+ TT- = 
2gJcp 


Hence for perfect gases in isentropic flow the total temperature is a 
constant. 


8. Adiabatic Flow with Friction 

Refer to the general form of the energy equation. Section 3, and 
assume that the external work dL = 0. Then 

1 d{vF) 1 1 

d<2 = dA + -— ^ + + (47) 

J 2g J J 

The work expended on the gas in overcoming friction is trans- 
formed into heat. If the fluid loses no heat to the outside, all the 
foregoing heat remains with it. This signifies that the entire quan- 
tity of heat added to the fluid consists of two parts. The heat 
supplied from external sources dQ^tt. and the heat equivalent of the 
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work expended in overcoming friction \/J{dEF), Consequently the 
heat added dQ is given by 

1 

dQ = ^Gext. ^jdEp (48) 

Substituting equation 48 into equation 9, noting that dL = 0, gives 
the following equation for the flow of a fluid when no work is done 
by or taken from the fluid. 

1 1 /w\ 1 1 

+-dEp = dh +-d{ — ) + -dEr + -dEp (49) 
J J \ 2g/ J J 

From equation 49 it follows that the energy equation for 1 Ib of fluid 
when there is friction, no external work, and heat losses is 

\d{w^) 1 ^ , 

rfftxt. =dh+~ + - dEp (50) 

J 2g J 

If the change in potential energy is negligible, which is true for gases, 
and if the flow is adiabatic 

1 d{w^) 

+ = 0 (51) 

J 2g 

Equation 51, which is the energy equation for the adiabatic flow of 
a fluid with friction when there is no external work and no change 
in potential energy, is seen to have the same form as the energy 
equation for the isen tropic flow of a gas; see equation 32. This 
means that in adiabatic flow, with or without friction, the total 
energy remains constant. 

The difference between the total energy equations for adiabatic 
flow is not stated explicitly. It does appear, however, in the integra- 
tion of the energy equation. If the flow is isentropic the enthalpy 
in the final state, denoted by the subscript 2, is A 2 ^ and when the 
flow is accompanied by friction the final enthalpy is ^ 2 * The values 
of A 2 ' and h 2 for identical values of the expansion ratio p 2 /pi are 
different, A 2 ' being smaller than ^ 2 * Furthermore, the process in- 
volving friction is accompanied by an increase in entropy, whereas 
for isentropic flow ds = 0. The two adiabatic processes are com- 
pared on the pv and hs planes in Fig. 6. 

The energy equation for adiabatic flow with friction integrates to 

= 2g/(Ai - hi) = 2gJ Aht (52) 

In the isentropic case ws is retraced by w^' and by h^'. The 



Chap. 3] 


THERMODYNAMICS OF GAS FLOW 


87 


difference between the enthalpy changes for the two processes is the 
heat equivalent of the work expended in overcoming friction. Hence 

1 1 

hi — h2 = hi — h2 — “ i(-Ef)2 = H — - 1(£^)2 (53) 

For gases 

hi — h2 = Cp{J I — 72 ) 

and 

hi ~ 7 ^ 2 ' = cp{l\ ~ 72 ') 

Assuming Cp constant, or assuming that its average values for the 
temperature ranges involved are not significantly different, it follows 
that when adiabatic flow is accompanied by friction 72 > T 2 . 




Fig. 6. Isentropic and polytropic expansions compared on the p-v and h-s planes. 

In the case of flow with friction the heat added dQ is given by 
equation 48. Consequently, the equations of Section Wdy Chapter 1, 
can be used for calculating entropy changes by using equation 48 
above for defining dQ, 

9. Efficienqf of an Adiabatic Flow Expansion 

The ultimate goal of an adiabatic flow expansion is to convert as 
large a fraction as possible of the available energy H into kinetic 
energy. This conversion is a maximum when there are no losses 
and all the kinetic energy associated with the approach velocity Wi 
is fully utilized. When the flow is accompanied by friction, shock, 
and turbulence the enthalpy change {hi — h^ <H and the kinetic 
energy w^/lgj may not be utilized completely. 

The effectiveness of the passage (nozzle) wherein the flow expansion 
occurs, in converting the total energy supplied it into kinetic energy, 
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is termed the nozzle efficiency lyn* The total energy supplied the 
nozzle is 


= /f 4- 


(54) 


2gJ 2gJ 

The energy converted into kinetic energy is denoted by Ek, where 


Wi^ Wi^ W2^ 

Ek = AA< + — /r2 + = — - 

2gJ 2gJ 2gJ 

Consequently the nozzle efficiency is 

Ek 


Vn 


Et \W2/ 


(55) 


(56) 


In an actual flow process all the approach kinetic energy may not 
be fully utilized. Instead only the fraction (pi^wi^/2gjy where ipi is 
a coefficient less than unity, may be available to the nozzle. In that 
event the kinetic energy of the final stream is given by 


W2^ 


= — ^2 + 


, Wi 


(57) 


The actual final velocity can be expressed in terms of the ideal 
velocity W 2 ' by introducing the velocity coefficient ^2 < where 
<P2 = W2/w2^ Hence the general equation for the final velocity of the 
fluid stream is 

W2 = V2^2gJII + ^1* (58) 


As before, tin = (w2/^20^» which will have different values, de- 
pending upon the completeness with which the entrance kinetic 
energy w^/lgj is utilized. 


10. Efficiency of Conversion of Enthalpy into Kinetic Energy 

Where the approach velocity is zero or negligible, the final velocity 
of the fluid is due entirely to the transformation of enthalpy into 
kinetic energy. As before the efficiency of the expansion is 
and, to distinguish this efficiency from the case where the approach 
velocity is involved, it is denoted by iit. Hence when wi « 0 

( W2 hi h% Ah^ 

w) 


hi - ha' H 


(59) 
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Introducing the velocity coefficient ^ 2 » where 

W = 

then 

m or (P 2 = 

If \/J{Ep) is the enthalpy increase due to friction, then 

1 


and 


Aht = // Ep 

J 

II - {i/DEp ^ {\/J)Ep 

m rr = 1 


II 


H 


(60) 


(61) 


The expansion process with friction cannot be represented by the 
equation = constant, where k = Cp/c^, It can, however, be 
represented by the polytropic equation pv^ = constant, where n 9 ^ k. 
The relationship between w, ky and rjt will now be derived, assuming 
that Cp is a constant and small pressure ratios are involved. 


II. Efficienq/ of a Polytropic Expansion 

In adiabatic flow with friction dh 9 ^ \/J{vdj)) but 

1 1 

— Ep = dh — -V dp (62) 

If the change of state is an expansion, as illustrated in Fig. 6, the 
process is accompanied by a decrease in enthalpy. Hence, the change 
in available energy for an isen tropic expansion is 

dH = -dh (63) 

For an adiabatic expansion involving friction it follows from 
equation 59 that if rft is constant, which is substantially true for 
small pressure ratios, 

dh dT 

dH ^ = _ (64) 

Vt Vt 

But from equation 62 

- = (1 - ij,) dll = - dh= - Cp dT (65) 

J Vt Vt , 

Equating equations 62 and 65 and substituting CpdT ^ dh 

i — Vt 1 

Cj, dT = Cp dT vdp 

Vt J 
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from which it follows that 


or 


(rjt — l)cpdT = ijiCpdT— Vt — ^dp 


Cp dT — ^ 


(66) 


RT Rf k 

Substituting: for v = — and Cp = — I — 1 in equation 66 

p y \^ - 1/ 


so that 


Integrating equation 67 


dp 
v,RT-- 
P 


dr _ /k - x^^dp 

T ~ V T 


J p 


(67) 


SO that 


Tx ~ \px) 


<¥) 


(69) 


Substituting for T 2 /T 1 from the characteristic equation for perfect 
gases 

Vi \p2/ 

It was pointed out in Section 9 that the change of state equation is 

(70) 


= (iiY= 

V/>2/ \p2/ 


pn/^ = constant. Hence 
V2 

Vi 

From equation 70 it follows that 

1 k — r}i(k — 1) 
n 


or 


k 

k 


k 


n = 


Hence 


k — TJt{k — 1 ) 17^ + k{\ ~ Kit) 

n - 1 /k - 1\ 


( 71 ) 
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The efficiency of the expansion is given by 


(n — l)/« 
“ (k - i)/k 


(72) 


A similar expression can be derived, by applying the same argu- 
ment, to an adiabatic compression process with friction. In that case 


and 


r^kil - rjc) 
{k - l)/k 

Ve — 

(« — IVw 


(73) 

(74) 


Since the efficiency 
then for an expansion 


of an expansion process is denoted by t;/, 



(75) 


and the corresponding temperature ratio is 


Ti 

T2 



(76) 


For a comj:)rcssion process the efficiency is denoted by rjc ; then 


and 



(77) 


(78) 


12. The Continuity Equation for Gases 

If the weight rate of flow of a fluid is G Ib/sec, then for each cross 
section of the flow passage 

G = Awy = = Constant (79) 

V 

Equation 79, known as the continuity equation^ is based on the 
principle of the conservation of matter. It states that the same 
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weight of fluid must pass through all cross sections of a flow con- 
duit of any shape. This means that for any two stations in the 
flow passage 

G = AiWiyi = A2W2y2 = Constant 



Mach number 

Fig. 7. Weight flow parameter vs. Mach number for normal air. 


For a perfect gas the weight rate of flow can be expressed in terms 
of the Mach number by applying the characteristic equations for 
perfect gases. Since M ~ w/\^gkRr, equation 79 can be written 
in the form 


G 



(80) 
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Substituting for from equation 41 into equation 80 



2.0 2.2 2.4 2.6 2.8 3.0 3.2 3.4 3.6 3.8 4.0 

Mach number 

Fig. 8. Weight flow parameter vs. Mach number for normal air. 

For normal air {k = 1.395 and R = 53.35) equation 81 can be 
written in the form 



= mVo. 8411 + 0.1975ilf=*] (for normal air) (82) 

pA 

Figures 7 and 8 present the parameter C^/^t/pA as a function of 
Mach number for normal air. 
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For perfect gases equation 79 can be combined with the charac- 
teristic equation 1*29 which gives the following expression for per- 
fect gases. 



0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 


Mach number 


Fig. 9. Velocity-temperature parameter vs. Mach number for normal air. 


Substituting for G from equation 83 into equation 81, and solving 
for w gives 

w = — VkgRT, \ 1 + mA M 
Ti L 2 J 

Substituting for T/Tt from equation 41 gives the following results 


w M 



For normal air equation 84 becomes 


w ^9M 

VTi Vi + 0.1975M2 


(85) 


Figures 9 and 10 present values of w/ypTi as a function of M 
the values of Tt are defined by equation 44. 




Chap. 3] 


THERMODYNAMICS OF GAS FLOW 


95 




2.0 22 2.4 2.6 2.8 3.0 3.2 3.4 3.6 3.8 4.0 

Mach number 

Fig. 10. Velocity-temperature parameter vs. Mach number for normal air. 


Example. Air flows through a duct with a velocity of 600 fps. The weight 
flow is 20 Ib/sec. If the area of the duct is 80 sq in. and the Mach number is 0.5, 
calculate the static pressure. 

Solution, 

wi _ 49Af 
VF, V 1 + 0.1975jlif‘ 

600 ^ 49 X 0.5 ^ 24.5 ^ 24 0 

VF V 1 + 0.1975 X 0.25 Vr049 

Tt - 628 R 

= KVo. 84S[1 + O.WySAf^i] 

piA 

“0.SV0.84SX 1.0494 
pi — 13.3 psia 
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Example. Air approaches an ideal diffuser with a Mach number of 0.6. It is 
desired to attain a stagnation temperature of 600 R. What must be the initial 
velocity? 

Solution, M *= 0.6 so that Wil'VlFt — 28.4. Hence 
wi = 28.4V^ = 695 fps 


Refer to equation 83, and differentiate logarithmically, noting 
that G = constant. The result gives a relationship between relative 
changes in the variables. Thus 


dA 

T 


dw dp dT 
w p T 


( 86 ) 


For a constant weight rate of flow G, the change in velocity is 
obtained by solving equation 79 for w and differentiating. Thus 


dw = 



(87) 


The last equation indicates the dependence of the fluid velocity 
on the specific volume and cross-sectional area changes. An expres- 
sion relating the rate of change of area with velocity {dA/dw) is 
obtained by differentiating the first form of equation 79 and dividing 
the result by dw. Thus, substituting p == y/g 


1 dA 
A dw 


1 1 dp 

■I •" ~7~ 

w p dw 


= 0 


( 88 ) 


But, from equation 2Zb, dp/dw — —pw/a^. Substituting this last 
expression into equation 88 and solving for dA /dw gives 


dA 

dw 



(1 - M^) 

w 


From which it follows that 

dw dA / 1 


(89) 


(89o) 


But from equations 1 ■ 78 and 3'33a 
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Hence the velocity and Mach number changes are related by the 
dw dM 

— r: — : r f90) 


■* - 1 
. 2 


+ 1 


The relative change in flow area dA/A for the isentropic flow of a 
perfect gas can be related to the Mach number in the following 
manner.*^ Thus, from equation 89a 

dA dw 

_ (1 _ ( 91 ) 

A w 

Substituting for dw/w from equation 90 yields 
dA (1 ~ M^) dM 


~ 1 


+ 1 


Integrating the last expression 


log^ A = log« 


k — 1 

1 + 

2 J 


where Ci is a constant of integration. Equation 93 can be written 
in the form 

Cl f k — 1 2(k-l) 

A -= — \l + M^\ (94) 

Mill 

The integration constant Ci is evaluated by letting A = Aq when 
M Mq; then 

AoMq 

Cl = jrrr (95) 

Substituting for Ci in equation 94 gives the following expression 
for the area ratio 


A Mo 


*+i 

k — I ol2(*-l) 

1 + 

2 


Ao ^ j ^ fe - 1 
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As shown in reference 34 it is of advantage to let Aq be unity when 
Afo = 1, when plotting the relationship between A/Aq and M, 
Figures 11 and 12 present A/Aq as a function of Mach number on 
the aforementioned basis, for normal air. 



Mach number 

Fig. 11. Area ratio vs. Mach number for normal air. 


For normal air equation 96 becomes 

A _Mo 1 1 + 0.1975Af2 
Ao~ M ll + 0.1975Jl/o^J 

If Mo = 1 when = It then 

1 (1 + 0.1975Jlf2]3-'>32 

M 1 1.1975 . 


(97) 


A 


(98) 
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Area ratio A /Aq 
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Fig. 12. Area ratio vs. Mach number for normal air. 


Example, An ideal air diffuser is to reduce the Mach number of the entering 
air from Mi = 0.8 to M 2 — 0.2. Determine its area ratio. 

Solution. 

From Fig. 11 

For JIF = 0.8 -^ = 1.04 
Ao 


I lence 


For M == 0.2 


A 

~~ - 2.98 
Aq 


Area ratio = 


2.98 

LOi 


2.86 


13. Discharge Velocity for a Perfect Gas Flowing through a 
Converging Nozzle 

Refer to Fig. 13. Assume that a perfect gas flows out of a large 
container through a converging nozzle. Let pi, Tu and in the 
container remain constant with time. Similarly p 2 , and at 
the exit section of the convergent nozzle are constants. Since p\ is 
greater than p 2 the flow process is an expansion. Further, let it be 
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assumed that no external work is removed from or done upon the 
gas and that there is no friction and no heat transfer. The flow 
process is, therefore, isen tropic; and the change in the kinetic energy 
of the gas in flowing from station 1 to station 2 is given by equation 
34, and the isen tropic discharge velocity is given by equation 37. 



Fig. 13. Flow of gas through a converging nozzle under steady-state condition 
with no heat added or mechanical work removed. 

Substituting for Aht = from equation 1 -68 and RTi = piVi^ the 
result is 



or in terms of Zt (see Chapter 1, Section 11/) 

W2 = ■\l2gjcpr1 ( ) + “'1^ fps ( 100 ) 

M T" 

If the approach velocity Wi can be neglected, then, dropping the 
subscript, the isentropic exhaust velocity 

= 42 gJcpTi ( 101 ) 

or 

ri RTif Zt \ 

a/ = 223.7 V -{ fps (102) 

Equations 101 and 102 demonstrate that the magnitude of the 
isentropic velocity for a gas is a function of its gas constant, initial 
temperaturd, specific heat ratio, and the expansion ratio p 2 /pi- It 
is evident from the preceding equations that W 2 ' attains its maximum 
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value for a given gas and initial temperature when the expression 
Zf/(1 4- Z<) reduces to unity, i.e., when p 2 = 0. This signifies that 
the gas attains its maximum isentropic discharge velocity when it 



Pj/Pj 

Fig. 14. Velocity and density of a gas as a function of expansion ratio. (Repro- 
duced from O. G. Tietjens, A.S.M.E. semi-annual meeting, June 9-11, 1930.) 


expands into a vacuum. The maximum isentropic discharge velocity, 
which is denoted by Wmax/, is given by 

hgkRTi 

(103) 

Figure 14, taken from reference 16, illustrates the relationship 
between w' and P 2 /P 1 for a gas having the thermodynamic constants 
Ti « 523 R and k « 1.405. 

If the flow through the nozzle is accompanied by friction, the 
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actual exhaust velocity w will be reduced by the energy losses. The 
actual velocity is related to the isentropic discharge velocity by the 
velocity coefficient ip, where 

w = ipw^ (104) 

Since the energy losses can be expressed in terms of the kinetic 
energy of the gas, they are proportional to (velocity)^. The efficiency 
of the enthalpy conversion into kinetic energy is given by equation 72. 

The actual expansion process can be represented by the poly tropic 
equation pv^ = constant. The actual discharge velocity is obtained 

fe— 1 n—l 

by replacing {P 2 /P 1 ) * in equation 99 by {P 2 /P 1 ) " and noting 
that gkRTi = Thus for small pressure ratios 



where n is defined by equation 71. 

The last equation expresses the discharge velocity in terms of the 
inlet acoustic velocity ai, the inlet Mach number Mi, the expansion 
ratio p 2 /P\y and k. 

The foregoing analysis assumes that the approach kinetic energy 
is fully utilized. If this is not the case then Mi is replaced by pi^Mi^. 

n~l 

Values of the parameter Zn = {P 2 /P 1 ) ” — 1 for several values 
of n are presented in Table 3T. 

The efficiency of the flow expansion process is called the nozzle 
efficiency i/n and, in general, is defined by the equation 


Vn = 



(105a) 


The velocity W 2 is given by equation 99, and W 2 , the actual dis- 
charge velocity, is given by equation 105. When the approach 
velocity wi « 0, then rjn = rit^ where rti is defined by equation 60. 
For the flow expansions occurring in stationary nozzles, such as 
those for impulse turbines (see Chapter 10), the assumption that 
as 0 is usually justified, and no serious error is introduced by 
assuming that =* where ^ is the velocity coefficient de- 

fined by equation 104. 
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n-l 

Values of “ - 1 

(/>! > Pi ) 

Values of n 


Pllp 2 

1.2 

1.25 

1.30 

1.35 

1.40 

1.1 

0.016 

0.019 

0.022 

0.026 

0.028 

1.2 

.031 

.037 

.043 

.048 

.053 

1.3 

.045 

.054 

.062 

.070 

.078 

1.4 

.058 

.070 

.081 

.091 

.101 

1.5 

.070 

.085 

.098 

.110 

.123 

1.6 

.081 

.099 

.115 

.130 

.144 

1.7 

.092 

.112 

.130 

.147 

.164 

1.8 

.103 

.125 

.145 

.164 

.183 

1.9 

.113 

.137 

.160 

.181 

.201 

2.0 

.123 

,149 

.174 

.197 

.219 

2.5 

.165 

.201 

.235 

.268 

.299 

3.0 

.201 

.246 

.289 

.329 

.369 

3.5 

.232 

.284 

.336 

.383 

.431 

4.0 

.260 

.320 

.378 

.432 

.487 

4.5 

.285 

.351 

.415 

.476 

.526 

5.0 

.307 

.380 

.449 

.517 

.584 

5.5 

.328 

.406 

.482 

.555 

.627 

6.0 

.348 

.431 

.512 

.590 

.668 

6.5 

.366 

.454 

.540 

.624 

.707 

7.0 

.383 

.476 

.566 

.655 

.743 

7.5 

.399 

.496 

.591 

.685 

.778 

8.0 

.414 

.516 

.616 

.714 

.811 

9.0 

.442 

.552 

.660 

.766 

.873 

10.0 

.468 

.585 

.701 

.816 

.931 

11.0 

.491 

.616 

.739 

.862 

.984 

12.0 

.513 

.644 

.774 

.902 

1.034 

13.0 

.533 

.670 

.807 

.942 

1.081 

14.0 

.549 

.696 

.839 

.982 

1.126 

15.0 

.570 

.719 

.868 

1.017 

1.168 

16.0 

.587 

.741 

.896 

1.052 

1.208 

17.0 

.604 

.762 

.923 

1.083 

1.247 

18.0 

.619 

.783 

.948 

1.114 

1.284 

19.0 

.633 

.802 

.973 

1.143 

1.319 

20.0 

.648 

.822 

.996 

1.173 

1.354 

22.0 

.674 

.855 

1.041 

1.227 

1.418 

23.0 

.686 

.872 

1.063 

1.252 

1.453 

24.0 

.698 

.887 

1.082 

1.277 

1.479 

25.0 

.710 

.903 

1.103 

1.302 

1.505 

26.0 

.721 

.918 

1.121 

1.324 

1.537 

28.0 

.743 

.947 

1,158 

1.370 

1.591 

30.0 

.763 

.974 

1.192 

1.413 

1.643 

32.0 

.782 

1.000 

1.225 

1.454 

1.692 

34.0 

.800 

1.024 

1.256 

1.492 

1.739 

36.0 

.817 

1.048 

1.287 

1.515 

1.784 

38.0 

.834 

1.071 

1.315 

1.532 

1.827 

40.0 

.850 

1.092 

1.343 

1.603 

1.869 

42.0 

.863 

1.112 

1,372 

1.632 

1.915 

44.0 

.879 

1.133 

1.396 

1.665 

1.953 

46.0 

.893 

1.152 

1.423 

1.695 

1.992 

48.0 

.906 

1.168 

1.447 

1.728 

2.028 

50.0 

.918 

1.187 

1,468 

1.755 

2.065 
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Table 4*5 may be used for estimates of the enthalpy changes due 
to compression and expansion of air. For compressions the results 
will be sufficiently accurate for most purposes, if the initial tempera- 
ture is below 600 R. For expansions the error increases as the 
initial temperature is raised. The error is due to the assumption that 
is a constant at all air temperatures, which is not strictly true. 
For a more detailed discussion of the effect of temperature on the 
thermodynamic properties of air, see Chapter 4. 


Example. Air at 25 psia discharges through a converging nozzle. The initial 
air temperature is 600 R, and the back pressure is 14.7 psia. What is the exhaust 
velocity, if the efficiency of the expansion is 0.89? Assume Cp = 0.24 Btu/lb F. 
Solution. 

25 0 ^ 

ft ~ - 77 -:: = 1.70 


14.7 


From Table 4 -5 

Zt = 0.16203 and 

Zi 


0.140 


H - CpTi 


1 -hZt 


\ Zt 

= 0.24 X 600 X 0.140 = 20.15 Btu/lb 


Ai - = mH = 0.89 X 20.15 == 17.95 Btu/lb 

w = 22Z,iy/TiJs = 945 fps 

Check. 

^ = \/^ = 0.943 

w = 0.943 X 223.7^^5 * 945 fps 


14. Weight Flow Equation for Nozzle Flow 
The weight rate of gas flow through the nozzle, assuming Wi = 0, 
is obtained by substituting from equations 104 and 101 into the 
continuity equation 79 and substituting {k/k — ^)RTi = JcpTi. 
Thus, if Cc is the contraction coefficient, then 


G = Cc<pA2W2'y2 ~ Cc^. 427’2 
From == constant 






(107) 


Substituting for 72 into equation 106 and expressing Zt in terms of the 
pressure ratio, see equation 1 • 70a, the weight flow equation becomes 
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Let 

Go = Cc<p — discharge coefficient 

1 

(109) 

Let 

G = C0A2 

1 

(110) 


P = \ 

k 1 

(111) 


k-\^\ +Zt\pJ 


Figure 15 presents curves of ^ vs. P 2 / pi for different values of k. 



Fig. is. Parameter ^ vs. expansion ratio. 

The weight rate of flow expressed in terms of ^ is given by 


C0A24' ‘\2g— = CoA 24'^ 2gpiyi = CdA2^'J——Pi ( 112 ) 

’ »i 'RTi 



or 


G 


S.OISCdP 


(113) 
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Equation 110 shows that the weight rate of flow for a fixed ex- 
pansion ratio = constant) depends upon the initial temperature 
and pressure of the gas. Under these conditions the weight rate of 
flow is proportional to which signifies that raising the ini- 

tial temperature decreases the weight flow. 

For well-rounded nozzles the contraction coefficient « 1. 

In the discussion following this section it will be assumed that the 
discharge coefficient Co == 1, and the prime denoting isentropic con- 
ditions will be omitted. 


IS, Effect of Compressibility on the Continuity Relationships 

The effect of the compressibility of the gas upon the weight rate 
of flow can be determined by studying the manner in which the 
pressure changes affect the specific weight of the gas.^ Rewriting 
the continuity equation, ^ 

fyqa = —yw = 1 (114) 


where / is the area through which passes a flow of 1 Ib/sec. 
The area / can be expressed as a function of y and w, thus 


1 

- = yw 


Ib/ft^ sec 


(115) 


Assume now that the gas is at rest, denoting the rest condition by 
the subscript 0; then w = Wq = 0, and the corresponding static 
pressure and specific weight are po and 7o- Since Wq = 0, it follows 
that 

yw = 70^0 = 0 (a) 


Now assume that the gas is permitted to expand completely into 
a perfect vacuum so that the final pressure is p2 = 0. Under these 
conditions the specific volume of the gas becomes infinite and its 
corresponding specific weight zero; hence 7 == 0. Furthermore, the 
gas attains the maximum possible velocity corresponding to the 
expansion ratio, or the value of w == «^max.. For this condition the 
product y 7 if is again zero, since 

yw == yWnxojL. ~ 0 (since 7 = 0) (b) 


Equations (a) and (b) show that there are two limiting conditions 
where the weight rate of flow is zero. One corresponds to zero pressure 
drop to cause flow {w2 = 0 and pi == P2); the other, to an infinite 
expansion of the gas where the velocity attains its maximum value 
but the specific weight is zero (72 = 0 and p2 = 0). It follows, there- 



Chap. 3] 


THERMODYNAMICS OF GAS FLOW 


107 


fore, that there are two limiting values for the back pressure: p2 = pi 
and p2 = 0. Between these limits the curve of weight flow as a 
function of expansion ratio (or the back pressure P2) must have at 
least one maximum point. Investigations have shown ^ that there 
is only one maximum point between the limits p2 = p\ and p2 = 0. 

The manner in which the discharge velocity and density, p = 7/if, 
of a gas vary with the expansion ratio is illustrated in Fig. 14. 

If the weight flow G for a given no;5zle is plotted as a function of 
the expansion ratio l/r<, as is done in Fig. 16, it is seen that the 



Fig. 16 . Weight flow through a nozzle vs. expansion ratio. 


maximum flow Gmax. will be reached at a particular value of the 
expansion ratio. This particular value of l/r^ which is denoted by 
(l/^<)cr» is called the critical expansion ratio. 

Hence, there is one value of the expansion ratio between 1/r^ = 1 
and l/r^ == 0 where the weight flow G attains its maximum value. 
Further decrease in the back pressure does not change the flow; it 
merely remains fixed at the value Cmax.- 

It is evident from equation 112 that the expansion ratio at which 
the maximum weight flow will occur corresponds to that which 
makes the parameter ^ a maximum, that is, when 



Maximum 


(116) 


The value of 1/rt for the maximum weight flow can be obtained by 
differentiating equation 116. 


2 *+1 



d{p2lpi) 
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The result of the differentiation is 


k 



Equation 117 gives the expansion ratio corresponding to the 
maximum weight flow per unit area of the nozzle (G/^ 2 )max.. The 
velocity corresponding to this expansion ratio is called the critical 
velocity and is denoted by Wcr> 



Values of specific heat ratio (A) 

Fig. 17. Values of critical pressure ratio as a function of the specific heat ratio. 


Equation 117 shows that the critical expansion ratio depends only 
upon the specific heat ratio for the gas. Figure 17 presents the values 
of the critical expansion ratio as a function of the specific heat ratio k. 


16. Critical Velocity 

The equation for the critical velocity is obtained by substituting 
the critical expansion ratio from equation 117 into equation 102 and 
expressing it in terms of px and vi. Thus 
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which reduces to 


Wc 


2g k + 1 

Hence the critical velocity is 


plVi 


Wc 


+ 1“ ■ ^k + 

Equation 119 can be rewritten in the form 


Wc, 


r k 




Pcr^c 


k 1 pc 

Since the process has been assumed to be isentropic 
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(118) 


/ 2gk I 2gk 


(") 


per _ 

Pi \Vcr/ 

Hence 

pjVi ^ r/ 2 / 2 y \ + 1 

Pe.«cr lU + 1/ J \k 4-1/ 2 


(b) 


ic) 


Substituting from (c) into (a) gives the following expression for the 
critical velocity 

Wer ~ gkPer^cr ~ ( 120 ) 


From Chapter 1, Section 12, it is seen that, when the critical 
velocity prevails at the nozzle exit section (area A 2 )^ it is identical 
with the local acoustic velocity az* 


17. Maximum Weight Flow 

The foregoing has established that the maximum weight rate of 
flow of gas Gmax. occurs when the parameter yf/ = ^max.* This value 
is obtained when the converging nozzle operates with the critical 
expansion ratio. When this occurs the velocity in the exit section is 
the local sonic value. The value of ^max. is obtained by substituting 
for the cridcai expansion ratio in the equation for yp. Hence 
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Substituting for ^ ~ ^max. into equation 112 gives the expression 
for the maximum weight flow of gas through the nozzle. Thus 


G 


max. 



For gases with k = lA 

GinQ,x. ~ 3 . 89.^42 



A2P1 

Vrt] 


( 122 ) 

(123) 


The maximum values of \p arc indicated by the broken lines in 
Fig. 15. 

It should be borne in mind that the flows calculated by the above 
equation will be too high in any actual example. To obtain the 
correct flow, the result must be multiplied by an experimentally 
determined discharge coefficient. 

The foregoing demonstrates that the calculated plot of G vs. p 2 /pu 
for the range p 2 /p\ = 0 to unity, is correct until the value of P 2 /P 1 
is reduced from unity to the critical ratio, for which the acoustic 
velocity is attained in the exit section or throat. Since disturbances 
beyond the throat can no longer be propagated upstream, the flow 
behaves as if there had been no further reduction in the back pres- 

sure; it has no way of recognizing the 

reduction in pressure. Consequently, 
when the back pressure is equal to or 
less than the critical value the nozzle 
discharges the same flow, the critical 
flow, Gcr = Gmax.« The broken-Hnc 
portion of the curve in Fig. 16 does 
not exist physically. 

The aforementioned conditions can be explained by considering 
the arrangement illustrated in Fig. 18 taken from reference 2. As- 
sume that a gas held at constant pressure flows from the region A 
through the nozzle of area A into the confined space B where the 
critical back pressure is maintained at the nozzle outlet by the ex- 
haust fan b. The gas flows out of the nozzle exit section into space B 
with the acoustic velocity. Let the fan exhaust the gas from the 
space B at a more rapid rate than that at which it is being discharged 
by the nozzle. The pressure in the space B will fall below the critical 
value, and the reduction in the pressure will cause a pressure wave to 
travel frbm the fan blades toward the nozzle exit section with the 
speed of sound. The gas is being discharged, however, with the same 
velocity. The pressure wave stands at the exit section of the nozzle; 



Fig. 18. Induced flow through a 
nozzle and duct. 
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Fig. 19. Shape 
of jet discharged 
from a converg- 
ing nozzle with 
supercritical 
back pressure. 


that is, it is impossible for the reduction in pressure to propagate 
itself upstream into the nozzle. The exit velocity of the gas remains 
unchanged and does not rise above the acoustic velocity or change 
the state of the gas in region A even if the region B is completely 
evacuated. This fact was known to St. Venant and Wantzel (1839) 
and was explained both theoretically and experi- 
mentally by Grashof (1875) and by Zeuner (1900). 

Experiments show that the shape of the jet dis- 
charging from a nozzle is different depending on 
whether the back pressure is above or below the 
critical value. When the back pressure is above the 
critical pressure, the jet issues as a cylindrical parallel 
stream, its surface being gradually retarded by the 
surrounding gas, so that a mixing zone is produced 
in which the velocity of the jet finally drops to that 
of the surroundings. This is illustrated in Fig. 19. 

When the back pressure is less than the critical pressure, the jet 
expands as it discharges from the nozzle, as indicated in Fig. 20; here 
the pressure of the gas in the jet leaving the nozzle is the critical 
pressure which is higher than the back pressure. The sudden reduc- 
tion in pressure causes the gas to expand in an explosive fashion. 
The gas particles are accelerated radially and owing to their inertia 
move beyond their equilibrium positions, thereby creating a pressure 

reduction in the core of the jet that 
causes the particles to reverse them- 
selves. This phenomenon is periodic. 
The jet becomes thinner in some sec- 
tions and thicker in others, so that 
standing waves are observed. These 
are associated with loud noise and de- 
crease the available energy of the gas. 
Consider now that the back pressure p 2 is held constant and the 
upstream pressure pi is continuously increased from the initial value 
pi = p 2 - As p\ is increased the weight rate of flow is increased in 
accordance with equations 112 and 113 until the critical pressure 
ratio is reached. Thus, for gases with ^ = 1.4, the critical pressure 
ratio occurs when p^lpx = 0.5283 or when pilp 2 = 1/0.5283 = 
1.89/1. When p\/p 2 = 1-89 the velocity in the nozzle exit section is 
the local acoustic velocity 

For gases with jfe = 1.4, it was shown that 



Fig. 20. Shape of jet discharged 
from a converging nozzle with sub- 
critical back pressure. 



3.89j>i 
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Constant upstream Constant back 



upstream pressure (constant for < 1) 
downstream pressure (constant forp^lp^> 1) 


Fig. 21. Nozzle characteristics with constant upstream pressure and variable 
back pressure, and with constant back pressure and variable upstream pressure. 
(Reproduced from O, G. Tietjens, A.S.M.E., semi-annual meeting, June 9-11, 1930.) 
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Hence, if Z*! is held constant and pi is further increased above that 
corresponding to pi/p 2 ~ 1.89, the weight flow increases linearly 
with pi» This increase is due to the increased specific weight of the 
gas crossing the exit area ^ 2 * The volumetric rate of discharge is 
unaffected by increasing p\^ as is seen from the following. Let 
Cmax. denote the volumetric rate of flow per unit area corresponding 
to^ 2 /Pi = 0.5283. Then 

Qmax ^ ~ 3.89”\/^Zi 

which is seen to be independent of pi. 

The exit velocity is given by equation 119 and for = 1.4 becomes 


^2 = ^2 = \j2gj^RTi = 6.13V RTi 

which is also independent of the pressure pi. 

The two types of back-pressure conditions are illustrated in Fig. 
21, which is based on reference 16. 

18 . The Converging-Diverging or De Laval Nozzle 

Figure 22 represents an isentropic expansion on the pv plane. 



pressure. 

From the preceding sections it follows that, when a gas expands 
in a converging nozzle, the enthalpy transformable into kinetic 
energy is limited to that represented by the upper cross-hatched 
portion of the diagram, that is, the area of the diagram located above 
the critical pressure pef The area of the diagram below per is not 
transformed into kinetic energy but is used up in frictional heat and 
noise after the gas jet emerges from the converging nozzle.^ 
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De Laval showed that the total enthalpy drop corresponding to 
the pressure drop {pi — P 2 ) could be transformed into kinetic 
energy if a divergent downstream cone is added to the converging 
nozzle. This form of nozzle is called the De Laval nozzle and is 
illustrated in Fig. 23. 

The phenomenon which takes place in a De Laval nozzle can be 
explained by means of the equations derived for the converging 





1 I 2 


T ^Region of supersonic velocities 

I Sonic velocity in throat 

1 Region of subsonic velocities 

Fig. 2vS. The De Laval nozzle. 

nozzle. Thus it was shown that, for isentropic flow and zero velocity 
of approach, the kinetic energy Ek derived from the expansion of 
1 lb of gas is given by ^ 

£* = — ft-lb/lb (a) 

where 



from which, assuming ^ == 1, and dropping the subscript, the velocity 
equation becomes 

w = VlgEk = PiVi 

The interpretation of these equations can be illustrated graphically 
as shown in Fig. 24 by the following procedure. ^ 

(a) Curve E^ shows how the kinetic energy changes with the back 
pressure. Thus, when p 2 = pu Ek = 0, and when p 2 = 0, Ek 
= [k/{k — l)]piVi. The intermediate values are obtained by means 
of equations (a) and (b). The total mechanical work transformed 
into kinetic energy is the area to the left of the kinetic-energy curve 
Ek, between the pressure limits pi and p 2 - 
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(b) The curve denoted by w is the velocity curve for different 
back pressures. It is obtained by integrating the kinetic-energy 
curve between the pressures pi and p2 for different values of the back 
pressure p2- This procedure gives a series of values of total kinetic 
energy for different back pressures. The corresponding velocities are 


p 


0 

Fig. 24. Flow conditions in a De Laval nozzle. (Reproduced from E. Schmidt, 
Einfiihrung in die iechnische Thermodynamik, Julius Springer, Berlin, 1936.) 

obtained by taking the square root of these kinetic energies and multi- 
plying them by V^. In this manner a curve of the velocity as a 
function of back pressure is obtained. 

(c) Curve v shows the specific volume as a function of the back 
pressure. It is obtained from the kinetic energy relationship 



The value of the specific volume is computed for several values of 
p2f and the result is plotted as a function of /?2- 

(d) The curve marked A/G is the nozzle area per unit weight flow 
as a function of the back pressure. It is obtained by applying the 
continuity equation, A = Gv/w. From the curves for v and w the 
ratio A /G is calculated. It is seen that as the back pressure is de- 
creased the area per unit weight flow A/G first decreases, then attains 
a minimum value, and then increases again as already explained. 



Example. High-pressure air at 100 psig and 500 R discharges through a well- 
rounded nozzle. The back pressure is 14.7 psia. Find the isentropic exhaust 
velocity. Assume Cp ~ 0.243. 

Px == 100 + 14.7 = 114.7 psia 


Pi « 14.7 



114.7 

14.7 


7.81 
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From Table 4 -5 

Zi = 0.7890 

I 0.7890 

w' = 223.7-^0.243 X 500 X — ~ = 1640 fps 

If the velocity coefficient ^ = 0.96, then the actual velocity is 
W 2 ~ w'<p - 0.96 X 1640 = 1570 fps 

19. Area Ratio for Complete Expansion 

It has been shown that for a converging nozzle the parameter ^ 
cannot exceed the value rp = v^max.. 

Refer to Fig. 25, where \p is plotted as a function of l/r<. For 
continuity, the product A\f/ must remain constant at all sections of 



Fig. 25. Relationships for converging-diverging flow passage. 

In a nozzle constructed with a divergent discharge section follow- 
ing the narrowest section (the throat), the parameter ip must decrease 
in the divergent outlet section in order to maintain continuity. This 
signifies that for such a nozzle, or flow passage, the pressure beyond 
the throat section can continue to decrease. The conditions in the 
divergent section are illustrated in Fig. 25. They correspond to that 
part of the \p vs. l/r< curve lying to the left of 1/rt « ip 2 /pi)cr- 
At any arbitrary cross-sectional area A of the divergent portion 

A^ = Aipm&x, « Constant (124) 

where At = A 2 ^ Acr ^ cross-sectional area of the nozzle throat in 
square feet. 
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Refer to Fig. 25. From equation 124 the area ratio, based on the 
throat area, at any section is 


^ ^inax. ^ ^ 

^AB 


(125) 


From the curve of Fig. 25 the area ratio A /At required to trans- 
form the enthalpy into kinetic energy for expansion to the critical 
ratio can be determined. 

By substituting the values of ^ and ^max. from equations 111 and 
121 into equation 125, the ratio of the throat area Ai to the exit 
area A^ == A^ is obtained. Thus 



Equation 126 gives the area ratio required to expand a gas adia- 
batically from an initial pressure p\ to a pressure p2 = pe at the exit 
section, pe being lower than the throat pressure pt. It is seen that 
the area ratio depends only on the specific heat ratio k and the 
expansion ratio P2/ Pi = Pe/Pv 

An expression for the ratio of the velocities at the exit section 
and the throat is obtained by combining equations 102 and 120. 
Let Wt = Wer denote the throat velocity, and We the velocity in the 
exit section ; then 





(127) 


Figure 26 presents the curves of A el At as functions of pel Pi for 
several values of and Fig. 27 presents We/wt as a function of pe/pi^ 
The conditions when the back pressure P 2 is reduced to zero, so 
that P 1 /P 2 infinity, are of special interest. Assuming that = 1.4, 
and that the area ratio is infinitely large, the ratio of the exit velocity 
to the throat velocity is 




118 


PRINCIPLES OP JET PROPULSION 


[Chap. 3 


Hence for the limiting case (when pc = 0) the ideal exit velocity 
is 2.45 times the acoustic velocity corresponding to the conditions 
in the throat section. 



Pressure ratio 

Fig. 26. Nozzle area ratio for complete expansion for various values of the specific 

heat ratio. 

According to the equation for an adiabatic expansion, when == 0, 
the temperature ratio T 2 /T 1 is given by 





Chap. 3] 


THERMODYNAMICS OF GAS FLOW 


119 


The last equation indicates that if the expansion could be carried 
to />2 = 0 the corresponding temperature of the gas at the exit from 



p. Mote; Um lowmr scalt 

for lownr group 
^ of curvos. 

Fig, 27. Ratio of exit velocity to throat velocity for different values of the specific 

heat ratio, 

the nozzle must fall to absolute zero, assuming that the gas does not 
liquefy. The entire enthalpy of the gas is then converted into kinetic 
energy, and the gas molecules no longer possess any random motion 
but move similarly in parallel paths. 
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ZO. General Discussion of Flow through a Converging-Diverging 
Passage 

The equations for the ideal weight rate of flow G, derived above, 
show that if G is constant, as required by continuity, then for each 
cross-sectional area of the divergent part of the nozzle there is a 
corresponding expansion ratio pt/px, where px is the pressure at 
the section in question. Hence M Ax denotes the area corres|X)nding 
to px, and At is the throat area, then for the maximum weight flow 
(acoustic velocity in the throat) the ratio px/p\ can be plotted as a 
function of Ax/ At for the critical flow Gmax. or different percentages 
of Gjuax.* Such a plot is illustrated in Fig. 28. 



Fig. 28. Variation in pressure ratio along a converging-diverging passage. 

Figure 28 shows that for a given cross-sectional area there are two 
values of px/pi which satisfy the equation for the maximum weight 
flow. One value corresponds to an expansion of the fluid, or nozzle 
action; the other to a compression, or diffuser action. The two 
curves, one marked nozzle and the other labeled diffuser, intersect 
at the throat section. As far as energy and continuity considerations 
are concerned two different processes are possible. There can be an 
expansion from the nozzle entrance to the throat and either a further 
expansion with supersonic velocity in the divergent section or a 
recompression of the gas, depending upon the magnitude of the back 
pressure. If the weight flow is less than the critical value, there is 
only one ideal exit pressure which satisfies the flow equation. From 
the continuity equation G ~ Aw/v = constant 


dA dw dv 



( 128 ) 
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Hence 


— V dp 

w 

= dw 

g 

dw 

gvdp 

w 



For an isentropic process pv^ = constant, and 


dp dv 

p V 


Substituting for dw/w and dv/v into equation 128 

dA gkpv — 

— = dp 

A w^kp 

and finally 

dA \ / 1 \dp 
~A ~ k\^ ~ ^)~P 


(129) 


Equation 129 relates the pressure and area changes and the Mach 
number. The relationship between the velocity and area changes 
and the Mach number is given by equation 91, which is repeated 
here for convenience: 


dA 

T 


o 

-(1 - M ^) — 
w 


(130) 


Equations 129 and 130 are extremely helpful in studying the effect 
of changing the area of the flow passage for different flow velocities, 
i.e., Mach numbers. 

Consider now the conditions to be satisfied when the flow passage 
is to be employed for accelerating the flow of a compressible fluid. 
Because the fluid velocity is increasing, its pressure must be falling 
as it passes through the passage. Hence dp in equation 129 is nega- 
tive while dw in equation 130 is positive. 

If a fluid enters a flow passage with a subsonic velocity {M < 1), 
then for dw to be positive requires dA/A to be negative; that is, the 
passage must converge. Conversely, if the entrance velocity is 
supersonic {M >1), then to produce a velocity increase {dw positive 
and dp negative) requires that dAJ A be positive; that is, the passage 
must diverge. 

The foregoing shows that a continuous flow passage which is to 
accelerate the velocity of the gas from an initial subsonic value to a 
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supersonic value must comprise a convergent section followed by a 
divergent section. In other words the flow passage must have the 
general features of the De Laval nozzle. 

Consider now the case for decelerating a fluid to obtain a flow 
compression. Here the pressure is to increase {dp positive) and the 
velocity decrease {dw negative). If the gas velocity is subsonic 
(71/ < 1), it follows, from equations 129 and 130, that dA/A must 
be positive. Flow compression of a subsonic flow requires a divergent 
passage. Conversely, if the flow is supersonic (71/ > 1), to obtain a 
flow compression dA/A must be negative; the passage must con- 
verge. Hence, if a flow deceleration begins with a supersonic velocity 
and is to end with a subsonic velocity the flow passage must first 
converge and then diverge. If a flow compression begins and ends with 
supersonic velocities, the flow passage must converge continuously. 

Summarizing, a converging-diverging passage, such as a De Laval 
nozzle, can produce the following flow phenomena. If the entering 
velocity is subsonic, the velocity continues to increase and the pres- 
sure to decrease up to the throat section. If the velocity in the 
throat is still subsonic, a flow compression occurs in the divergent 
section. If the velocity in the throat is the local sonic value, either 
a flow expansion with supersonic velocities or a flow compression 
with subsonic velocities can occur in the divergent section. Which 

of these flow phenomena will occur 
depends upon the pressure at the exit 
of the converging-diverging passage. 

To illustrate these important facts 
further, consider the flow conditions in 
Fig. 29 . A converging-diverging ^ passage constructed from a converg- 
flow passage. ing passage connected to one which 

diverges as illustrated in Fig. 29. 

Let Wi = entrance velocity, Wt = throat velocity. Four different 
cases can be distinguished. 

Case I (wi < a, Wi < a). The velocity of the gas increases in the 
converging section until the throat section is reached. In the diverg- 
ing section the velocity decreases. Correspbndingly, the pressure 
decreases in the converging section until the throat section is reached 
and then increases again. Owing to friction and to separation of 
the jet from the wall, especially if the divergence is too large, the 
pressure does not reach its initial value. The variation in the 
velocity and pressure along the passage is illustrated in Fig. 30. 

Case II {wi < a, Wt ^ a). The gas velocity increases in the con- 
verging section with a corresponding decrease in pressure. Acoustic 
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velocity is attained at the throat. Beyond the throat the velocity 
increases in the diverging section with a corresponding diminution 
in pressure. This corresponds to a pure expansion flow where, apart 



Figs. 30-33. Effect of entrance and throat velocities on pressure distribution in a 
converging-diverging passage. 


from losses due to wall friction, all the pressure drop is transformed 
into kinetic energy. This case is illustrated in Fig. 31. 

Case III {wi > a, Wt > a). The gas enters the converging section 
with supersonic velocity and decreases in this section while the pres- 
sure increases. Since Wi> a the flow accelerates again in the diverg- 
ing section with a consequent decrease in the pressure. See Fig. 32. 
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Cdse IV {wi > a, Wt — a). The flow conditions in the converging 
section are similar to those for Case III. The velocity decreases until 
the acoustic velocity is reached in the throat, and in the diverging 
section it continues to decrease while the pressure increases. This 
case corresponds to a pure flow compression, in which, as in Case I, 
there are large separation losses in the diverging section. The losses 
due to jet separation exceed those resulting from wall friction. 
The conditions are illustrated in Fig. 33. 

The converging-divergent nozzles used with rocket motors are 
designed to bring the velocity of the combustion gases from subsonic 
to supersonic flow. This is desirable because the higher the exhaust 
velocity of the gases the greater is the thrust developed for a given 
weight rate of flow. 

21. Effect of Back Pressure on a Converging -Diverging Nozzle 

It was shown that for a given back pressure the area ratio of the 
nozzle must have a definite value to obtain complete expansion of the 
gas. The question naturally arises, what is the effect of changing 
the back pressure in operating a given nozzle? 

For a given area ratio there is one correct value for the back pres- 
sure /> 2 - If the back pressure falls below the correct value the condi- 
tions inside the nozzle are unaffected. The disturbance created by 
lowering p 2 propagates itself only with the acoustic velocity while 
the jet discharges with supersonic velocity. The discharging jet 
expands, however, as it reaches the exit in much the same manner 
as that for a jet from a converging nozzle discharging into a region 
with subcritical back pressure. 

Raising the back pressure above the correct value causes a pres- 
sure wave to propagate with sonic speed into the boundary of the 
jet which is emerging with supersonic speed. The superposition of 
both velocities produces a pressure wave with an inclined front. 

This forms at the corner of 
the exit section from the 
nozzle and forces its way into 
the jet. 

Fig. 34. Jet separation and shock due to in- ^ pressure wave starts at 
correct back pressure. the exit edge forming a Mach 

angle wave front similar to 
that formed at the nose of a projectile moving with supersonic speed. 
In this pressure wave the pressure suddenly increases from that in the 
exit section to that of the surroundings, causing a compression shocks 
and is called a shock wave. Behind the shock wave, the jet contract 
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to a smaller cross section corresponding to the effect of the external 
pressure on the local specific volume. If the exit pressure is increased 
further, the jet separates from the wall of the nozzle as illustrated in 



-1 0 +1 +2 +3 +4 +5 +6 +7 

Nozzle axis, inches 


F IG. 35. Effect of back pressure on the pressure along the axis of a De Laval nozzle. 
(Reproduced from A. Stodola, Steam and Gas Turbines y Vol. 1, McGraw-Hill 

Book Co., 1927.) 

At the wall, because of friction, the jet velocity falls to zero so 
that the boundary layer is moving with subsonic speed. The exces- 
sive external pressure propagates through the boundary layer and 
tears the jet away from the wall. 

The foregoing conclusions regarding the effect of incorrect back 
pressure are based on the experiments of A. Stodola, who measured 
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the varLition in pressure along the axis of a converging-diverging 
nozzle operating with different back pressures. The results obtained 
are illustrated in Fig. 35. 

Reference to Fig. 35 shows that, when the back pressure was cor- 
rect, curve M, the prevssure along the axis of the nozzle was the lowest 
for the tests and is the limiting condition for all of them. As the 
back pressure was slightly increased, the pressure along the axis 
showed a sharp increase or shock close to the nozzle exit. Further 
increase in the back pressure intensified the shock and it moved 
further inside the nozzle; see curves K, /, II, G, The waves illus- 
trated on these curves are standing pressure waves that propagated 
themselves back into the jet. 

In curve D, the acoustic velocity was not quite attained, but the 
shock wave traveled upstream and occurred close to the throat section. 

Curves such as C, B, and A are typical for flows in the range of 
subsonic velocities; the expanded part of the nozzle transforms the 
velocity back into pressure again. This type of flow is normal for 
incompressible fluids, and these curves are similar to those for water 
flowing through a venturi meter. 

22. Some Aspects of Nozzle Design 

Tests have demonstrated that the transformation of pressure 
energy into kinetic energy in a nozzle can be accomplished with a 
high degree of efficiency. Measurements by M. S. Kisenko show 
that even with nozzles having* rough interior surfaces the velocity 
coefficient <p = w/w' = 0.92. For a correctly designed nozzle with 
a smooth, well-polished interior surface, values of ^ = 0.96 to 0.98 
are attainable. The exact geometry of the converging approach 
section is not critical. All that is required is that it make a smooth 
transition with the throat section. Consequently the throat section 
can be made quite short. Though a well-rounded entrance is not 
essential, it is of advantage in that it permits of a shorter approach 
section. The geometry of nozzles for measuring the flow of fluids 
should be patterned after the standards recommended by the 
A.S.M.E, Special Research Committee on Fluid Meters and should 
be installed in accordance with the recommendations of that com- 
mittee. These nozzles are designed with a well-rounded entrance, 
usually of elliptical shape. In nozzles which are to be used for reac- 
tion propulsion devices, such as rocket motors, the approach section 
need not be well rounded. It can be a conical convergence, and no 
measurable loss in thrust will be experienced for a range of included 
angles varying from 50° to 70°. 
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The total included angle (2 q!) of the conical divergence of the 
nozzle must be held between certain limits if separation of the jet 
from the nozzle walls is to be avoided. From the point of view of 
light weight and minimum heat losses the divergence angle a should 
be as large as permissible in jet-propulsion nozzles. According to 
reference 31 the most favorable value for the cone angle (2a) for 
thrust motor nozzles is approximately 25°. This conclusion is based 
on tests where the pressure in the outlet section of the nozzle was 
kept equal to the pressure of the surrounding atmosphere. Most 
rocket motor nozzles operate with the pressure in the outlet sec- 
tion slightly above that of the surrounding atmosphere (see Chap- 
ter 12), and the divergence angle for such a nozzle can be as high as 
Of = 17° without any serious loss in thrust. In general, it is recom- 
mended that the divergence angle a be less than 15°. 

On the basis of his tests Kisenko concluded in addition to the 
results discussed above that (1) a nozzle with a conical divergence 
and ending with a cylindriail portion gives a better velocity distribu- 
tion than a conventional De Laval nozzle; (2) a nozzle designed in 
accordance with the Frankl method gives uniformly distributed 
velocity and static pressure distribution and increases the jet reac- 
tion 2 to 3 per cent. 

23, Compression Shock 

The experiments of Stodola described in the preceding section 
present a phenomenon associated wi^h supersonic flow. It was seen 
that if the back pressure was higher than that required to give 
maximum discharge with subsonic exit velocity, but less than that 
to produce complete expansion of the gas at the exit section, then 
smooth flow consistent with the pressure ratio and given area ratio 
is not possible.® A more or less discontinuous rise in pressure occurs 
at some location in the divergent portion of the nozzle, the location 
being influenced by the magnitude of the back pressure. Because 
of the shock wave the fluid experiences a large loss in kinetic energy 
and leaves the nozzle with subsonic velocity. The loss in kinetic 
energy is larger than the increase in pressure energy; since the pro- 
cess is a non-reversible adiabatic the loss in kinetic energy is con- 
verted into heat which remains in the fluid. ^® 

The type of flow described above can exist only if the fluid moves 
with supersonic speed upstream to the shock. The normal velocity 
of the fluid leaving the shock is always subsonic.® 

Figure 36 illustrates the manner in which the pressure may change 
in the direction of flow along the nozzle. The lowest curve illustrates 
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the pressure variation along the nozzle with the correct back pressure 
(isen tropic expansion). The dotted curves are lines of constant total 
energy for three different back pressures. The vertical lines represent 



Fig. 36. Effect of back pressure upon the static pressure along a converging- 

diverging passage. 


the increased pressure due to shock. Thus if the pressure decreases 
adiabatically to the area A a, and the back pressure is the pres- 
sure increases rapidly from the value pa to the value pa' due to shock 
and then more gradually to the final back pressure pa". A method for 
calculating the constant energy lines is presented in reference 16. 

Refer to Fig. 37. Let it be a'&sumed that the fluid flows in a direc- 
tion perpendicular to a shock wave which is assumed fixed in space. 

Then by continuity the rate of mass 
flow m is 

m = piWi = P 2 W 2 (131) 

The momentum equation for the 
fluid flowing through the shock, since 
the flow area is constant, is given by 

p2 — pi ^ m{wx — W 2 ) (132) 

The work done per second by the 
pressures pi and /> 2 » respectively, is 
piW\ and P 2 W 2 . The increase in kinetic 
energy is {mll){w 2 ^\). The 
change in the internal energy of the gas in flowing through the shock 
wave, foot-pounds per slug, is from equation 1 • 50. 



Shock wave 
^ (stationary) 

1 



^ i 



h 

tLL 


t 


Fig. 37. Adiabatic flow through 
a discontinuity. 



/(«! — == JCf,{T2 Ti) 


(133) 



129 


Chop. 3] THERMODYNAMICS OF GAS FLOW 


Hence the energy equation for the flow through the shock wave is 


plWi - P2W2 — -- (W 2 


(,34) 

k — \ \p2 Pi/ 

r 

m m (p 2 p\\ 

PiWi - P 2 W 2 — — { 1 V 2 - Wi){w 2 + Wi) = - — -- I 1 (135) 

2 k — \ \p2 Pl/ 


''P2 Pl 

Substituting from equation 132 into equation 135 gives 

m /p2 _ ^ 
« — 1 Vp2 Pl 

Rearranging and dividing by m 


plWi - P2W2 




(W2 + Wi) = 


(136) 


1 /Wi — W 2 

- iPl ^P2)‘ 


\ m f k — \ \p 2 Pl/ 


But, from equation 131, Wi/m = 1/pi and W 2 /fn = l/p 2 ; hence equa- 
tion 137 becomes 


2 \Pi P 2 / k — I \p2 Pl/ 


(138) 


Equation 138 relates the pressures and densities on the two sides of 
the shock wave. Since the process is irreversible it is accompanied 
by an increase in entropy. It can be shown ^ that because of the 
requirement that the entropy of the gas must increase after the gas 
flows through the shock wave, the latter is always a compression 
wave. The density ratio is from equation 138 


or 


P2 _ ^)Pl + (^ + l)p2 

Pl (k — l)p2 + {k + l)pi 



(139) 


(140) 


The preceding equations assume that there is a discontinuity in 
the flow process. In a real fluid no discontinuity can exist and the 
propagation of a shock wave of the permanent type is explained from 
the bases of the viscosity of the fluid or its thermal conductivitv. 
which make this type of wave possible.*® 
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Shock-wave phenomena are of importance in connection with flight 
at supersonic speed because of their effect on the aerodynamic resist- 
ance to flight. They are of importance also in diffusers for supersonic 
ramjets. 



Fig. 38. Final Mach number and pressure ratio as a function of initial Mach 
number for a normal shock (normal air). 


The relationship between the Mach number Mi of the gas up- 
stream to a plane compression shock and M 2 after the shock ^ is 
given by 

1 + kMj^ ^ 1 + kM2^ 

The corresponding equation for the pressures pi and p 2 is 

pi 1 + kM^ 

^2 "" 1 + kMi^ 

This last relationship is plotted in Fig. 38, 


( 142 ) 
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In addition to plane or normal compression shocks of the afore- 
mentioned type, shocks of the following characteristics are associated 
with the supersonic flow of gas entering a device such as a diffuser. 

1. Normal shock upstream to the entrance, with no pressure 
recovery downstream. 

2. Normal shock upstream with subsonic velocities accompanied 
by pressure recovery downstream. 

3. Oblique shock fronts followed by subsonic speed, or a succession 
of oblique shocks. 

The above does not include all the shock phenomena associated 
with supersonic air flow approaching ducts, but it does include the 
principal types. Further, discussion of supersonic air flow is beyond 
the scope of this book. Nevertheless, be cause of the importance of 
this subject of shock waves to high-speed aircraft and diffusers, some 
of the principal equations, taken from reference 29, are presented 
below for convenience. The specific heat ratio for air used in these 
equations is ^ = 1.4. 


P2 1 n 

^ - 1 ) 
pi 6 

Pi ^ 

^ ~ {IM^^ -- 1) 

P2 O 

W2 Pi Mi^ + 5 

wi P2 6Mi^ 


p2 Pl __ 
p2 + pi 

M2^ = 

iviW2 = = 


7 / P2 - Pl \ 

5 Vp2 + Pi/ 
Mi^ + 5 


7Mr 

2 

k + 1 


aj^ where is based on the 
reservoir temperature 


(143) 

(144) 

(145) 

(146) 

(147) 

(148) 


Ti 02® - 1\ /5 + JlfA 

6 /\ 6Mi® / 


(149) 


24. General Equation for Flow of Gases in Pipes. 

The general dynamic equation for the flow of a gas, including 
friction and neglecting elevation changes (dz = 0), is given by equa- 
tion 6. In that equation the friction force d(R depends upon the area 
of the passage wall in contact with the gas and the friction per unit 
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area r of the wall surface. Let y be the wetted perimeter and dx the 
length of passage under consideration ; then the wall area in contact 
with the fluid is y dx. The total friction force acting on the fluid 
element d(R is given by 

d(R = ry dx (150) 


The friction force per unit area is usually stated in terms of a 
friction coefficient /, where / is defined, as in reference 13, by the 
equation 



2gT 


(151) 


Hence the friction force per unit area is 



(152) 


Substituting for t gives the following expression for the friction 
force 


d(R = —w^fydx (153) 

Let m — A/y ^ the hydraulic radius; then the dynamic flow 
equation becomes 

w dx 

vdp + -dw+f = 0 (154) 

g 2g m 


For perfect gases this equation can also be written in the form 
presented earlier in Section 2, as equation 7a. Thus 


dp = — 


p ^ 

/ — dx 

gRT 2m 


P 

gRT 


wdw 


(155) 


Sometimes it is more convenient to state the flow equation in 
terms of the weight rate of gas flow G Ib/sec. Substituting for w and 
dw from equations 79 and 87 into equation 155 gives 


1 / \ 1 / ^ 


For a straight passage of constant cross-sectional area, such as a 
pipe or duct, dA = 0, so that 


1 

vdp-\-- 

g 



vdv -i 

2g 


- 7 )S-dx 
m 


0 


( 157 ) 



Chap. 3] 


THERMODYNAMICS OF GAS FLOW 


133 


It can be shown by dimensional analysis that the friction co- 
efficient / is a function of the Reynolds number Re^ and the Mach 
number M, Experiments by J. H. Keenan with steam and by 
W. Frossel with air indicate that in the regime of turbulent flow 
the friction coefficient is practically independent of the Mach number. 
Their experiments also indicated that / is the same function of Re 
for both compressible and incompressible fluids. 

For smooth pipes Nikuradze has proposed the following relation 
between / and Rq 

= 0.3959 + 4 logio {R. VJ) (158) 

The following equation by Koo correlates the data for long smooth 
pipes ^ for Reynolds numbers ranging from 3 X 10'^ to 3 X 10^. 

/ = 0.00140 + 0.125R,"^‘32 (159) 

For a range of Re values from 5 X 10^ to 200 X 10^ the following 
equation correlates the data for smooth pipes 

/ = 0.046i?e‘"®‘^ (160) 

R, P. Genereaux suggests, on the basis of his analysis of pipe 
friction data, the following simpler equation as being sufficiently 
accurate for most engineering purposes. 

/ = 0.04Re~^'^^ (161) 


This equation is applicable for Reynolds numbers ranging from 
4 X 10^ to 20 X 10®. In the usual range of Reynolds numbers, 
250,000 to 500,000, the friction coefficient may be assumed to be a 
constant at the value 0.005 (N.A.C.A.T.M. 844). 

If a constant value of / is applicable, or if a mean value for the 
length of passage is used, then since m = Z>/4 for a pipe, where D is 
the diameter in feet, equation 157 becomes 



dp 1 
— + - 
V g 



V2 2 

loge 1 

1^1 g 



(162) 


Before proceeding to a discussion of the integration of equation 
162 it should be noted that the friction coefficient / is that used in the 
Fanning equation for pipe friction loss. According to the Fanning 
equation, the pressure loss in a pipe due to friction dpF is given by 


dpF 


fyv^ 

dx 


2gm 


4/7W* 
dx 


2gD 



(163) 
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Many books use the D'Arcy formula for evaluating pipe friction 
loss. In that equation, if is the head loss due to friction, then 


2 

w y 


dpF = 7 dzF = /' ^ dx = f\ 

^ ^ 2gD \A 


' V 

dx 

2gD 


(164) 


From the foregoing equation it is seen that the friction factor /' in 
the D’Arcy equation is four times the friction coefficient f in the 
Fanning equation. The friction coefficient used in this book is that 
based on the Fanning equation. 

Reference to equation 156 will show that, if the equation is divided 
by Vy the specific volume, so that its dimensions are force per unit 
area, then the third term is identical with the pressure loss due to 
friction as defined by the Fanning equation. 

For more detailed discussions of the friction coefficient for pipe 
flow the reader is referred to references 13, 14, 20, 21, 22, and 47. 

It is apparent that for a conduit of constant area equation 86 
reduces to 

dp dT dw 
p T w 


But from equation 155 

dp 

P ~ 


fw^ 

gRT 2m 


gRT 


w dw 


which can be written in the form 


(165) 


(166) 


dp ^ dx 

— - - kM^f — 
p 2m 


Equating 165 and 167 

kM^ 




dw 


w 


_ dw dT dw 

dx ~ kM^— = 

2m w T w 


(167) 


(168) 


If there is no change in total energy, the friction heat remains in 
the gas. Substituting from equations 43 and 90 for d'T/T and dw/w 
in equation 168 gives the following expression for {jkjlrn)dx 

fk (1 - M^) dM 

“ — 

2m M^{[{k - ■L)/2]M^ + \] 


( 169 ) 
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Equation 169 can be integrated by expanding it into a series. It 
is simpler, however, as pointed out in reference 34 to perform the 
integration by either the trapezoid or Simpson’s rules for the dis- 
tance X which changes the initial Mach number to the value M = 1. 
Thus 

fkx _ (1 _ M^) dM 

^ + [(/fe - \)/2]M^\ 

For normal air the last equation becomes 


fkx _ {\-M^)dM 

^ (0.19751/2 + 1) 


(171) 



0 0.2 0.4 0.6 0.8 1.0 \Z 1.4 1.6 1.8 

Mach number M 


Fig. 39. Friction parameter as a function of Mach number for flow in a straight 

constant-area duct. 


Figures 39 and 40 present the friction parameter {fkx/ 2m) as a 
function of M. The curves were obtained by using Simpson’s rule. 
From this curve the length of straight pipe required to change the 
Mach number from one value to another when the flow involves 
friction is readily determined. 
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120 1.40 1.60 1.80 2.00 2.20 2.40 2.60 2.80 3.00 
Mach number M 

Fig. 40. Friction parameter as a function of Mach number for flow in a straight 

constant-area duct. 


25. Flow in Pipes with Friction and No Heat Transfer (dQ = O) 


This type of flow is comparable to that for a perfectly insulated 
pipe or to flow so rapid that no appreciable heat transfer can tal^e 
place. The friction energy heats up the gas and changes its specific 
volume and enthalpy. As pointed out in Section 8, the relationship 
between the pressure and specific volume is given by pv’' = constant, 
where n 7 ^ k. The equation for the condition of the gas as it flows 
along the pipe can be determined by the methods of references 12 
and 13 presented below. 

It has been pointed out by A. Stodola that the energy and con- 
tinuity equations give no implicit information regarding the in- 
fluence of pipe friction. Thus, if A,- is the initial enthalpy of the fluid 
and h is its enthalpy at any point in the pipe, the aforementioned 
equations become 


hi — h 


2Jg 


2Ji 


(172) 


and 


Gv == Aw 


(173) 
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Further, since the weight rate of flow G Ib/sec is constant for all 
cross-sectional areas A , then 




(174) 


Substituting equation 174 into equation 172 gives the following 
equation for any section of the pipe 


h + 


(-) - - " 

\a/ 2gJ 


i + 




2gJ 


(175) 


Equation 175 is the equation for a Fanno line (see references 12 
and 3), and is applicable irrespective of the law of friction that pre- 
vails. By applying this equation a family of curves can be drawn 
for G/A == constant for the same value of the initial enthalpy h = hi. 
A plot of the Fannd lines * will show that, since the flow process is 
such that the change in the condition of the gas must involve an 
increase in entropy, the velocity of a gas expanding in a cylindrical 
pipe can never exceed its acoustic velocity. 

For perfect gases, the enthalpy is, in general, given by 


h = 


k 

Jik- 1) 


B 


(176) 


where the constant B — k/ijk — 1). 

Consider any two sections in the flow path and write their Fanno- 
line equations, denoting the sections by the subscripts 1 and 2, and 
substitute for the corresponding values of hi and *2 from equation 
176. Then 


B 


hi = -j iPiVi) + 





2gJ 


or in general 


© 


2 t-i® B 

— + - PlVl = 

2gJ J 

But (G/A)^ = (wi/vif = (W 2 /V 2 )^. 
equation 177 gives 

wi® _ 

2gJB J ~ 
Rearranging and substituting for B 
r Ot - 


P\Vi 1 + 


IgkpiVi 


(G\^ V2^ B 

(177) 

Substituting for (G/A) 

* into 

1i>2^ /> 2»3 

2gJB'^ J 

178) 

= k/ik - 1) 


^ r. . (* - iwi 

(179) 
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Noting that = gkpv and M = w/a, equation 179 can be written 
in the following form. 

^ r 1 -j J/ 2 I _ (^^Qnstant (180) 


Equation 180 is the Fanno-line equation in a different form. 

To obtain a relationship between the pressure p and the specific 
volume V for the gas at any point it is simpler to substitute for the 
enthalpy h from equation 176 into equation 175, solve for p, and 
differentiate; note that B, and G/A are constants. The result is 


dp = — 


1 Jhidv 

~2gB \A/ ~ 


(181) 


Dividing equation 181 by v gives the following expression for the 
first term of equation 162 


dp 1 / dv Jhi dv 

V 2gB ) V B 


(182) 


Substituting from equation 181 into equation 162 and integrating 
between the limits 1 and 2, assuming that / is constant (that is, a 
mean value is to be used for the pipe length in question) and letting 
X 2 — Xi = I — the length of the pipe, the following result is obtained. 


Jhi / 1 

wW 






(183) 


Substituting for B = k/{k 

fl rr/A\^ 


1) and solving for fl/D gives 

+ r 

»2‘/ g 


fl g /AVrjhi /k-i\/ i 1 \ 1 /G\yk + i\ 

D 2VG/L2 W )w gUA 2 k ) 


»1- 
(184) 


But from equation 175 


hi = 


B /G^ B 


Substituting for hi into equation 184, noting that 
that W 1 /W 2 = V 1 /V 2 , and gkpv = o^, the result is 


D 
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From equation 185 the values of ^fl/D for a given value of the 
initial Mach number Mi can be calculated for a series of values of 



0 100 200 300 


IIL 

D 

Fig. 41. Pressure ratio vs. friction parameter for different Mach numbers for 
adiabatic flow in a straight pipe, k = 1.4. 

W2IW1 = V2/V1, If the value of the friction factor is given or known, 
it is then a simple matter to determine the velocity corresponding 
to a given pipe length. It should be noted that the maximum attain- 
able velocity is limited to the local acoustic value. 
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Figures 41 and 42 arc plots of the ratio p 2 /P\ as a function of 
4///Z) for different initial Mach numbers as the parameter. Simi- 
larly, Figs. 43 and 44 present 4///Z> vs. W 2 /W 1 = V 2 /V 1 for different 
constant values of the Mach number. 



Fig. 42. Pressure ratio vs. friction parameter for different Mach numbers for 
adiabatic flow in a straight pipe, k «» 1.4. 




Fig. 43. Friction parameter vs. velocity ratio for different Mach numbers for 
adiabatic flow in a straight pipe, k = 1.4. 
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Fig. 44. Friction parameter vs. velocity ratio for different Mach numbers for 
adiabatic flow in a straight pipe, k » 1.4. 
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26. Limiting Conditions for Adiabatic Flow with Friction 

The equation for the condition of the fluid as it flows along the pipe, 
equation 172, does not hold in the neighborhood of /? = 0; in fact, it 
is true only down to a definite limiting pressure This arises 

from the fact that the friction loss in the pipe cannot decrease to zero 
except at the exit end of the pipe. Beyond this location, owing to 
the absence of wall friction, it is possible for the gas to expand i.sen- 
tropically to lower pressures than the limiting pressure pi,. The 
value of pLy and the corresponding value of VLf can be determined 
by equating the slopes of the isentropic condition curve pv^ = con- 
stant and that of the actual condition curve equation 177 at the 
state point corresponding to the coordinates Pl and vj,. Following 

I / 

the method of references 7 and 49, let b = - ^ y , then equa- 

tion 178 becomes, on solving for 

piVi + 

p = ^ - bv (186) 

V 

and the slope of the curve is given by 

dp {p\Vi + bvi^) , 


For the isentropic expansion beyond pLi differentiating pv^ = con- 
stant gives 

dp kp 


Hence, substituting the limiting conditions pL and Vl 
kpL PlVl + bvi^ , , 


from which 


piVi + bvi^ hvL 

PlVl = h 

k k 


This value of Pl^l must be equal to that obtainable from equation 
186. Combining equation 186 with equation 190 and solving for 
the ratio of specific volumes, the result is 
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Substituting for = 


k - 1 


k — \ fwi\^ 

ai^ = gkpivi, 


2^k \v^ 


into equation 191 gives the following equation for the specific volume 
ratio 


vl 


Wl 

Wi 


k + 


1 r 2 11?^ 

T ^ + 71 7777^ (^^2) 

iL (^ - 


The pressure ratio Pl/P\ is obtained in a similar manner by 

k — \ 

solving equation 190 and substituting for h — { — ) a 

2 , . \vi ) 

ai == gKp\Vi, Thus 


and 


Pl 

Pi 


= Mi^ 


k ~ 1 


k + 


1 " 
1 _ 


1 + 


{k - i)ii/rJ 


(193) 


Since the ratio G/A = w/v is constant throughout the length of 
the pipe, it follows that 

— = - (194) 

Wi Vi 

Hence, equation 192 gives the ratio of the limiting velocity Wl to 
the initial velocity Tt'i, as well as the specific volume ratio. 

The acoustic velocity at the exit from the f)ipe is given by 


ol = v ' kgpLVL = 'sjkspiVi ^77 = Oi 

' Pin " pivi 


(195) 


Substituting for v^/vi and Pl/Pi from equations 192 and 193, 
respectively, into equation 195, the following equation is obtained 
for the acoustic velocity at the exit section 


aL = Wi 


k - 1 


k + 


1 ■ 
1 . 


1 + 


{k - l)Mi^ 




(196) 


Equation 196 is the same as equation 192 for the limiting velocity wl 
for irreversible adiabatic flow. This signifies that as the gas flows 
through the pipe its pressure decreases until the gas attains a velocity 
corresponding to the acoustic velocity for the local pressure and 
specific-volume conditions. Any further reduction of the back 
pressure into which the pipe discharges has no effect on the gas 
velocity. 

The limiting values of the ratios wi,/wi = VL/vi^ and Pl/Pi for 
air, plotted as functions of the entering Mach number for adiabatic 
flow with friction, are presented in Fig. 45. 
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It IS apparent from thcvsc curves and the discussions of the preced- 
ing sections that where gases arc transported at high velocities in 
ducts great care must be exercised in their design. As discussed in 
connection with the flow through nozzles, the maximum weight rate 
of flow through a duct is attained when the local acoustic velocity is 
attained in any section perpendicular to the main direction of flow. 
This has an important bearing on the design of the flow passages 
for gas turbines and thermal jet engines, and an analysis of the 
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Initial Mach number 

Fig. 45. Limiting velocity and pressure ratios for adiabatic flow in a straight 
pipe as functions of initial Mach number. 


flow path to determine the Mach numbers under the different flow 
conditions is essential if “choking’' of the flow at some point is to 
be avoided. 


27. Isothermal Flow in Pipes with Friction 
The dynamic equation for the flow of a compressible fluid in a 
pipe is given by equation 157, which is repeated here for convenience. 
Thus, with m = Z>/4 

+ + ^^*“0 (197) 

For isothermal flow the Reynolds number remains constant since the 
dynamic viscosity is a function mainly of the temperature. Hence, 
the friction coefficient / is also constant. The equation of state is 

pv = Constant 
or 

dp dv 

— « (isothermal flow) (198) 

p V 
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The continuity equation gives the relationship 

dw dv 


w 


Substituting (0/Ar = {w/vr into equation 197 

1 ^dv 2fw^ 

V dp -7jir j dx = 0 

g V g D 


or 


pdp + 


v^p^ /dv dx\ 


/dt 
\ V 


+ 2 /- =0 


Substituting for dv/v 


gpv \v ' D/ 
dw/w from equation 199 gives 


g;v dp dw dx 

+ — + 2 /- = 0 
w D 
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(199) 


( 200 ) 


( 201 ) 


( 202 ) 


Combining equations 198 and 199 with equation 202 as is done 
in reference 19, 

gpv (dp\ dp dx 

The limiting values oi p — pi and w — wl occur when/ dx/D = 0. 
Substituting, f dxfD = 0 into equation 203 shows that at the limit- 
ing condition 

gpv 


= 1 


Wl 


or the limiting velocity is given by 

^ gpLVL = aL/^k 


(204) 


This equation indicates that the maximum attainable velocity 
with isothermal flow wl is less than the acoustic velocity. 

The pressure ratio corresponding to the limiting velocity is ob- 
tained by combining equation 204 with the continuity equation and 
the equation of state. Thus 


Pi vl Wl fli 

By combining the continuity equation, the equation of state, and 
equation 201, letting I = — Xi, integrating, and rearranging as 

is done in reference 19, the result is 


(205) 


( 206 ) 
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28. Effect of Friction in Gas Flow 

It has been pointed out in preceding sections that the heat gen- 
erated in overcoming frictional resistance to flow goes into heating 
up the gas. This heat increases the random motion of the gas 
molecules and increases the entropy of the gas. The energy converted 
into friction decreases the available energy as illustrated in Fig. 6. 
The available energy decrease is given by 


1 V 

T ds = ~ Ey = — dpF 
J J 


(207) 


where dpF is the pressure drop due to friction. 

The entropy increase' can be expressc'd in terms of the Mach 
number by applying the method of reference 34. Thus, from equa- 
tion 207 

ds = — dpj, (208) 


The pressure drop dpFy due to friction, in the distance dx is from 
equation 7a, given by 

pk ^ dx 

= (209) 

gkRT 2m 


Combining 208 and 209 and substituting = w^/gkRJ 

R ^^fk dx 

ds AP 

J 2m 

fk dx 

Substituting for from equation (169) 


( 210 ) 


2m 

R o 
ds 

J 


(1 - dM 




( 211 ) 


The rate of change in the entropy of the gas with Mach number, 
ds/dM, is accordingly 


ds R 


(1 - M^) 


dM J 


M 




( 212 ) 


Equation 212 illustrates an important effect produced by frictional 
resistance to flow. Thus, when Af = 1 the derivative ds/dM = 0, 
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which means that this is the condition for the maximum value of 
the entropy. Since all natural processes tend to approach the con- 
dition for maximum entropy, as pointed out in Section 4, the fore- 
going signifies that, in flow with friction only, the velocity of the 
gas tends to reach the local acoustic value. 


29. Diffuser Action or Compression Flow 

Diffusers are of importance to all types of propulsion equipment 
which induct air from the atmosphere. For bodies moving through 
the air at either subsonic or sonic speeds the function of the air 
intake system is to decelerate the air with the minimum of friction 
so that a large portion of the ideal pressure rise will be recovered. 
In air intakes moving at supersonic sf>eeds the phenomenon is com- 
plicated by the formation of shock waves at the entrance. The 
discussions here are limited to diffusers for subsonic air flow. 

The problems of diffusion arise in the intake air systems of aircraft 
engines, in the discharge passages from high-speed rotary compres- 
sors, and many other appliaitions. Diffusion as a flow process is 
not as efficient as the reverse process, the expansion of a gas to secure 
high velocities. 

(a) Ram Efficiency. The final pressure attained in the diffuser 
outlet is termed the ram pressure, and the ratio of the actual pressure 
rise effected by the diffuser to the ideal value is called the ram effi- 
ciency rjr- If pi is the static pressure of the entering air, the ideal 
pressure rise, A/>', is given by 

Ap' ^ Pt- Pi (213) 


where pt is defined by equation 44. 

The actual final pressure is p 2 < pu so that the actual pressure 
rise Ap ^ p 2 — p\- The ram efficiency is accordingly 


tsp ^ />2 — P\ 
^P' Pt Pi 


(214) 


The temperature rise in the diffuser is determined likewise from 
equation 44. It should be noted, as pointed out in reference 29, that 
the expression for the ideal temperature rise 





Mi^ 


is applicable to the processes of bringing a free stream of gas to 
stagnation either isentropically or after traversing a shock wave. 
This means that depends only on the initial Mach number. 
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(b) Effect of Friction on Diffusion Process. It can be shown that 
the velocity gradient for a flow passage is given by 


dw 

dx 


w /fkM^ 1 dA\ 
1 — Jlf ^ \ 2m A dx) 


(215) 


If the cross-sectional area of the passage is constant throughout 
its length, dA/dx = 0, and the velocity gradient dw/dx is positive 
if the flow is subsonic {M < 1). Conversely, if the flow is supersonic 
{M >1) the velocity gradient is negative. 

For a divergent passage, dA/dx is positive. Consequently, if 
the gas enters the diffuser with subsonic velocity, the condition for 
the accomplishment of a flow compression is that 

1 dA fkM^ 

(a) 

A dx 2m 


Since the friction factor / has, in general, a value of approximately 
0.005, so that the friction term tends to be smaller than the area 
term, the divergent passage with subsonic flow tends to produce a 
flow compression (negative velocity gradient). The effect of friction 
is to oppose this action and will prevent diffusion when 

1 dA fkM^ 

= (b) 

A dx 2m 


If r is the radius of the cross section of a conical diffuser,®^ then 
A = irr^ and m = r/2. Hence 


dA 

dA dr 

dr 



= r= 

2irr — 

(c) 

dx 

dr dx 

dx 


1 dA 

2 dr 



— sat 



(d) 


A dx 

r dx 


where dr/dx is the tangent of the angle made by the diffuser wall and 
the longitudinal axis of the passage. 

For a subsonic conical diffuser, therefore, there will be no diffusion 
when 

dr JkM^ 

ie) 


dx ** 2 
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It is seen from the above that the effect of friction, in a subsonic 
diffuser, is to accelerate the gas velocity and oppose the normal 
diffusion action. In the interests of securing the greatest possible rise 
in pressure, the friction should be kept as small as possible. 

(c) Energy Efficiency of Diffuser. The efficiency of the diffuser on 
an energy basis is that fraction of the kinetic energy which is con- 
verted into pressure rise. It can be determined by comparing the 
kinetic energy which would be obtained by expanding the diffused 
gas back to the entrance pressure with that obtainable from an 
expansion from the 100 per cent ram pressure Since no work is 
removed from the gas, the stagnation temperature Tt is the same 
for both expansions. Hence 

jb-i 


1 - {Pifp2) ^ 

VD = *31 


(216) 


f - (Pi/Pt) * 


k-l 

Multiplying the numerator and denominator by {pt/pi) * gives 
the following equation 

fc-l k-\ 

{pi/ Pi) * ~ {Pt/p2) * 

VD = *rT (217) 

ipi/Pi) * - 1 


Substituting from equation 44 into equation 217 

For normal air with k = 1.395 this becomes 


(218) 


no = 1 


5.06 


k-l 

k 


[(r-] 


(219) 


In this last equation M is the Mach number of the air at the entrance 
to the diffuser. 

k-l 

Let Zd « {Pi/p 2 ) * 1 i then the efficiency equation becomes 


Exahflb. Air enters a diffuser at 520 R and 14.7 psia. Its entrance velocity 
.lelative to the diffuser walls is 600 fps. The design of the diffuser is such that its 
uiergy efficiency is 0.8. Calculate the air pressure at the discharge section. 
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Solution. 

Ml 

From equation 45 

From Table 4 -5 
From equation 220 


= = 0.S3S and Jlfi* -= 0.281 

VgkRTi 

Zc = 0.1975M^ - 0.0555 


Pt = \.2\9pi 


0.8 = 1 


5.067i) 

0.281 


- iS.OZo 


18.07/) = 0.2 so that Zr> = 0.0111 


Hence from Table 4-5 

Pt 

— - 1.040 
P2 

pi = 1.161/>i 
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Chapter Four 


THERMODYNAMIC PROPERTIES OF AIR 


1, Introduction 

The working fluid employed in gas turbine power plants and 
thermal jet engines, regardless of the cycle adopted, consists mainly 
of heated air containing a small admixture of combustion products 
derived from the combustion of the fuel utilized to raise the tempera- 
ture of the air. In analyzing the various cycles which hold promise, 
either for gas turbine propeller-drive propulsion plants or for straight 
thermal jet propulsion, the thermodynamic properties of the working 



fluid enter. Consequently, thermodynamic data pertaining to the 
working fluid must be available so that the thermodynamic relation- 
ships can be calculated with reasonable engineering accuracy. 

Figure 1 illustrates an elementary form of thermal jet engine. The 
quantity of air Ga Ib/sec enters the diffuser wherein its pressure is 
raised before it flows into the compressor. The compressor raises 
the pressure of the air still more and then discharges it into the com- 
bustion chamber. Here, a fuel is introduced at substantially ambient 
temperature and burned under practically isobaric conditions, thereby 
raising the temperature of the working fluid to the desired value. 

The hot working fluid leaving the combustion chamber consists 
of a mixture of heated air and the products of combustion of the 
fuel with a portion of the air. The mixture contains a large excess 
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of air, usually between three and seven times the quantity required 
to bum the fuel completely. No serious error is introduced, there- 
fore, if it is assumed that the fluid entering the turbine is entirely 
heated air. In the turbine the working fluid expands, converting 
thermal energy into mechanical work. The turbine is so designed 
that it furnishes exactly the amount of work needed to drive the air 
compressor. The turbine exhaust gases are then discharged through 
the exhaust nozzle. 

Several variations of the above arrangement are possible. For the 
present, however, it should be noted that the main thermodynamic 
processes involved are compressions and expansions. If each com- 
ponent of the thermal jet engine were an ideal piece of apparatus, 
the compression and expansion processes would be iscn tropic. Owing 
to various heat and friction losses, the actual processes are not isen- 
tropic. 

The exact analysis of any cycle should take into consideration the 
effect of the fuel-air ratio as well as the variation in the specific heat, 
but since the former is small, it can be neglected without introducing 
any sensible error; this is equivalent to assuming that the working 
fluid is dry air. The effect of temperature on the value of the 
specific heat of air, however, should, in general, be taken into 
account. 

The purpose of this chapter is to discuss some of the thermo- 
dynamic properties of air, to present data concerning its specific 
heat, and to describe methods for taking into account the variation 
of the specific heat when analyzing thermodynamic processes. 


2. Deviation of Air from Perfect Gas 

If air were a perfect gas, it would behave in accordance with the 
characteristic equation for perfect gases discussed in Chapter 1. 
Thus 

pv 

pv = RT or = 1 [1) 

RT 


Equation 1 assumes that the specific heat of the perfect gas is a 
constant. For air, this law does not hold exactly, although for most 
gases it is followed with sufficient closeness for engineering compu- 
tations. The major discrepancies arise from the fact that the value 
of the specific heat of air is not a constant but is affected by both 
pressure and temperature. Table 4*1 presents data taken by Hol- 
born and Otto showing the degree to which air deviates from the 
perfect-gas law.^ More exact equations of state are those of Beattie 



Chap. 4] 


THERMODYNAMIC PROPERTIES OP AIR 


155 


and Bridgeman;^^ see also references 18, 24, 25, and 26. For data 
on the deviation of other gases from the perfect-gas law see 
reference 2. 

TABLE 41 


Values of pvfRT for Air 
(Holborn and Otto, Zeit. Physik^ Bd. 33, 1935) 


Abs Pressure 


Temperature, 

°C 


kg/cm^ 

psi 

0 

50 

100 

150 

200 

0 

0 

1 

1 

1 

1 

1 

10 

142 

0.9945 

0.9990 

1.0012 

1.0025 

1.0031 

20 

284 

.9895 

0.9984 

1.0027 

1.0051 

1.0064 

30 

426 

.9851 

0.9981 

1.0045 

1.0078 

1.0097 

40 

568 

.9812 

0.9982 

1.0065 

1.0108 

1.0132 

50 

710 

.9779 

0.9986 

1.0087 

1.0139 

1.0168 

60 

852 

.9751 

0.9993 

1.0112 

1.0172 

1.0205 

70 

994 

.9730 

1.0004 

1.0139 

1.0206 

1.0243 

80 

1136 

.9714 

1.0018 

1.0169 

1.0242 

1.0282 

90 

1278 

.9704 

1.0036 

1.0201 

1.0279 

1.0322 

100 

1420 

.9699 

1.0057 

1.0235 

1.0319 

1.0364 


Examination of Table 4- 1 shows that the deviation in the behavior 
of air from the perfect-gas law is influenced by the predominating 
pressure and temperature. It should be noted that, since the specific 
heat at constant pressure Cp is not constant, the specific heat ratio 
k = Cp/Cv is also a function of the pressure and temperature. 

The range of operating pressures for thermal jet-propulsion engines 
and gas-turbine power plants, as judged by the pressure ratios obtain- 
able with light-weight compressors at this time, is between 50 and 
100 psia. In this pressure range the effect of pressure on the specific 
heat Cp and on the specific heat ratio k is so small that it can be 
ignored. This is readily apparent from the data in Fig. 2, which 
presents the instantaneous values of Cp in Btu/lb F and the specific 
heat ratio k = Cp/Cv as functions of the air temperature in degrees 
Fahrenheit for different constant pressures.® 

It is seen from Fig. 2 that for pressures below 150 psia the specific 
heat Cp and the specific heat ratio k can be assumed to be defined 
by the curves for zero pressure. At a temperature of 0 F and zero 
pressure the value of Cp is 0.240 Btu/lb and the corresponding value 
of = Cp/c^ « 1.40. It is seen that for the temperature range 0 F 
to 4000 F the effect of moderate pressures can be ignored, but the 
effect of temperature is appreciable. 



156 


PRINCIPLES OF JET PROPULSION 


[Chop. 4 


Assuming that the curve for ^ = 0 is applicable, it is seen that Cp 
changes from 0.24 at 0 F to 0.275 at 1500 F, an increase of 15 per 
cent. As the temperature is increased, the value of Cp increases 
almost linearly at the rate of 0.015 Btu/lb/1000 F. Since the work 
of either a compression or an expansion process varies directly with 
Cpy the actual mean value of Cp for the temperature range involved 
should be used. 



Temperature, 


Fig. 2. Specific heat and specific heat ratio for air at different pressures as a 
function of temperature. (Reproduced from F. O. Ellenwood, N. Kulik, and 
N. R. Gay, Cornell Univ. Eng. Expt. Sta., Bui. 30, October 1942.) 


J. Data on Specific Heat of Air 

The most recent measurements of the instantaneous values of 
specific heats of gases, and also those considered most accurate, are 
due to Professor R. C. H. Heck,^ and to H. L. Johnston and A. T. 
Chapman.® For a critical discussion and analysis of specific-heat 
data the reader is referred to reference 3, from which Fig. 2 is 
taken. 

The data obtained by Professor Heck apply for the range of tem- 
peratures above 600 R. Below 600 R the data of Johnston for oxy- 
gen and nitrogen indicate that no serious error is introduced by assum- 
ing the specific heat to be constant These data, however, are based 
on zero pressure. At low temperature, errors are introduced by this 
assumption if the pressure is high. 
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Figure 3 presents the instantaneous values of the specific heat Cp^ 
and k = Cp/c^j for air as a function of temperature. At temperatures 
below 500 R, Cp is assumed to be constant at the value Cp = 0.24. 
The specific-heat values for air plotted in the figure were computed 
from the experimentally determined values for nitrogen, oxygen, 



Temperature R 


Fig. 3. Instantaneous values of the specific heat and specific heat ratio for aif 
as a function of temperature. (Based on data of Prof. R. C. H. Heck, Mtch. Eng,^ 
Vol. 63, 1941, pp, 126-135.) 

and argon obtained by Heck. The following gas composition, on a 
weight basis, was assumed for dry air: nitrogen 75.6 per cent, oxygen 
23.0 per cent, and argon 1.4 per cent. The specific heat of argon 
was assumed to be constant and equal to 4.964 Btu/lb mole F. 

The functional relationships between the specific heats of the more 
common gases have been expressed in mathematical form by Sweigert 
and Beardsley.® The Sweigert and Beardsley equations are assembled 
in Table 4*2. They are based on the experimental data of Heck 
previously referred to. 
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TABLE 4-2 

Instantaneous Values of Specific Heats of Gases 
{Bulletin 2, Ga. 5k:hool of Technology, by R. L. Sweigert and M. W. Beardsley) 






Maxi- 

Gas or 

Specific Meat Equation 



mum 

Vapor 

nup in Btu/lb mole R 


Range 

Error 


172 1530 

mcp = 11.515 -f 

vr T 

172 15.10 0.05 

mcj, = 11.51 -,=r. + (r - 

' Vr T 1000 


540-5000 

1.1% 

O 2 

4000) 

5000-9000 

0.3 

N 2 

„ ,, 3.47 X 10’ , 1.16 X 10« 

mcp = 9.47 ~ j- -pi ■ 


540-9000 

1.7 

CO 

3.29 X 10* 1.07 X 10® 

mCp = 9.46 - ^ ■*" r- 


540-9000 

1.1 


r , , 0.578 20 

1000 ^ + Vr 


540-4000 

0.8 

H 2 

. ^ 1000 Vr 1000 

- 4000) 

4000-9000 

1.4 

H 2 O 

597 7500 

mcp = 19.86 7 = H — — - 

Vr 


540-5400 

1.8 

CO 2 

^ 6.53 X 10® 1.41 X 10* 

mCp = 16.2 - y, + 


540-6300 

0.8 

CH 4 

mCp - 4.52 + 0.00737 r 


540-1500 

1.2 

C 2 H 4 

mCp - 4.23 + 0.01177r 


350-1100 

1.5 

C 2 H 6 

mCp » 4.01 + 0.01636r 


400-1100 

1.5 

CgHis 

mCp = 7.92 + 0.0601 r 


400-1100 

Est. 4 

Ci2H2e 

mCp - 8.68 + 0.0889r 


400-1100 

Est. 4 


Figure 4 cx)inpares the empirical values of Cp with those calculated 
by using the Sweigert and Beardsley equations. No equation was 
presented by Sweigert and Beardsley for the specific heat of air. 
Further, it should be noted that all their data are on a molar basis. 
The Sweigert and Beardsley equations are of two forms 



(a) 

h e 

ib) 


where a, 6, and c are constants. 
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Fig. 4. Compariaon of measured and calculated values of the specific heat for 
various gases. (Reproduced from R. L. Sweigert and M. W. Beardsley, Georgia 
School of Technology, State Eng. Expt. Sta., Bui., Vol. 1, No. 3, June 1936.) 
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The equation for the instantaneous spiedfic heat of dry air can be 
derived by applying the Sweigert and Beardsley equations to the 
composition of air. The volume composition of dry air at sea level 
is ^ 

Per Cent by Volume 


Nitrogen 

78.03 

Oxygen 

20.99 

Argon 

0.94 

Carbon dioxide 

0.03 

Hydrogen 

O.Ol 

Neon 

0.00123 

Krypton 

0.00005 

Xenon 

0.000006 


From the above it is apparent that for practical purposes it can be 
assumed that dry air is composed of only the first three elements in 
the list. This gives the weight composition 75.5 per cent nitrogen, 
23.2 per cent oxygen, and 1.35 per cent argon. Consequently, air 
can be assumed to consist of 1 mole oxygen plus 3.71 moles nitrogen 
plus 0.045 mole argon. The molecular weight of air is accordingly 

3.717 X 28.016 + 1 X 32 + 0.047 X 39.94 
^air — ~ ~ 28.97 

4.764 

The gas constant for air is 

1545 

R == = 53.35 ftdb/lb F 

28.97 

and 

R 53,35 

- = = 0.06854 Btu/Ib F 

J 778 


The specific heat equation for air is obtained from those for nitro- 
gen and oxygen, and by adding 0.047 X 4.964 = 0.232 Btu/lb mole F 
for the argon. Thus 


Constituent 

Nitrogen 35 . 20 

Ox3^n 11.515 

Argon 0.232 

4.764 moles of air 46.947 

(wrj,)air 9.85 


Moles X Molar Specific Heat 

- 1.29 X lo^/r -h 4.30 X loVr* 
172/ VT -f 1.53 X io»/r 

172/vT - 11,370/r + 4.31 X io«/r® 

36.1/-v/r ~ 2,387/r -f 905,000/r^ 
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Using 1 mole of oxygen mixed with 3.78 moles of nitrogen, for the 
composition of air, Professor J. Smallwood obtained the following 
molar specific heat equation for air 

36 2420 917,000 

(mCp)alr ““ 9.90 — ^ 

Dividing through by w = 28.97 the instantaneous specific heat 
equation for air in Btu/lb F is obtained, thus 

Cp == 0.342 - 1.25r”^ - 82.4r~^ + 31,200r-‘2 (2) 

4. Mean Specific Heat 

The data and equations presented in the preceding sections were 
concerned with the instantaneous values of the specific heat at 
diflferent temperatures. In many problems a knowledge of the values 
of the mean specific heat between the temperature limits of the 
j^roblem is of great value. 

The value of the mean specific heat Cp is determined from the rela- 
tionship 

1 

Cp ~ I Cp dT (3) 

Ta - Ti Jr, ** 

To solve this equation the instantaneous specific heat as a function 
of temperature must be substituted in the equation. Table 4-3 
presents values of the mean specific heat for air as a function of 
temoerature.®'® 

TABLE 4-3 


Mean Values of toe Molar Specific Heat of Air 


Temperature 

mCp 

Temperature 

mCp 

F 

Btu/lb mole F 

F 

Btu/lb mole F 

32 

6.940 

1500 

7.431 

100 

6.944 

1600 

7.469 

200 

6.958 

1700 

7.505 

300 

6.985 

1800 

7.548 

400 

7.012 

1900 

7.583 

500 

7.038 

2000 

7.615 

600 

7.071 

2100 

7.649 

700 

7.110 

2200 

7.680 

800 

7.149 

2300 

7.714 

900 

7.188 

2400 

7.736 

1000 

7.224 

2500 

7.768 

1100 

7.264 

2600 

7.795 

1200 

7.300 

2700 

7.829 

1300 

7.344 

2800 

7.853 

1400 

7.387 

2900 

7.876 



162 PRINCIPIES OF JET PROPULSION [Chap. 4 


Example. How much heat must be supplied to raise the temperature of 10 lb 
of air per second from 100 F to 1200 F? 

Q = G[Cp(1200 - 32) - CpdOO - 32)] 

From Table 4' 3 

7.30 

Cp at 1200 F = = 0.252 Btu/lb 

6.944 

Cp at 100 F = — — = 0.240 
^ 28.97 

Q = 10[0.2S2 X 1168 - 0.240 X 68] 

= 10(294 - 16.3] = 2777 Btu/sec 


From equation 2 the heat required can be calculated as follows: 
.16*0 

Q = Gt (0.342 - I.IST-^ - 82.4r“* + 31,200r-*) dT 

•'560 

i p t 1660 P -.1660 p -,1660 

0.342 r - 2.50 vr - 82.4 log, T 

L J660 L J 560 L J 560 


31,200 


[f]"" 

L 1 J660 


5. Temperature Entropy Diagram for Air 

The entropy change of a perfect gas is given by 


dT R rv dp 
0 ~ Y~jJpoy 


(4) 


The entropy at any state calculated above some arbitrary zero 
value, corresponding to To. and unit pressure is 


Let 


rr dT 

Jt/” y 


R p 


4, = 


fT dT 

Jn’’ Y 


(5) 

( 6 ) 


A change in entropy between any two states is given by 

R p 

s — sq ^ <t> — 4>o log* — (7) 

J po 

For air R = 53.35 and R/J = 0.06854 Btu/lb F. Substituting for 
R/J in equation 7 the equation for entropy change becomes 


P 

s — So = 4> — 0.06854 1(^« — 

Po 


( 8 ) 
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Values of {R/J) logc p for air, based on = 1 psia, can be ob- 
tained from Figs. 5 and 6. From equation 8 it is seen that the 
entropy change is a function of <t> and of the pressure ratio p/po = Tc- 



1 3 5 7 9 11 13 

Absolute pressure psi 

Fig. 5. Values of R/J loge p for air, based on « 1. 


Referring to equations 4 and 2, let the datum points be Tq = 400 
and po — I psia. Then the increment in entropy at a constant 
pressure gives the following expression 


(A.v)p 


T 

= 0.340 log. 2.50 

To 


. (TTo)^ J 


82.5 


+ 15,600 
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Equation 9 gives the entropy change for a condition where the 
pressure remains constant. From this equation the temperature- 
entropy curve for one constant pressure can be calculated. For other 
constant pressures, the relation 

(A5)r = 0.068S4 log, — = 0.06854 log, r, (10) 

Po 

is used, the subscript T denoting an entropy change where the tem- 
perature is held constant. 



It is apparent from the foregoing that the temperature-entropy 
chart will be a family of parallel curves displaced from each other 
by distances proportional to the logarithm of the pressure ratio. 
Figure 7 illustrates the temperature-entropy diagram. “ 
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S. ‘ajiqeisdujsi 


Fig. 7. Temperature-entropy diagram for air. 


166 


PRINCIPLES OF JET PROPULSION [Chap. 4 



Fig. 8. Enthalpy-entropy chart for air. (Reproduced from Power ^ March 1941.) 

6 . The Entropy-Enthalpy Chart 

In the analysis of gas-turbine cycles, diffusers, and nozzles, the 
processes involved are dependent on enthalpy changes. An enthalpy 
change is given by 

Ak=JcpdT (11) 

where for air 

Cp = 0.342 - 1.2Sr-^ - 82.4r-i + 31,200T-’^ Btu/lb F 

Substituting for Cp in equation 1 1 

/•*’ c^dT r'^'dr r'^dT 

M=| 0.342<ir- 1.25 I -52 - 82.4 I f- 31,2001 — (12) 

Jr, Jr, Jr. T JnT^ 

If Tq = 400 R, so that A = 0 at that temperature, then equation 12 


Temperature, T 
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can be integrated to give the enthalpy change above and below that 
datum. Thus 


A/? = 0.342 





~ 31,200 



(13) 


From equations 9 and 13 the enthalpy-entropy chart can be con- 
structed by using the pressure ^ as a parameter. In this chart the 
lines of constant temperature can be drawn. Such charts unlcvss 
drawn to a very large scale are not sufficiently accurate for gas 
design purposes for turbines and thermal jet engines. For rough 
calculations Fig. 8 is useful. 


7. Gas Tables 

In making thermodynamic analyses, the specific heat equations 
are cumbersome and time-consuming. A great deal of labor can be 
avoided by using tables of the thermodynamic properties of the gas 
in question. Such a table for air has been compiled by Keenan and 
Kaye.^2’^^ A portion of this table has been reproduced here in Table 
4*4. Tables of a similar nature for other gases are to be found in 
reference 14. 

In evaluating the thermodynamic properties presented in Table 
4*4 the specific heat of air Cp was taken from Professor Heck’s data 
for temperatures above 600 R, and Cp was assumed to have the 
constant value 0.240 for temperatures below 600 R, in accordance 
with the work of Johnston and Walker. 

It was pointed out in Chapter 1 that the internal enei^y of a gas 
is a function of temperature; thus 

RT 

u = f(T) ^ c^T ^ h - — Btu/Ib (14) 

Similarly for the enthalpy of a gas 

h = /(D = CpT Btu/lb (IS) 

This means that the values of u and h for air can be tabulated as 
functions of the temperature by using known values of the specific 
heat. 
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TABLE 4*4 

Thermodynamic Properties of Dry Air 

(Keenan and Kaye, Trans. A.S.M.E.^ 1943, p, A123.) 


Temperature 

R 

T 

Enthalpy 

Btu/lb 

h 

Diff. 

Internal 

Energy 

Btu/lb 

u 

Relative 

Pressure 

Pr 

Diff. 

Relative 

Volume 

Vr X 10^ 

Diff. 

C dT 

* 

Diff. 

300 

-24.00 

1.20 

-44.56 

0.3554 


20,537 


.06904 


305 

-22.80 

1.20 

-43,70 

0.3870 

0.0316 

19,705 

832 

.06507 

.00397 

310 

-21.60 

1.20 

-42.85 

0.4096 

0.0226 

18,920 

785 

.06117 

.00390 

315 

-20.40 

1.20 

-41.99 

0.4332 

0.0236 

18,178 

742 

.05733 

.00384 

320 

-19.20 

1.20 

-41.13 

0.4578 

0.0246 

17,476 

702 

.05355 

.00378 

325 

-18.00 

1.20 

-40.28 

0.4833 

0.0255 

16,810 

666 

.04983 

.00372 

330 

-16.80 

1.20 

-39.42 

0.5098 

0.0265 

16,180 

630 

.04617 

.00366 

335 

-15.60 

1.20 

-38.56 

0.5374 

0.0284 

15,583 

597 

.04256 

.00361 

340 

-14.40 

1.20 

-37.70 

0.5661 

0.0287 

15,016 

567 

.03900 

.00356 

345 

-13.20 

1.20 

-36.85 

0.5958 

0.0297 

14,478 

538 

.03550 

.00350 

350 

-12.00 

1.20 

-35.99 

0.6266 

0.0308 

13,966 

512 

.03205 

.00345 

355 

-10.80 

1.20 

-35.13 

0.6585 

0.0319 

13,479 

487 

.02865 

.00340 

360 

- 9.60 

1.20 

-34.28 

0.6916 

0.0321 

13,016 

463 

.02529 

.00336 

365 

- 8.40 

1.20 

-33.42 

0.7258 

0.0342 

12,574 

442 

.02198 

.00331 

370 

- 7.20 

1.20 

-32.56 

0.7612 

0.0354 

12,153 

421 

.01871 

.00327 

375 

- 6.00 

1.20 

-31.71 

0.7978 

0.0366 

11,752 

401 

.01549 

.00322 

380 

- 4.80 

1.20 

-30.85 

0.8356 

0.0378 

11,369 

383 

.01231 

.00318 

385 

- 3.60 

1.20 

-29.99 

0.8747 

0.0391 

11,003 

366 

.00918 

.00313 

390 

- 2.40 

1.20 

-29.13 

0.9152 

0.0405 

10,654 

349 

.00608 

.00310 

395 

- 1.20 

1.20 

-28.28 

0,9569 

0.0417 

10,320 

334 

.00302 

.00296 

400 

0 

1.20 

-27.42 

1.0000 

0.0431 

10,000 

320 

0 

.00302 

405 

1.20 

1.20 

-26.56 

1.0445 

0.0445 

9,694 

306 

.00293 

.00293 

410 

2.40 

1.20 

-25.70 

1.0903 

0.0448 

9,401 

293 

.00593 

.00300 

415 

3.60 

1.20 

-24.85 

1.1376 

0.0473 

9,120 

281 

.00884 

.00291 

420 

4.80 

1.20 

-23.99 

1,1863 

0.0487 

8,851 

269 

.01171 

.00287 

425 

6.00 

1.20 

-23.13 

1.2365 

0.0502 

8,593 

258 

.01455 

.00284 

430 

7.20 

1.20 

-22.27 

1.2882 

0.0517 

8,345 

248 

.01736 

.00281 

435 

8.40 

1.20 

-21.41 

1.3415 

0.0533 

8,107 

238 

.02014 

.00278 

440 

9.60 

1.20 

-20.56 

1.3962 

0.0547 

7,879 

228 

.02288 

.00274 

445 

10.80 

1.20 

-19.70 

1.4525 

0.0563 

7,659 

220 

.02559 

.00271 

450 

12.00 

1,20 

-18.84 

1.5104 

0.0579 

7,448 

211 

.02827 

.00268 

455 

13.20 

1.20 

-17.98 

1.5700 

0.0696 

7,245 

203 

.03092 

.00265 

460 

14.40 

1.20 

-17.13 

1.6312 

0.0612 

7,050 

195 

.03354 

.00262 

465 

15.60 

1.20 

-16.27 

1.6942 

0.0630 

6,861 

189 

.03613 

.00259 

470 

16.80 

1.20 

-15.41 

1.7589 

0.0647 

6,680 

181 

.03870 

.00257 

475 

18.00 

1.20 

-14.56 

1.8253 

0.0664 

6,505 

175 

.04124 

.00254 

480 

19.20 

1.20 

-13.70 

1.8935 

0.0682 

6,337 

168 

.04376 

.00252 

485 

20.40 

1.20 

-12.84 

1.9634 

0.0699 

6,175 

162 

.04625 

.00249 

490 

21.60 

1.20 

-11.98 

2.0352 

0.0718 

6,019 

156 

.04871 

.00243 

495 

' 22.80 

1.20 

-11.13 

2.1089 

0.0737 

5.868 

ISl 

.05114 

.00246 
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TABLE 4*4 {Continued^ 
Thermodynamic Properties of Dry Air 
(Keenan and Kaye, Trans. A.S.M.E., 1943, p. A123.) 


Temperature 

R 

T 

Enthalpy 

Btu/lb 

h 

Diff. 

Internal 

Energy 

Btu/lb 

u 

Relative 

Pressure 

Pr 

Diff. 

Relative 
Volume 
»r X 10« 

Diff. 

r dT 

PT 

Diff. 

500 

24.00 

1.20 

-10.27 

2.1845 

0.0756 

5,722 

146 

.05355 

.00241 

505 

25.20 

1.20 

- 9.41 i 

2.262 

0.0775 

5,582 

140 

.05594 

.00239 

510 

26.40 

1.20 

- 8.55 

2.342 

0.080 

5,446 

136 

.05831 

.00237 

515 

27.60 

1.20 

- 7.70 

2.423 

0.081 

5,315 

131 

.06065 

.00234 

520 

28.80 

1.20 

- 6.»4 

2.506 

0.083 

5,188 

127 

.06297 

.00232 

525 

30.00 

1.20 

- 5.98 

2.592 

0.084 

5,065 

123 

.06527 

.00230 

530 

31.20 

1 .20 

- 5.12 

2.679 

0.087 

4,946 

119 

.06754 

.00227 

535 

32.41 

1.21 

- 4.27 

2.768 

0.089 

4,831 

115 

.06979 

.00225 

540 

33.61 

1.20 

- 3.41 

2.860 

0.092 

4,720 

111 

.07202 

.00223 

545 

34.81 

1.20 

- 2.55 

2.954 

0.094 

4,612 

108 

.07424 

.00222 

550 

36.01 

1.20 

- 1.69 

3.050 

0.096 

4,508 

104 

.07644 

.00220 

555 

37.21 

1.20 

- 0.83 

3.148 

0.098 

4,407 

101 

.07862 

.00218 

560 

38.41 

1.20 

0.03 

3.249 

0.101 

4,309 

98 

.08077 

.00215 

565 

39.61 

1.20 

0.89 

3.352 

0.103 

4,214 

95 

.08290 

.00213 

570 

40.82 

1.21 

1.74 

3.457 

0.105 

4,122 

92 

.08502 

.00212 

575 

42.02 

1.20 

2.60 

1 

i 3.564 

0.107 

4,033 

89 

.08712 

.00210 

580 

43.22 

1.20 

3.46 

3.674 

0.110 

3,946 

87 

.08920 

.00208 

585 

44.42 

1.20 

4.32 

3.787 

0.113 

3,862 

84 

.09126 

.00206 

590 

45.62 

1.20 

5.18 

3.902 

0.115 

3,780 

82 

.09331 

.00205 

595 

46.83 

1.21 

6.04 

4.019 

0.117 

3 , 701 

79 

.09534 

.00203 

600 

48.03 

1.20 

6.90 

4.139 

0.120 

3,624 

77 

.09735 

.00201 

605 

49.23 

1.20 

7.76 

4.261 

0.122 

3,550 

74 

.09935 

.00200 

610 

50.44 

1.21 

8.62 

4.386 

0.125 

3,477 

73 

.10133 

.00198 

615 

51.64 

1.20 

9.48 

4.514 

0.128 

3,406 

71 

. 10329 

.00196 

620 

52.84 

1.20 

10.34 

4.644 

0.130 

3,338 

68 

. 10524 

.00195 

625 

54.05 

1.21 

11.20 

4.777 

0.133 

3,271 

67 

.10718 

.00194 

630 

55.26 

1.21 

12.06 

4.913 

0.136 

3,206 

65 

.10910 

.00192 

635 

56.46 

1.20 

12.92 

5.051 

0.138 

3,143 

63 

.11101 

.00191 

640 

57.66 

1.20 

13.79 

5.192 

0.141 

3,082 

61 

.11290 

.00189 

645 

58.86 

1.20 

14.65 

5,336 

0.144 

3,022 

60 

.11478 

.00188 

650 

60.07 

1.21 

15.51 

5.483 

0.147 

2,964 

58 

.11664 

.00186 

655 

61.28 

1.21 

16.37 

5,633 

0.150 

2,907 

57 

.11849 

.00185 

660 

62.48 

1.20 

17.23 

5.786 

0.153 

2,852 

55 

.12032 

.00183 

665 

63.69 

1.21 

18.10 

5.941 

0.155 

2,798 

54 

.12214 

.00182 

670 

64.89 

1.20 

18.97 

6.100 

0.159 

2,746 

52 

. 12395 

.00181 

675 

66.10 

1.21 

19.83 

6.262 

0.162 

2.695 

51 

.12574 

.00179 

680 

67.31 

1.21 

20.70 

6.427 

0.165 

2,645 

50 

.12752 

.00178 

685 

68.52 

1.21 

21.57 

6/595 

0.168 

2,596 

49 

.12929 

.00177 

690 

69.72 

1.20 

22.43 

6.766 

0.171 

2,549 

47 

.13105 

.00176 

695 

70.93 

1.21 

23.29 

6.941 

0.175 

2,503 

46 

.13280 

.00175 
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TABLE 4*4 {Continued) 
Thermodynamic Properties of Dry Air 
(Keenan and Kaye, Trans, A.S.M,E., 1943, p. A123.) 


Temperature 

R 

T 

Enthalpy 

Btu/lb 

h 

Diff. 

Internal 

Energy 

Btu/lb 

u 

Relative 

Pressure 

Pr 

Diff. 

Relative 

Volume 

Vr X 10 ^ 

Diff. 

r dr 

rT 

Diff. 

700 

72.14 

1.21 

24.16 

7.119 

0.178 

2,458 

45 

.13453 

.00173 

705 

73.35 

1.21 

25.02 

7.301 

0.182 

2,415 

43 

.13625 

.00172 

710 

74.56 

1.21 

25.89 

7. ASS 

0.184 

2,372 

43 

.13796 

.00171 

715 

75.77 

1.21 

26.76 

7.672 

0.187 

2,330 

42 

.13966 

.00170 

720 

76.98 

1.21 

27.63 

7.863 

0.191 

2,289 

41 

.14134 

.00168 

725 

78.19 

1.21 

28.50 

8.057 

0.194 

2,250 

1 

39 

.14301 

.00167 

730 

79.40 

1.21 

29.36 

8.255 

0.198 

2,211 

39 

.14468 

.00167 

735 

80.61 

1.21 

30.23 

8.457 

0.202 

2,173 

38 

.14634 

.00166 

740 

81.82 

1.21 

31.10 

8.662 

0.205 

2,136 

37 

.14799 

.00165 

745 

83.04 

1.22 

31.97 

8.871 

0.209 

2,099 

37 

.14962 

.00163 

750 

84.25 

1.21 

32.84 

9.084 

0.213 

2,064 

35 

.15124 

.00162 

755 

85.46 

1.21 

33.71 

9.300 

0.216 

2,030 

34 

.15285 

.00161 

760 

86.68 

1.22 

34.58 

9.520 

0.220 

1,995.8 

34.2 

.15445 

.00160 

765 

87.89 

1.21 

35.45 

9.744 

0.224 

1,962.7 

33.1 

.15604 

.001.59 

770 

89,10 

1.21 

36.33 

9.972 

0.228 

1,930.4 

32.3 

.15762 

.00158 

775 

90.31 

1.21 

37.20 

10.204 

0.232 

1,898.9 

31.5 

. 15920 

.00158 

780 

91.53 

1.22 

38.07 

10.439 

0.235 

1,868.1 

30.8 I 

.16077 

.00157 

785 

i 92.75 

1.22 

38.95 

10.678 

0.239 

1,837.9 

30.2 

.16232 

.00155 

790 

93.97 

1.22 

39.82 

10.921 

0.243 

1,808.4 

29.5 

.16386 

.00154 

795 

95.18 

1.21 

40.69 

11.169 

0.248 

1,779.6 

28.8 

. 16540 

.00154 

800 

96.40 

1.22 

41.57 

11.421 

0.252 

1,751.4 

28.2 

.16693 

.00153 

805 

97.62 

1.22 

42.45 

11.676 

0.255 

1,723.7 

27.7 

.16844 

.00151 

810 

98.84 

1.22 

43.32 

11.936 

0.260 

1,696.6 

27,1 

.16995 

.00151 

815 

100.06 

1.22 

44.20 

12.200 

0.264 

1,670.1 

26.5 

.17145 

.00150 

820 

101.28 

1.22 

45.08 

12.469 

0.269 

1,644.2 

25.9 

.17295 

.00150 

825 

102.50 

1.22 

45,95 

12.742 

0.273 

1,618.8 

25.4 

.17444 

.00149 

830 

[ 103.72 

1.22 

46.83 

13.019 

0.277 

1,593.9 

24.9 

.17591 

.00147 

835 

104.94 

1.22 

47.71 

13.301 

0.282 

1,569.5 

24.4 

.17737 

.00146 

840 

1 106.16 

1.22 

48,59 

13.587 

0.286 

1,545.6 

23.9 

.17883 

.00146 

845 

107.39 

1.23 

49.47 

13.878 

0.291 

1,522.2 

23.4 

.18028 

.00145 

850 

108.61 

1.22 

50.35 

14.173 

0.295 

1,499.3 

22.9 

.18172 

.00144 

855 

109.83 

1.22 

51.23 

14.473 

0.300 

1,476.9 

22.4 

.18316 

.00144 

860 

111.05 

1.22 

52.11 

14,778 

0.305 

1,454.9 

22.0 

.18459 

.00143 

865 

112.28 

1.23 

53.00 

15.088 

0.310 

1,433.3 

21.6 

.18601 

.00142 

870 

113.51 

1.23 

53.88 

15.402 

0.314 

1,412.2 

21.1 

.18742 

.0014] 

875 

114.74 

1.23 

54.76 

15.721 

0.319 

1,391.5 

20.7 

.18883 

.00141 

880 

115.96 

1.22 

55.65 

16.045 

0.324 

1,371.2 

20.3 

.19023 

.00140 

885 

117.19 

1.23 

56.54 

16.374 

0.329 

1,351.2 

20.0 

.19162 

.00139 

890 

118.42 

1.23 

i 57.42 

16.708 

0.334 

1,331.6 

19.6 

.19300 

.00138 

895 

119.65 

1.23 

58.30 

17.047 

0.339 

1,312.5 

19,1 

. 19438 

.00138 
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TABLE 4*4 {Continued) 
Thermodynamic Properties of Dry Air 
(Keenan and Kaye, Trans, A,S.M.E., 1943, p. A 123.) 


Temperature 

R 

r 

Enthalpy 

Btu/lb 

h 

Diff. 

Internal 

Energy 

Btu/lb 

u 

Relative 

Pressure 

Pr 

DiflF. 

Relative 

Volume 

Vr X 10< 

Diff. 

c dT 
T 

Diff. 

900 

120.88 

1.23 

59.19 

17.391 

0.344 

1,293.7 

18.3 

.19575 

.00137 

905 

122.11 

1.23 

60.08 

17.740 

0.349 

1,275.3 

18.4 

.19711 

.00136 

910 

123.34 

1.23 

60.97 

18.095 

0.355 

1,257.2 

18.1 

. 19847 

.00136 

915 

124.57 

1.23 

61.86 

18.455 

0.360 

1 ,239.5 

17.7 

. 19982 

.00135 

920 

125.80 

1.23 

62.75 

18.820 

0.365 

1,222.1 

17.4 

.20116 

.00134 

925 i 

127.04 

1.24 

63.64 

19.191 

0.371 

1,205.0 

17.1 

.20250 

.00134 

930 

128.27 

1.23 i 

64.53 

19.567 

0.376 

1,188.2 

16.8 

.20383 

.00133 

935 

129.50 

1.23 

65.42 

19.949 

0.382 

1,171.8 

16.4 

.20515 

.00132 

940 

130.73 

1.23 

66.31 

20.336 

0.387 

1,155.6 

16.2 

. 20647 

.00132 

945 

131.97 

1.24 

67.21 

20.728 

0.392 

1,139.7 

15.9 

.20778 

.00131 

950 

133.21 

1.24 

68.10 

21.126 

0.398 

1,124.2 

15.5 

.20909 

.00131 

955 

134.45 

1.24 

68.99 

21.530 

0.404 

1,108.9 

15.3 

.21039 

.00130 

960 

135.69 

1.24 

69.89 

21.940 

0.410 

1,093.8 

15.1 

.21168 

.00129 

965 

136.93 

1.24 

70.79 

22.356 

0.416 

1,079.0 

14.8 

.21297 

.00129 

970 

138.17 

1.24 

71.68 

22, ns 

0.422 

1 ,064.6 

14.4 

.21425 

.00128 

975 

139.41 

1.24 

72.58 

23.205 

0.427 

1 ,050.4 

14.2 

.21552 

.00127 

980 1 

140.65 

1.24 

73.48 

23.639 

0.434 

1.036.4 

14.0 

.21679 

.00127 

985 

141.89 

1.24 

74.38 

24,079 

0.440 

1,022.6 

13.8 

.21805 

.00126 

990 

143.14 

1.24 

75.28 

24.525 

0.445 

1,009.1 

13.5 

.21931 

.00126 

995 

144.38 

1.25 

76.18 

24.977 

0.452 

995.9 

13.2 

. 22056 

.00125 

1,000 

145.62 

1.24 I 

77.08 

25.44 

0.463 

982.9 

13.0 

.22181 

.00125 

1,010 

148.11 

2.49 

78.88 

26.37 

0.93 

957.4 

22.5 

.22429 

.00248 

1,020 

150.60 

2.49 

80.69 

27.33 

0.96 

932.9 

24.5 

.22675 

.00246 

1,030 

153.10 

2.50 

82.50 

28.32 

0.99 

909.2 

23.7 

.22919 

.00244 

1,040 

155.60 

2.50 

84.31 

29.34 

1.02 

886.2 

23.0 

.23160 

.00241 

1,050 

158.10 

2.50 

86.13 

30.38 

1.04 

864.0 

22.2 

.23399 

.00239 

1,060 

160.60 

2.50 

87.95 

31.45 

1.07 

842.6 

21.4 

.23636 

.00237 

1,070 

163.11 

2.51 

89.77 

32.55 

I.IO 

821.8 

20.8 

.23871 

.00235 

1,080 

165.62 

2.51 

91.59 

33.68 

1.13 

801.7 

20.1 

.24105 

.00234 

1,090 

168.13 

2.51 

93.42 

34.84 

1.16 

782.2 

19.5 

.24337 

.00232 

1,100 

170.65 

2.52 

95.25 

36.02 

1.18 

763.4 

18.8 

.24567 

,00230 

1,110 

173.17 

2.52 

97.08 

37.24 

1.22 

745.1 

18.3 

.24795 

.00228 

1,120 

175.69 

2.52 

98.92 

38.49 

1.25 

727.4 

17.7 

.25021 

.00226 

1,130 

178.22 

2.53 

100.76 

39.77 

1.28 

710.2 

17.2 

.25245 

.00224 

1,140 

180.75 

2.53 

102.60 

41.09 

1.32 

693.6 

16.6 

.25468 

.00223 

1,150 

183.28 

2.53 

104.45 

42.44 

1.35 

677.5 

16.1 

.25689 

.00221 

1,160 

185.81 

2.53 

106.30 

43.82 

1.38 

661.9 

15.6 

.25909 

.00220 

1,170 

188.35 

2.54 

108.15 

45.23 

1.41 

646.7 

15.2 

.26127 

.00218 

1,180 

190.89 

2.54 

110.01 

46.68 

1.45 

631.9 

14.8 

.26343 

.00216 

1,190 

193.43 

2.54 

111.87 

1 

48,17 

1.49 

617.6 

14.3 

.26558 

.00215 
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TABLE 4»4 {Continued) 
Thermodynamic Properties of Dry Air 
(Keenan and Kaye, Trans, A,S.M.E,, 1943, p. A123.) 


Temperature 

R 

T 

Enthalpy 

Btu/Ib 

h 

Diff. 

Internal 

Energy 

Btu/Ib 

u 

Relative 

Pressure 

Pr 

Diff. 

Relative 

Volume 

Vr X 10^ 

Diff. 

f dT 
X! T 

Diff. 

1.200 

195.98 

2.55 

113.73 

49.69 

1.52 

603.8 

13.8 

.26771 

.00213 

1,210 

198.53 

2.55 

115.60 

51.25 

1.56 

590.3 

13.5 

.26983 

.00212 

1,220 

201.08 

2.55 

117.47 

52.85 

1.60 

577.2 

13.1 

.27193 

.00210 

1,230 

203.64 

2.56 

119.34 

54.48 

1.63 

564.5 

12,7 

.27402 

.00209 

1,240 

206.20 

2.56 

121.21 

56.15 

1.67 

552.1 

12.4 

.27609 

.00207 

1,250 

208.76 

2.56 

123.09 

57.86 

1.71 

540.1 

12.0 

.27815 

.00206 

1,260 

211.33 

2.57 

124.97 

59.61 

1.75 

528.4 

11.7 

.28019 

.00204 

1,270 

213.90 

2.57 

126.86 

61.40 

1.79 

517.0 

11.4 

.28222 

.00203 

1,280 

216.47 

2.57 

128.75 

63.24 

1.84 

506.0 

11.0 

.28424 

.00202 

1,290 

219.05 

2.58 

130.64 

65.12 

1.88 

495.3 

10.7 

.28625 

.00201 

1,300 

221.63 

2.58 

132.53 

67.04 

1.92 

484.8 

10.5 

.28824 

.00199 

1,310 

224.21 

2.58 

134.43 

69.00 

1.96 

474.6 

10.2 

.29022 

.00198 

1,320 

226.80 

2.59 

136.33 

71.01 

2.01 

464.7 

9.9 

.29219 

.00197 

1,330 

229,39 

2.59 

138.23 

73.06 

2.05 

455.1 

9.6 

.29414 

.00195 

1,340 

231.98 

2.59 

140.13 

75.16 

2.10 

445.7 

9.4 

.29608 

.00194 

1,350 

234.58 

2.60 

142.04 

77.31 

2.15 

436.5 

9.2 

.29801 

.00193 

1,360 

237.18 

2.60 

143.95 

79.51 

2.20 

427.6 

8.9 

.29993 

.00192 

1,370 

239.78 

2.60 

145.87 

81.75 

2.24 

418.9 

8.7 

.30184 

.00191 

1,380 i 

242.39 

2.61 1 

147.79 

84.04 

2.29 

410.5 

8.4 

.30373 

.00189 

1,390 

245.00 

2.61 

149.71 

86.38 

2.34 1 

402.3 

8.2 

.30561 

.00188 

1,400 

247.61 

2.61 

151.64 

88.77 

2.39 

394.3 

8.0 

.30748 

.00187 

1,410 

250.22 

2.61 

153.57 

91.21 

2.44 

386.5 

7.8 

.30934 

.00186 

1,420 

252.84 

2.62 

155.50 

93.71 

2.50 

378.9 

7.6 

.31119 

.00185 

1,430 

255.46 

2.62 

157.44 

96.26 

2.55 

371.5 

7.4 

.31303 

.00184 

1.440 

258.08 

2.62 

159.38 

98.86 

2.60 

364.2 

7.3 

.31486 

.00183 

1,450 

260.71 

2.63 

1 161.32 

101.52 

2.66 

357.1 

7.1 

.31668 

.00182 

1,460 

263.34 

2.63 

163.26 

104.23 

2.71 

350.2 

6.9 

.31849 

.00181 

1,470 

265.97 

2.63 

165.21 

107.00 

2.77 

343.5 

6.7 

.32029 

.00180 

1,480 

268.61 

2.64 

167.16 

109.83 

2.83 

336.9 

6.6 

.32207 

.00178 

1,490 

271.25 

2.64 

169.11 

112.71 

2.88 

330.5 

6.4 

.32385 

.00178 

1,500 

273.89 

2.64 

171.07 

115.66 

2.95 

324.2 

6.3 

.32562 

.00177 

1,510 

276.54 

2.65 

173.03 

118.66 

3.00 

318.1 

6.1 

.32738 

.00176 

1,520 

279.19 

2.65 

174.99 

121.72 

3.06 

312.2 

5.9 

.32913 

.00175 

1,530 

281.84 

2.65 

176.96 

124.85 

3.13 

306.4 

5.8 

.33087 

.00174 

1,540 

284.49 

2.65 

178.93 

128.04 

3.19 

300.7 

5.7 

.33260 

.00173 

1.550 

287.15 

2.66 

180.90 

131.29 

3.25 

295.1 

5.6 

.33432 

.00172 

1.560 

289.81 

2.66 

182.88 

134.61 

3.32 

289.7 

5.4 

.33603 

.00171 

1,570 

292.47 

2.66 

184.86 

137.99 

3.38 

284.4 

5.3 

.33773 

.00170 

1,580 

295-14 

2.67 

186.84 

141.44 

3.45 

279.2 

5.2 

.33942 

.00169 

1.590 

297.81 

2,67 

, 

188.82 

144.96 

3.52 

274.2 

5.0 

.34110 

.00168 
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TABLE 4-4 {Continued) 
Thermodynamic Properties of Dry Air 
(Keenan and Kaye, Trans, A.S.M,E.^ 1943, p. A 123.) 


Temperature 

R 

T 



■ 

■ 




c dT 

T 

Diff . 

1,600 

300.48 

2.67 

190.81 

148.55 

3.59 

269.3 

4.9 

.34278 

.00168 

1.610 

303.15 

2.67 

192.80 

152.21 

3.66 

264.4 

4.9 

.34445 

.00167 

1,620 

305.83 

2.68 

194.79 

155.93 

3.72 

259.7 

4.7 

. 3461 1 

.00166 

1,630 

308.51 

2.68 

196.78 

159.72 

3.79 

255.1 

4.6 

.34776 

.00165 

1,640 

311.19 

2.68 

198.78 

163.59 

3.87 

250.6 

4.5 

.34940 

.00164 

1 .650 

313.88 

2.68 

200.78 

167.54 

3.95 

246.2 

4.4 

.35103 

.00163 

1,660 

316.57 

2.69 

202.78 

171.56 

4.02 

241.9 

4.3 

.35265 

.00162 

1,670 

319.26 

2.69 

204.79 

175.66 

4.10 

237.7 

4.2 

.35427 

.00162 

1,680 

321.95 

2.69 

206.80 

179.83 

4,17 

233.6 

4.1 

.35588 

.00161 

1,690 

324.65 

2.70 

208.81 

184.08 

4.25 

229.5 

4.1 

.35748 

.00160 

1.700 

327.35 

2.70 

210.82 

188.4 

4.32 

225.57 

3.93 

.35907 

.00159 

1,720 

332.75 

5.40 

214.86 

197.3 

8.9 

217.94 

7.63 

.36223 

.00316 

1,740 

338.16 

5.41 

218.90 

206.5 

9.2 

210.63 

7.31 

.36536 

.00313 

1,760 

343.59 

5.43 

222.96 

216.1 

9.6 

203.62 

7.01 

.36846 

.00310 

1,780 

349.03 

5.44 

227.03 

226.0 

9.9 

196.90 

6.72 

.37153 

.00307 

1,800 

354.48 

5.45 

231.11 

236.3 

10.3 

190.46 

6.44 

.37458 

.00305 

1,820 

359.94 

5.46 

235.20 

246.9 

10.6 

184.29 

6.17 

.37760 

.00302 

1.840 

365.41 

5.47 

239.30 

257.9 

11.0 

178.37 

5.92 

.38059 

.00299 

1 ,860 

370.89 

5.48 

243.41 

269.3 

11.4 

172.68 

5.69 

.38355 

.00296 

1 ,880 

376.38 

5.49 

247.52 

281.1 

11.8 

167.22 

5.46 

.38648 

.00293 

1,900 

381.88 

5.50 

251.65 

293.3 

12.2 

161.97 

5.25 

.38939 

.00291 

1,920 

387.39 

5.51 ! 

255 . 79 

305.9 

12.6 

156.93 

5.04 

.39228 

.00289 

1,940 

392.91 

5.52 

259.93 

318.9 

13.0 

152.09 

4.84 

.39514 

.00286 

1,960 

398.44 

5.53 

264.09 

332.3 

13.4 

147.44 

4.65 

,39797 

.00283 

1,980 

403.97 

5.53 

268.26 

346.2 

13.8 

142.96 

4.48 

j 

.40078 

.00281 

2,000 

409.51 

5.54 

272.43 

360.6 

14.4 

138.65 

4.31 

.40357 

.00279 

2,020 

415.07 

5.56 

276.61 

375.5 

14.9 

134.50 

4.15 

.40633 

.00276 

2,040 

420.64 

5.57 

280.80 

390.8 

15.3 

130.51 

3.99 

.40907 

.00274 

2,060 

426.21 

5.57 

285.00 

406.6 

15.8 

126.67 

3.84 

.41179 

.00272 

2,080 

431.79 

5.58 

289.21 

422.9 

16.3 

122.97 

3.70 

.41449 

.00270 

2,100 

437.38 

5.59 

293.43 

! 439.7 

16.8 

119.40 

3.57 

.41716 

.00267 

2,120 

442.98 

5.60 

297.66 

457.1 

17.4 

115.96 

3.44 

.41981 

.00265 

2,140 

448.58 

5.60 

301.89 

475.0 

17.9 

112.65 

3.31 

.42244 

.00263 

2,160 

454.19 

5.61 

306.13 

493.4 

18.4 

109.46 

3.19 

.42505 

.00261 

2,180 

459.81 

5.62 

310.38 

512.4 

19.0 

106.38 

3.08 

.42764 

.00259 

2,200 

465.41 

5.62 

314.64 

532.0 

19.6 

103.40 

2.98 

.43021 

.00257 

2,220 

471.06 

5.63 

318.90 

552.1 

20.1 

100.53 

2.87 

.43276 

.00255 

2,240 

476.70 

5.64 

323.17 

572.8 

20.7 

97.76 

2.77 

.43529 

.00253 

2,260 

482.35 

5.65 

327.45 

594.2 

21.4 

95.08 

2.68 

.43780 

.00251 

2,280 

488.01 

5.66 

331.73 

616.2 

22.0 

92.49 

2.59 

.44029 

.00249 
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TABLE 4-4 {Continued) 
Thermodynamic Properties of Dry Air 
(Keenan and Kaye, Trans. A.S.M.E.y 1943, p. A123.) 


Temperature 

R 

T 

Enthalpy 

Btu/lb 

h 

Diff. 

Internal 

Energy 

Btu/lb 

u 

Relative 

Pressure 

Pr 

Diff. 

Relative 
Volume 
Vr X 10^ 

Diff. 

f dT 

r 

Diff. 

2,300 

493.67 

5.66 

336.02 

638.9 

22.7 

90.00 

2.49 

.44276 

.00247 

2,320 

499.34 

5.67 

340.32 

662.2 

23.3 

87.59 

2.41 

.44521 

.00245 

2,340 

505.02 

5.68 

344.62 

686.1 

23.9 

85.26 

2.33 

.44765 

.00244 

2,360 

510.70 

5.68 

348.93 

710.7 

24.6 

83.01 

2.25 

.45007 

.00242 

2,380 

516.39 

5.69 

353.25 

736.1 

25.4 

80.83 

2.18 

.45247 

.00240 

2,400 

522.09 

5.70 

357.58 

762.2 

26. 1 

78.72 

2.11 

.45485 

.00238 

2,420 

527.79 

5.70 

361.92 

788.9 

26.7 

76.69 

2.03 

.45722 

.00237 

2,440 

533.50 

5.71 

366.26 

816.4 

27.5 

74.72 

1.97 

.45957 

.00235 

2,460 

539.22 

5.72 

370.60 

844.7 

28.3 

72.81 

1.91 

.46190 

.00233 

2,480 

544.94 

5.72 

374.95 

873.8 

29.1 

70.96 

1.85 

.46422 

.00232 

2,500 

550.67 

5.73 

379.31 

903.6 

29.8 

69.17 

1.79 

.46652 

.00230 

2,520 

556.41 

5.74 

383.67 

934.2 

30.6 

67.44 

1.73 

.46880 

.00228 

2,540 

562.15 

5.74 

388.04 

965.6 

31.4 

65.76 

1.68 

.47107 

.00227 

2,560 

567.90 

5.75 

392.42 

997.9 

32.3 

64.13 

1.63 

.47333 

.00226 

2,580 

573.65 

5.75 

396.80 

1,031.0 

33.1 

62.55 

1.58 

.47557 

.00224 

2,600 

579.41 

5.76 

401.19 

1,065.0 

34.0 

61.03 

1.52 

.47779 

.00222 

2,620 

585.17 

5.76 

405.58 

1 ,099.8 

34.8 

59.55 

1.48 

.48000 

.00221 

2,640 

590.94 

5.77 

409.98 

1,135.6 

35.6 

58.11 

1.44 

.48219 

.00219 

2,660 

596.72 

5.78 

414.38 

1,172.3 

36.7 

56.72 

1.39 

.48437 

.00218 

2,680 

602.50 

5.78 

418.79 

1,210.0 

37.7 

55.37 

1.35 

,48654 

.00217 

2,700 

608.28 

5.78 

423.21 

1,248.6 

38.6 

54.06 

1.31 

.48869 

.00215 

2,720 

614.07 

5.79 

427.63 

1,288.1 

39.5 

52.79 

1.27 

.49083 

.00214 

2,740 

619.87 

5.80 

432.06 

1.328.6 

40.5 

51.56 

1.23 

.49295 

.00212 

2,760 

625.67 

5.80 

436.49 

1,370.1 

41.5 

50.36 

1.20 

.49506 

.00211 

2,780 

631.48 

5.81 

440.92 

1,412.7 

42.6 

49.19 

1.17 

.49716 

.00210 

2,800 

637.29 

5.81 

445.36 

1,456.3 

43.6 

48.06 

1.13 

.49924 

.00208 

2,820 

643.11 

5.82 

449.81 

1,500.9 

44.6 

46.97 

1.09 

.50131 

.00207 

2,840 

648.93 

5.82 

454.26 

1,546.6 

45.7 

45.90 

1.07 

.50337 

.00206 

2,860 

654.75 

5.82 

458.72 

1,593.5 

46.9 

44.86 

1.04 

.50541 

.00204 

2,880 

660.58 

5.83 

463.18 

1,641.5 

48.0 

43.86 

1.00 

.50744 

.00203 

2,900 

666.42 

5.84 

467.65 

1,690.6 

49.1 

42.88 

0.98 

.50946 

.00202 

2,920 

672.26 

5.84 

472.12 

1,740.8 

50.2 

41.93 

0.95 

.51147 

.00201 

2,940 

678.11 

5.85 

476.60 

1,792.2 

51.4 

41.01 

0.92 

.51347 

.00200 

2,960 

683.96 

5.85 

481.08 

1,844.8 

52.6 

40.11 

0.90 

.51545 

.00198 

2,980 

689.82 

5.86 

485.56 

1,898.7 

53.9 

39.24 

0.87 

.51742 

.00197 

3,000 

695.68 

5.86 

490.05 

1,954. 

55.3 

38,39 

0,85 

.51938 

.00196 

3,020 

701.54 

5.86 

494.54 

2,010. 

56. 

37.56 

0.83 

.52133 

.00195 

3,040 

707.41 

5.87 

499.04 

2,068. 

58. 

36.75 

0.81 

.52327 

.00194 

3,060 

713.28 

5.87 

503.54 

2,127. 

59. 

35.97 

0.78 

.52520 

.00193 

3,080 

719:16 

5.88 

508.05 

2.187, 

60. 

35.21 

0.76 

.52711 

.00191 
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The equation for an entropy change ds is given by 


ds 





RT 




R dp 

j 7 


(16) 


From equation 16 it is seen that the entropy of a gas is a function of 
both its pressure and temperature. Consequently, to compile a 
general table of entropy values requires calculating them at different 
temperatures for each constant pressure. In general, from equation 
16 the entropy above the base temperature Tq and base pressure po 
is given by 


5 


rT dT 


R p R p 

- - log* - = loge — 

./ Po J Po 


(17) 


In an isen tropic process, however, = 0 so that 


-dp — Cp dT 
or 

dp JcpdT 

— = (isen tropic process) (17a) 


If the subscript zero is used to designate the base condition for 
the gas table, then an isentropic process is given by 


P dT 

"Jo " RJn'' Y 


(18) 


From equation 18 it is seen that the pressure ratio p/po, termed 
the relative pressure, is a single-valued function of the temperature 
once the base temperature To has been designated. The same re- 
marks are applicable to the volume ratio v/vo, since for gases 

V Po T 

- = (19) 

Vo P To 


The base conditions for Table 4-4 are To = 400 R, />o = 1 psia, 
and Ao = 0; then the pressure ratio equation for an isentropic process 
reduces to 


loge^ 


J fT 

Rj 

■K •'400 


dT 

T 


( 20 ) 


For an isentropic process between the temperature limits Ti and Ta, 
the ratio of Pi and pa is equal to the ratio of the relative pressures 
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P\/P(^ = Pri and P 2 /P 0 *= Pt 2 * Similarly for the corresponding vol- 
ume ratios. The table lists the values of 10,000r/z^0f where v/vq is 
calculated from equation 19. 

A change in entropy between conditions 1 and 2 is determined from 
the table as follows. Using equation 7 

R P 2 

52 — ^1 = 4>2 ^ <t>i r log« — 

J Pi 

== <l>2- <i>i- 0.06854 loge — (21) 

Pi 

The value of the internal energy at any temperature T can be 
calculated from the enthalpy by means of the expression 

RT 

u ^ h -y Btu/lb 

At the base temperature of the table (400 R) the enthalpy has been 
set arbitrarily at the value zero. Hence at 400 R 

53.35 

^ = 0 X 400 = -27.42 Btu/lb 

778 

Hence, at the base temperature of the table, the values of the 
properties of air are as follows: 

To = 400 R, «o = -27.42 Btu/lb, feo = 0 Btu/lb 

C dT 

pr = 1.0, Vr = 10,000, and (f>o =J ^p — = 0 

Example. Air is compressed from 1 atm pressure and 520 R temperature to 
3 atm pressure. What work must be supplied to the compressor under the fol- 
lowing conditions: (a) compressor efficiency ijc 1.0; (6) compressor efficiency 
ife = 0.6? Also find (c) entropy change corresponding to (6). 

Solution. 

(a) T\ — 520 R, from Table 4-4, pr\ = 2.506, hi = 28.80 Btu/lb, and Pr 2 
- 3 X />ri = 3 X 2.506 == 7.518. 

Entering Table 4*4 at pr2 = 7.518 gives the temperature corresponding to an 
isentropic compression T 2 a = 711 R and hu * 78.16 Btu/lb. 

A/t/ isentropic compression work * 78.16 — 28.80 « 49.36 Btu/lb 

(h) ne “ 0.60 

«* Work of compression « 82.27 Btu/lb 

17c 0.6 

28.80 -f 82.27 « 111.07 Btu/lb 


Ta from Table 4*4 is 860 R. 
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(c) The entropy change is given by 

ho 

Ai = ^ <>i — 0.06854 loge — 

Pi 

— = 3.0 log. — ■= 1.09861 Ti = 520 R = 0.06297 

Pi Pi 

r2 = 860 R 4-2 - 0.18459 

Hence 

A5 - 0.18459 - 0,06297 - 0.06854 X 1.09861 
= 0.04635 Btu/lb F 

The entropy change can also be calculated from values of 4>2 and 4>2»- Thus 
From (o) at Tu 711 R the value of = 0.13824 
From (b) at 7'j » 860 R the value of <^2 = 0.18459 

As — 4>2 ^ 02 « = 0.04635 Btu/Ib F 


Example. A stream of air under steady state conditions enters a nozzle with 
a velocity of 100 fps, a pressure of 10 atm, and a temperature of 1500 R. The 
back pressure into which the nozzle discharges is 1 atm. Find: (d) the exit velocity 
of the jet, assuming unity velocity coefficient; (b) ratio of entrance area to dis- 
charge area. 

Solulion. 

(a) Ti == 1500 R, pri = 115.66, hi = 273.89 Btu/lb, ci = 100 fps, pz/pi » 1/10; 
hence pr 2 = 115.66/10 = 11.566. From Table 4-4 the following values are ob- 
tained for thermodynamic properties corresponding to Pr 2 =*= 11.566 

r 2 , = 804.84 R and * 2 . = 97.09 Btu/lb 

The work of isentropic expansion Ahi' is given by 

2 2 

AA,' = {In - * 2 .) = — ^ = 273.89 - 97.09 = 176.8 Btu/lb 

2gJ 

Hence 

Cj - V'2g/(176.8) + Cl* =■ 2978 fps 


(6) Area Ratio. From continuity, see Chapter 3, it follows that 


Hence 



-4 2^2 

G * 

SB — 

VI 

92 

Ai C2 V\ 

9rl C% 

A% C\ 92 

9r2 Cl 


From Table 4*4, Vri *■ 324.2 and Pti 1735.7 
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Example. A 5000-cu-ft tank contains air at - 60 psia and Ti = 1000 R. 
The air is discharged from the tank into the atmosphere through a nozzle, until 
the mass of air contained in the tank has been reduced to one-half its original 
value. Assuming that there are no heat or friction losses, so that the process is 
isentropic, find the pressure and temperature of the air remaining in the tank. 

Solution, From Table 4-4, T\ = 1000 R, Vri == 982.9, pr\ = 25.44, and p\ = 60 
psia. Since one-half the mass of gas still occupies 5000 cu ft, the final specific 
volume is twice the original. Thus 

Pa = 2i'i so that Vr 2 = 2rri == 1965.8 
The corresponding value for Pr 2 . — 9.722 and for = 764.5 R. 

• Q y 22 

^ = PiX^ = 60X = 22.87 psia 

pri 25.44 


8. Normal Air Table — Correction-Factor Method for Calculating 
Compression and Expansion Work 

In determining the work for a flow compression or expansion it 
is at times more convenient to use Table 4-5 than Table 4-4. Table 
4*5 can be used in conjunction with Fig. 9 for compressors and F'ig. 
10 for expansion processes. These figures present correction factors 
by which the perfect-gas values obtained by using Table 4-5 are 
corrected to take into account the variation of the specific heat of air 
with temperature. For normal air, assumed to be a perfect gas, the 
isentropic work corresponding to a flow compression AAc' is as given 
in Chapter 1 


AAc' = CpTiZc 


(for normal air) 


( 22 ) 


For air at moderate pressures and temperature the A.S.M.E. Power 
Test Code for compressors uses Cp = 0.243 Btu/lb F. 

AA/ = 0.243riZe Btu/lb (23) 

The corresponding isentropic work when the variation in specific 
heat with the air temperature is taken into amount is given by 

AAc' = 0.243ii:criZc Btu/lb (24) 

where Kc = correction factor from Fig. 9. 

Ze = ~ ^ Table 4 *5. 

Ti = inlet temperature, R. 


The actual work of compression, where rjc is the efficiency of the 
compression, is given by the equation 


AAc 


OMSKgTiZc 

nc 


Btu/lb 


(25) 



Correction factor K. 
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123456789 10 

Pressure ratio 

Fig. 9. Correction factor Kc vs. pressure ratio (compression processes). 
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Example. 
assuming tie 
12 . 0 ? 
Solution, 


What will be the temperature rise in a single-stage compressor, 
= 0.85 and Ti = 528 R, for pressure ratios fc varying from 1.5 to 

- 0.243 X 528 X KoX Zc 


The average value of Kc from Fig, 9 is 0.996. Hence the equation for isentropic 
compn-ession work is 

^hc• « 128.3Zc Btu/lb 


The results of the calculations are presented below. 


Tc 

Zc 

^hc' = 

128.3Zc 

A/fr = 
Ahc' 

Vc 

A/' 

Average 

Cp 

At 

F2 

1.5 

0.12159 

15.58 

18.35 

75.5 

0.2395 

76.6 

604.6 R 

2.0 

.21672 

27.80 

32.7 

134.4 

.2405 

136.0 

664 

2.5 

.29604 

37.95 

44.7 

184 

.2408 

186 

714 

3.0 

.3647 

46.70 

55.0 

226 

.2411 

228 

756 

3.5 

.4255 

54.55 

65.5 

269 

.2417 

243 

771 

4.0 

.4804 

61.60 

72.6 

298 

.2418 

288 

816 

5.0 

.5769 

74.0 

87.1 

358 

.2423 

359 

880 

6.0 

.6604 

84.7 

99.8 

412 

.2428 

411 

939 

8.0 

.8013 

102.6 

120.5 

497 

.2438 

496 

1014 

10.0 

.9187 

117.8 

138.7 

572 

.2448 

569 

1097 

12.0 

1.0203 

131.0 

154.0 

632 

.2456 

627 

1155 


A/' ** temperature rise based on constant Cp =* 0.243. 

A/ « temperature rise based on average Cp using Fig. 3. 

Zc ** from Table 4-5, 

Fa » < H- Fi, R. 

For an expansion process analogous equations can be derived. 
Thus the work of an isentropic expansion is given by 


Zt 

= 0,243TiKt (26) 

1 + 

where Ti = initial temperature of air, R. 

Zt = — 1; for values see Table 4*5. 

rt = P\/p2^ 
pi = initial pressure. 
p 2 =* final pressure. 

Kt “ correction factor for variation in specific heat of air; 
see Fig. 10. 

Similarly the work of an actual expansion, through a turbine of 
efficiency riu for example, is given by 


Aht =* Q,24:3TiKiifit 


1 +Z, 


(27) 
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Pressure ratio <P^/P2) 

Fig. 10. Correction factor Kt vs. pressure ratio for air (expansion processes). 


Example. A turbine operates on heated air. The inlet temperature is 1660 R, 
Pi * 5 atm, and ^>2 * 1 atm. The efficiency of the turbine is 0.875, and its 
mechanical efficiency ^ 0.98. Find the horsepower developed per pound of 
air flow per second and the final temperature. 





From Table 4-5, Zt « 0.5769. From Fig. 10, Kt « 1.013. 


£At - 0.243 X 1660 X 1.013 X 0.87S ?4^ = 131.2 Btu/lb 

1.5769 
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The actual output = Aht X Vm — 131.2 X 0.98 = 128.5 Btu/lb. 

Hp/lb sec = = 181.7 

Check using Table 4-4: Ti — 1660, hi = 316.57, Pri = 171.56, pr 2 = 171.56/5 
= 34.31, hi, = 166.44, Ti, = 1083, A/// = 316.57 - 166.44 = 150.13 Btu/lb, 
Aht = Aht' Xm = 150.13 X 0.875 = 131.2 Btu/lb (check), hi = hi - Aht 
= 316.57 - 131.20 = 185.37 Btu/lb. 

The final temperature from Table 4-4 is 

Ti = 1158.6 R 

Using the correction-factor method, the final temperature is determined as follows: 

, Aht 131.2 , 

Ai ~ = = 540 R drop in temperature 

0.243 0.243 ^ ^ 



Pressure ratio 

Fig. 11. Isentropic work of expansion vs. pressure ratio. 
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This assumes that Cp « 0.243 and is constant. This temperature drop is, therefore, 
approximate. The first approximation to the actual value of Cp is obtained by 
using the value of Cp from Fig. 3 for the average temperature based on A/' = 540 F. 
Thus (r 2 )av. “ 1380 and (Cp)av. = 0.2608; this gives M = 505. The next trial 
(Cp)av. = 0.2602, and finally A/ = 502 degrees. The final temperature is T 2 - 1660 
- 502 = 1158 R. 


For rough calculations the works of isentropic expansion and 
compression maybe taken directly from Figs. 11 and 12 respectively. 



L ,1- I 1 I I i I 

30.5 30.0 25.0 20.0 15.0 10.0 5.0 0 

Altitude, thousands of feet 

Fig, 12. Isentropic work of compression as a function of initial temperature (or 
altitude) for different pressure ratios. 
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Chapter Five 


AIRPLANE PERFORMANCE 
CALCULATIONS 


i. Introduction 

This chapter discusses the factors governing the basic performance 
characteristics of the airplane and presents procedures for estimating 
its performance characteristics. Sufficient aerodynamic theory is 
introduced to give a physical understanding of the equations and 
the principles involved. In developing the subject matter the refer- 
ences given at the end of the chapter have been used freely. 

Principal Notation 

a = acoustic velocity, fps. 

AR — {kb)^/S = geometrical effective aspect ratio. 

ARe — eAR ^ eb^/S = virtual aspect ratio = 1). 
be = eb^. 

b = wing span, ft. 

C = chord length, ft, or climb speed, in fpm, as indi- 
cated in text. 

Cd = drag coefficient ~ 391Z>/<rF^5 (F in mph). 

Cdi = induced drag coefficient = Cj^/'kAR, 

Cdt = proper drag coefficient. 

Cup = parasite drag coefficient. 

Cbp^ = effective parasite drag coefficient. 

Cl, = lift coefficient = 391IF/<rF^5 (F in mph). 

D = drag in level flight, Ib. 

Di = induced drag, lb. 

Did = minimum drag for level flight, lb. 

e = airplane efficiency factor (Oswald). 
eb^ =s AReS = (effective span)^, ft^. 

/ =* equivalent parasite area » CopJSt ft^. 

• Ft = thrust factor - l/VS' ■= 1.772 b/W{elf)^. 

Fv = speed factor - - 1/14.85 
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K = or//391 lb hrVmi^. 

= UA.S/aeiW/bf lb miVhr^. 

Kp = ^oA = kinematic viscosity ratio for air. 

L = lift of wings, Ib. 

Ip = W/f = parasite loading, psf. 

/» = W/eh^ = effective span loading, psf. 

(L/Z7)max. = maximum value of lift-drag ratio for airplane. 

M « Mach number. 

Mcr = critical Mach number = the free stream Mach 
number at which sonic velocity is attained on the 
wing. 

P = power, ft-lb/min or hp as specified in text. 

Pa = power available. 

Pr = power required. 

Pc ^ Pa Pr ^ excess power. 
p = pressure, psf. 

pud = pressure of undisturbed stream, psf. 

Pt = pud = stagnation or total pressure, psf. 

g = = dynamic pressure, psf (F in fps). 

R = range, mi. 

Re = Reynolds number. 

S = wing area, sq. ft. 

3 == thrust, lb. 

3n = net thrust, lb. 

3w = minimum thrust for level flight, lb. 

V == true air speed, fps or mph, as indicated in text. 
Fniin. = minimum speed. 

Vg = stalling speed. 

Vid = speed for minimum drag. 

Vc = speed for maximum rate of climb. 

Vma^x, = maximum airplane speed, neglecting compressi- 
bility. 

W = gross weight, lb. 
w = W/S « wing loading, psf. 

Greek Symbols 

p = air density, slug/ft^. 

Po =* air density at sea level = 0.002378 slug/ft^. 
u n p/po * density ratio. 
f! *» efficiency. 
np propulsion efficiency. 

V »* kinematic viscosity of air, ft^/sec. 
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pq = kinematic viscosity of air at sea level. 

a == angle of attack. 

fi = absolute viscosity = pp. 

P == Mach angle. 

V? = 3/<r3o = thrust factor. 

2. Forces Acting on the Airplane 

The operating principle of all aircraft stems from the property of a 
thin inclined flat plate to provide a lifting force when moved hori- 
zontally through the air.^ Experiments show that the forces exerted 

by a fluid upon a body immersed in it de- 
pend only upon the physical characteris- 
tics of the fluid and its velocity relative 
to the body (see Chapter 1, Section 2). 
Consequently, the experimental measure- 
ments of aerodynamic forces are made in 
a wind tunnel wherein the body is held 
stationary and the air is blown past it. 

An airplane in flight is acted upon by 
the forces due to gravitational attraction 
and those due to aerodynamic effects.^ 
The resultant of the gravitational forces 
can be represented by a single force, equal 
to the weight of the airplane, acting verti- 
cally downward through the center of 
gravity {eg). The air reactions may be 
represented by three mutually perpen- 
dicular forces acting through the eg and three moments acting around 
the axes formed by the lines of action of the aforementioned forces. 

For the purposes at hand, it is assumed that the controls are ad- 
justed to maintain the airplane in steady rectilinear flight, which 
means that there is no acceleration. Consequently the resultant 
of all the external forces and the resultant moment or couple are 
equal to zero. It is also assumed that the airplane is symmetrical 
about the plane AB\ see Fig. 1. It is further assumed that the 
resultant air reaction and the force due to gravity lie in the plane 
of symmetry. 

When the flight speed is constant, the flight path, with reference 
to the horizontal, may be inclined upward, indined downward, or 
horizontal.^ If the propulsion force is zero, then the only steady 
flight possible in still air is the steady descent; i.e., the flight path is 
inclined downward. When the aitplane is being propelled in steady 


A 



B 

Fig. 1. Plane of symmetry 
of an airplane. 
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flight the flight path is, in general, either a steady climb or hori- 
zontal. 

Figure 2 is a free-body diagram for the forces acting upon an air- 
plane in steady climb. The angle made by the flight path is denoted 
by and the speed of the airplane along the flight path is V. For 
simplicity the thrust 3 developed by the propulsion system is assumed 
to act along the flight path. For a conventional airplane 3 is the 




Fig. 2. Forces acting on an airplane in steady rectilinear flight. 

propeller thrust, and for a jet-propelled airplane it is the reaction 
force of the gaseous jet. 

Four forces, therefore, act upon the airplane: the drag Z>, lift i, 
weight W, and propulsion thrust 3. The vector sum of these four 
forces, or of their components in any direction, must be equal to zero. 

J. Equilibrium Equations 

Because of the assumption of equilibrium, the sums of the forces 
acting perpendicular and parallel to the flight path must each be 
zero. Acting perpendicular to the flight path are the lift L and the 
weight component WcosB. Acting par^lel to the flight path are 
the drag A the weight component W sin 0, and the thrust 3. Hence 

L — W cos 0 ^ 0 or L ^ W cos $ (1) 

D ^ W^e ^0 or 3*2? + IF sin (2) 


and 
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The climb angle B is ordinarily less than 20°, and for that value 
cos B == 0.93969. Consequently, it is sufficiently accurate to assume 
that cos ^ = 1 and sin ^ = 0. Substituting these values for cos B 
and sin B in equations 1 and 2, respectively, reduces them to L ^ W 
and 3 = The weight and speed of the airplane are related by 
equations 3 and 4. 


L = TT = Cl^S = ^pV^Ci^ (F in fps) 

(3) 

From equation 3 


W 2w 

(4a) 

or 


391w 

Cl = (V in mph) 

(tV^ 

(4b) 

where w = W/S is the wing loading of the airplane in 
square foot, and a = p/po- 

pounds per 

From equation 3 the following expression for the speed of an air- 
plane in terms of the lift coefficient the wing loading w, and the 

density of the air p is obtained. 


\2w 

V^y^-r fps 
pCl 

(5a) 

The airplane speed V can be expressed in terms of the density ratio a 

by introducing the sea-level value for the density of air (po 
slug/ft^). Then, the true air speed V is given by 

= 0.002378 

o 

Os 

CM 

ii 

(56) 

or 

/ w 

V = 19.77 \ mph 

(5c) 


Values of VT/a are given in Table 1*6. 

From equation 3 it is apparent that the lift is directly proportional 
to the density of the air. Consequently, to maintain the same lift 
and attitude at higher altitudes, the airplane must travel at higher 
speeds. 

The minimum speed, Fniin., at which an airplane can fly in steady 
rectilinear flight depends upon the maximum value of its lift co- 
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efficient Thus 

= 391 - ”'2 (V in mph) 

» min. 

or 

F^in. = F. = 19.77 (F in mph) 

^max. 

The minimum speed, Fmin., is called the stalling speed and is 
denoted by Fa. The stalling speed corresponds to the landing speed 
without power. 

The wing loading w used in equation 6 is the total weight of the 
airplane divided by the net wing area. It does not include that por- 
tion of the wing intercepted by the fuselage. At small angles of 
attack the lift is comparable to that obtainable from a wing extend- 
ing through the fuselage. At large angles of attack, however, the 
lift obtained is substantially that due to the net wing area. For a 
fuller discussion of the effect of wing arrangement and fairing, the 
reader is referred to N.A.C.A. Tech. Report 540. 

4. Power Relationships 

Refer to equation 2, and multiply each side by the speed of the 
airplane F. Thus 

DV+WV sin 6 ft-lb/sec (6r) 

The product 3F is termed the thrust power and is the useful work 
furnished by the propulsion plant. In the conventional airplane the 
thrust power is supplied by the engine-driven propeller. The engine 
delivers the propulsion power ^ P, which is equal to its brake horse- 
power, but because of inherent losses in the operation of the pro- 
peller a portion of the propulsion horsepower is lost. The propulsion 
power minus the losses entailed in converting it into propulsion thrust 
is the power available Pa or thrust horsepower (see Chapter 2). 
Thus, if rip is the propulsion efficiency of the propeller, then the 
power available Pa for propelling the airplane is given by 

(Finfps) (7o) 


(Fin mph) {lb) 


or 


3F 

Pa = VpP ® hp 

550 ^ 


5F 

hp 

375 


(6a) 


Pa ^ “flpP 
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The first term on the right-hand side of equation 6c, that is DV, 
represents the power required Pr to keep the airplane in level flight, 
D being the total drag of the airplane. Hence 


or 


DV 
~ 550 

hp 

(Fin fps) 

(8a) 

DV 

Pr = 

375 

hp 

(Fin mph) 

(85) 


The drag of the airplane can be represented by an equation analo- 
gous to the lift equation 3. Thus 


/? = 3 = CoqS = IpV^CdS (9) 


wheiile Cd is the drag coefficient for the complete airplane; the reader 
is referred to Chapter 1, where this equation was derived by dimen- 
sional analysis. Combining equations 8 and 9, the following equa- 
tions for the power required are obtained. 


or 


Pr 

Pr 


DV hVKnS ^ 

~ hp 

550 550 

pV^CnS opoV^CdS 
350 ~ 350 


( F in fps) 
hp (Finmph) 


(10a) 

(106) 


It is seen from the above equations that the power required to 
overcome the drag of the airplane increases with the cube of its speed 
and directly as the density of the air. Substituting the value of the 
sea-level density po into the above equations, the power-required 
equation becomes 

oV^CdS 

For a fixed attitude, increasing the power available above that 
required for level flight does not cause the airplane to fly faster in 
horizontal flight, but to climb, the rate of dimb depending upon the 
magnitude of the difference Pa — Pr- Conversely, if the power 
available is reduced below that of the power required the airplane 
glides down until the work done by the falling airplane equals the 
difference Pr — Pa w its equivalent {DV — Pa)- 

If Pa exceeds DV at any fixed attitude, horizontal flight can be 
reestablidied by redudng the thrust developed by the propulsion 
system. With a fixed attitude there is only one speed at each altitude 
that gives level flight. 
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5. Rate of Climb 

Let A be the altitude of the airplane at any instant; then, since 
the term V sin 6 in equation 6c is equal to dh/dt, this term gives the 
rate at which the airplane is climbing. Hence equation 6c becomes 

Wdh 

^ 3V- DV ft-Ib/sec (12) 


and the rate of climb for the airplane is given by 

dA _ 3F-DF 
di “ W 


fps 


If Pa and Pr are in horsepower, the last equation becomes 

dh SSO(Pa-Pr) , 

— « = 550 — fps 

dt W W 


(13) 


(14) 


where = (Pa ~ Pr) Is termed the excess horsepower. It is obvious 
that the maximum climbing rate for the airplane coincides with the 
maximum value for the excess horsepower. 


6. Drag of Airplane 

In equation 8, which gives the power required for horizontal 
flight, the drag D is the resistance of the complete airplane and in- 
cludes the drags of all the components— the wings, nacelles, fuselage, 
radiators, etc. The total drag of the airplane is usually divided into 
the parasite drag and the induced drag of the wings. 

In the older literature, the parasite drag is defined as that portion 
of the total drag of the airplane not associated with the lifting 
elements, that is, all drags except wing drag. 

(a) Drag of the Wings. The wing drag is denoted by Di. This 
drag is divided into two components, the profile drag Dq and the 
induced drag Di, The profile drag consists of the resistance due to 
skin friction, shearing stresses in the boundary layer, and a part 
of the pressure drag due to eddies in the wake of the slipstream 
passing over the wing. The magnitude of the profile drag is a func- 
tion of the angle of attack of the wing and is expressible as a function 
of the lift coefficient Ct- As stated above, the profile drag Z>o is 
classified in the modem literature as a part of the total parasite drag 
of the airplane.^ 

The drag of the wings Di is, therefore, given by 

Di «« J?o + 


(IS) 
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The induced drag A is an aerodynamic resistance resulting from 
the wings’ having a finite length (or aspect ratio), which causes circu- 
latory flow around the wing (see Chapter 2) to produce downwardly 

directed trailing vortices at its 
tips as illustrated in Fig. 3. The 
kinetic energy to maintain these 
vortices must be supplied by 
the propulsion system and con- 
sequently subtracts from the 
power available for rectilinear 
flight. These trailing vortices 
produce the same effect as an 
increase in frictional resistance 
or drag.® 

The physics of the situation can be explained in elementary terms 
as follows.^ ® The pressure acting on the under side of the wing, 
being higher than that on the top surface, causes the air to flow from 
under the wing over the wing tips. The net result is that the entire 
slipstream is given a virtual downward component, as illustrated in 
Fig. 4. This causes the relative air velocity to become directed down- 
ward with the so-called induced angle of attack a^, 
which has the effect of a reduction in the angle of 
attack relative to the resultant air-velocity vector 
and gives the lift force a virtual rotation in the 
direction of motion. The phenomenon of induced 
drag arises purely from hydrodynamic considera- 
tions and would be present even if the air were an 
inviscid fluid.^ 

The magnitude of the induced drag coefficient Cui depends upon 
the lift coefficient and the effective aspect ratio of the wings AR. 
Thus, for monoplanes, 



Fig. 4. Effect of 
induced drag on 
angle of attack. 



^ Cij^S Cl® 
~ tAR 


(16) 


where b is the wing span and 5 the projected area of the 
wings. 

The induced drag can be expressed in terms of the weight and 
speed of the airplane by substituting for the lift coefficient from 
equation 4. Thus 

2W^ 2W^ 

Di » 


pV^SwAR pV^wb^ 


(F in fps) 


(17) 
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If the airplane speed is given in miles per hour, then equation 17 
becomes 

124.5 


It is apparent from equation 18 that for a given airplane at a 
specified altitude the induced drag varies inversely as the square of 
the flight speed. The higher the speed, the smaller the induced drag. 

The power required to overcome the induced drag will be denoted 
by Pri and is given by 


DjV 

375 


0.332 /WS^ 
Va \T/ 


(F in mph) 


(19) 


Equation 19 shows that the power consumed in overcoming in- 
duced drag decreases with the flight speed but increases with the 
altitude. 

(b) Parasite Drag. The parasite drags other than the profile drag 
of the wings Dq are usually subdivided into (a) those having magni- 
tudes which vary with the angle of attack and {b) those which are 
independent of the angle of attack. 

The parasite drags belonging to category (a) above are the drags 
of those components having square or rectangular cross sections: 
nacelles, hulls, floats, tail surfaces, fuselages, etc. The drag coeffi- 
cient applicable to this form of parasite drag is called the proper drag 
coefficient Cdv and is defined by 

^D 

Cdtt = = Proper drag coefficient (20) 

where AD = the drag contributed by the part in question to the total 
parasite drag. 

Sjr = the proper area of components. For nacelles, fuselage, 
etc., it is the total projected frontal area of the part 
including any wing area covered by it. 


The drags of those components that are independent of the attack 
angle are defined in terms of a drag coefficient /, which has the 
dimensions of an area,^ thus 

^2 

y rr — = Equivalent parasite area (21) 

Q 

where D 2 « parasite drag of component, lb. 

g » SB dynamic pressure, Ib/ft^. 
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Example. An airplane has wing area of 1000 The wing profUe drag coefficient 

Cdo =* 0.010. The projected frontal area of fuselage is 100 ft*, and its proper drag 
coefficient Cihr = 0.08. The tail surface is 150 ft*, and its proper drag coefficient 
is 0.0075. The nacelles add an equivalent parasite area / = 5.0 ft*. Find the 
parasite drag coefficient of the complete airplane. 

Solution. 


Wing profile drag 

1000 X 0.010 

X q 

= 10^ 

Fuselage proper drag 

100 X 0.08 X 

5 

«8(z 

Tail surface proper drag 

150 X 0.0075 

Xq 

= lA25q 

Nacelle drag 

5.0 X ff 


5= 5q 


Total drag 


- 24.1 2Sg 


_ Total drag 24.125 


7 . Effect of Altitude on the Power Required and Flight Speed 

The horsepower required to maintain the airplane in level flight 
at any speed was shown to be 

DV 

Pr ^ — (Finmph) 


where the drag D is defined by 


D ^ Dj, 


Cl^qS 

7r.4i? 


where Dp is the total parasite drag, including the profile drag of the 
wings. For a fixed attitude of the airplane, the required power Pr 
is a function of both the flight speed and the altitude. The manner 
in which Pr varies with speed and altitude is determined from the 
following considerations.’ 

Since the lifting force L is equal to the airplane weight TF, it is a 
constant for level flight at all altitudes. These two numerically equal 
forces are given by equation 3. For a fixed attitude the factors S 
and Cl in that equation have the same values regardless of the 
altitude. Since the force TF == L is also independent of altitude, to 
maintain level flight the dynamic pressure q must have the same 
magnitude at all altitudes. The speed of the airplane at any altitude 
is given by equation Sa, and, if the subscript zero is used to denote 
sea-level conditions, the sea-level speed is 


Fo 


I 2W 

PoCi>S 


and the ratio of the speed F at any altitude to the sea4evel speed Fo 
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is determined from the ratio V/Vq. Thus, letting <r « p/po» the 
speed at any altitude is given by 



It is seen from equation 22 that with a fixed attitude the speed at 
any altitud e is equal to the speed for level flight at sea level multi- 
plied by l/cr. 

The characteristics of the power required for level flight are deter- 
mined in a similar manner.’ For a fixed attitude the glide ratio for 
the airplane {L/D) is independent of the altitude. Hence the drag D 
has the same magnitude at altitude that it has at sea level. If DqVq 
is the power required for level flight at sea level, the power required 
at altitude is DqV,^ Hence, from equation 9 and the considerations 
discussed above it follows that the power required at altitude is 
given by 

DoV^DoVoJ- (23) 

^<r 

Equation 23 shows that the required power at altitude for the 
condition where Cx, = constant is the product of the sea-level power 
and Vl/flT. 

8. Effect of speed on the Drag of an Airplane 

It is shown in reference 10 that the drag of a moving body sub- 
merged to a great depth in a fluid is given by 

D = pV^S<({a, R„ n, ra • . • ] (24) 

where a = angle of attack. 

Rt — Vlp/p == Reynolds number. 

M = V/a = Mach number. 

Z = a characteristic length for the body. 
a — acoustic velocity, fps. 

V = relative velocity of fluid to body. 

5 = a characteristic area of the body. 

ft, fa •• • denotes certain scale ratios of length and velocity. 

^ ' denotes that a functional relationship exists between the 

parameters enclosed by the brackets. 

The above equation is applicable to die motion of an airfoil through 
the air of the atmosphere or to a moving airplane, since the latter 
can be replaced by an equivalent airfoil. 
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For an airfoil moving with a constant speed the drag coefficient 
Cd and the lift coefficient Cl are functions of the angle of attack a. 
These coefficients are also functions of the Reynolds number R^. In 
evaluating the Reynolds number the chord length of the airfoil C ft 
is taken as the characteristic length.^® Thus, at standard sea-level 
conditions 

VCp 

1 == 6.378 FC (F in fps) (25a) 

or 

Re = 9.3S4FC (Fin mph) (256) 

At altitudes other than sea level the Reynolds numbers are ob- 
tained by multiplying the sea-level values by the ratio of the 
kinematic viscosity of air at sea level to its value at the altitude in 
question. Thus 

Re - t,inVCK, (Fin fps) (26a) 

where = vq/v. 

If F is in miles per hour the Reynolds number at any altitude is 
given by 

Re = 9,354 FCiC, (Fin mph) (266) 

Values of the kinematic viscosity ratio for air as a function of 
altitude are presented in Fig. 5. 



0 10,000 20,000 30,000 40,000 50,000 60,000 

Altitucle, feet 

Fig. 5. Kinematic viecoeity ratio for air as a function of altitude. 
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The effect of the Reynolds number on the lift and drag coefficients 
is termed the scale effect; it is used in adapting the data obtained 
from testing models in the wind tunnel to the full-size object. From 
Fig. 5 it is apparent that as the altitude is increased the Reynolds 
number at the same flight speed decreases. 

The effect of increasing the Mach number is discussed in subse- 
quent sections. 


9 . Effect of Speed on Dynamic Pressure 

When a body moves through air at the low speeds, the air can be 
assumed to behave as an Incompressible fluid. This assumption is 
valid, however, as long as the speed of the propelled body is small 
compared to the acoustic-velocity of the surrounding medium. 

The effect of speed upon the dynamic pressure, by virtue of the 
change in air density, can be deduced by the methods used in refer- 
ences 4 and 5. Thus, if the Bernoulli theorem is applied first to a 
point remote from a stationary body with air flowing past it with 
the relative velocity F, and then to a point on the body where the 
air is brought to rest, the total pressure pt is given by 

pt = pud + (27) 

When the air is assumed to be an incompressible fluid the equation 
for the dynamic or stagnation pressure is 

q = (28) 


When the compressibility of the air is taken into account it can 
be shown (reference 5, p. 226) that with isentropic compression the 
dynamic pressure equation is 


2' 


— Pud 



Pud F ud 
^Pud 



(29) 


where Vud = velocity of air in undisturbed region. 
pud = pressure in undisturbed air stream, 
g' = dynamic pressure based on isentropic compression of 
the air. 


To compare equation 29 with the incompressible case, equation 28, 
expand equation 29 by the binomial theorem. Thus 


or 


Pud 
Pud F 


^ ^ PudVud^ 


-(- 

2k\ 


( 


2pud 

P^VJ^ 

1 + — +• 


2pud 

) 


- 1 


( 30 ) 
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Introducing the acoustic velocity Oud and Mach number Mud* for 
the undisturbed stream, then from Chapter 3 


o ^Pud 

aud = 

Pud 


and = 


2 

^ud 


Then equation 30 becomes 

. Pud V ud 

3 = — — 


( 


Mu/ 

1 +-— +■ 


) 


(31) 


From equation 31 the error introduced in the dynamic pressure 
equation by neglecting the term M^d^/A is readily calculated. It is 
seen that, at the Mach number Mud = 0-5, the error due to neglect- 
ing compressibility is 6.25 per cent. 



Air speed, V in fps 


Fig. 6. EiTect of speed on the stagnation pressure and density of air at sea level. 


Table 5 • 1 presents values of the stagnation pressure for air com- 
ing to rest from different speeds, assuming incompressibility in one 
case and adiabatic compression in the other. From the table it is 
seen that the assumption of incompressibility introduces an error 
of approximately 1 per cent for a speed of 280 fps. Figure 6 illus- 
trates the effect of speed on the density of the air brought to rest 
with adiabatic compression. 


10. Effect of Compressibility on Lift and Drag Coefficients 

It is customary to express the lift and drag for an airfoil in terms 
of the quadratic formulas used for incompressible fluids even where 
the effect of the compressibility of the fluid medium cannot be 
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TABLE 5 1 


Pressure of Air Coming to Rest from Various Speeds 

N.A.C.A, Tech, Report 316 


Barometric Pressure plus 


Impact Pressure in 

Air Standard Atmospheres Impact Pressure Ib/ft* 


Speed 

fps 

Incompressible 

Adiabatic 

Incompressible 

^ 

Adiabatic 

0 

1.00000 

1.00000 

0.000 

0.000 

10 

1.00005 

1.00005 

0.119 

0.119 

20 

1.00022 

1.00022 

0.476 

0.476 

30 

1.00050 

1.00050 

1.070 

1.070 

40 

1.00089 

1.00089 

1.903 

1.903 

50 

1.00140 

1.00140 

2.973 

2.975 

60 

1.00202 

1.00202 

4.281 

4.285 

70 

1.00275 

1.00275 

5.827 

5.833 

80 

1.00359 

1.00360 

7.611 

7,621 

90 

1.00455 

1.00455 

9.633 

9.649 

100 

1.00561 

1.00562 

11.892 

11.916 

no 

1.00679 

1.00681 

14.390 

14.424 

120 

1.00808 

1.00811 

17.125 

17.174 

130 

1.00949 

1.00952 

20.098 

20.166 

140 

1.01101 

1.01105 

23.308 

23.401 

150 

1.01264 

1.01269 

26.758 

26.877 

160 

1.01438 

1 . 0 ia 5 

30 . a 4 

30.600 

170 

1.01623 

1.01633 

34.368 

34.567 

180 

1.01820 

1.01832 

38.530 

38.784 

190 

1.02028 

1.02042 

42.931 

43.242 

200 

1.02247 

1.02265 

47.569 

47.952 

210 

1.02477 

1.02499 

52 . 4 a 

52.909 

220 

1.02719 

1.02745 

57.558 

58.119 

230 

1.02971 

1.03003 

62.909 

63.580 

240 

1.03236 

1.03273 

68.500 

69.293 

250 

1.03511 

1.03555 

74.327 

75.263 

260 

1,03797 

1.03849 

80.392 

81.488 

270 

1.04095 

1.04155 

86.694 

87.966 

280 

1.04404 

1.04474 

93.234 

94.708 

290 

1.04724 

1.04804 

100.01 

101.71 

300 

1.05056 

1.05148 

107.03 

108.97 

310 

1.05398 

1.05503 

114.28 

116.50 

320 

1.05752 

1,05872 

121.78 

124.30 

330 

1.06118 

1,06252 

129.51 

132.36 

340 

1.06494 

1.06646 

137.47 

140.69 

350 

1.06882 

1.07052 

145.68 

149.30 

360 

1.07280 

1.07472 

154.12 

158.17 

370 

1.07691 

1.07904 

162.80 

167.32 

380 

1.08112 

1.08350 

171.72 

176.75 

390 

1.08545 

1.08808 

180.88 

186.47 

400 

1.08988 

1.09281 

190.27 

196.46 

410 

1.09443 

1.09766 

199.91 

206.74 

420 

1.09910 

1 . 10266 

209.78 

217.31 

430 

1 . 10388 

1.10779 

219.89 

228.17 

440 

1.10876 

1.11305 

230.22 

239.30 

450 

1.11376 

1.11846 

240.81 

250.76 

460 

1.11888 

1.12401 

251.65 

262.50 

470 

1.12410 

1,12970 

262.69 

274.55 

480 

1.12944 

1 . 13553 

274.00 

286.89 

490 

1.13489 

1.14151 

285.54 

299.55 

500 

1.14045 

1.14763 

297.30 

312.50 

550 

1.16994 

1.18051 

359.73 

382.10 

600 

1.20225 

1.21728 

428.12 

459.94 

700 

1.27528 

1.30342 

582.71 

642.28 

800 

1.35955 

1.40813 

761 . 10 

863.93 

900 

1.45506 

1.53392 

963.27 

1130.2 

1000 

1.56180 

1.68372 

1189.2 

ia 7.3 

1100 

1.67978 

1.86121 

1439.0 

1823.0 

1200 

1.80899 

2.07050 

1712.5 

2266.0 

1300 

1 . 949 a 

2.31650 

2009.8 

2786.8 

1400 

2.10113 

2.60489 

2330.9 

3397.2 

1500 

2.26405 

2.94219 

2675.7 

4111.2 
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ignored. The lift a,nd drag coefficients for an airfoil calculated on the 
aforementioned basis are plotted as a function of the Mach number 
in Fig. 7. In that figure it is seen that as the Mach number is raised 

from 0.3 to 0.5 the lift and drag 
coefficients increase rather slowly. 
Increasing M above 0.5 produces 
larger rates of increase in the 
values of C^and Cdo until the value 
M approximately 0.7 is reached. 
Further increase in M results in a 
rapid decrease in Cl and a large 
increase in Cdq. The rapid increase 
in drag coefficient above M = 0.6 
is attributed to the fact that the 
air passing over the top surfaces of 
the airfoil attains local sonic and 
supersonic velocities. 

11. Pressure Disturbances in Com-- 
pressible Fluids 

The essential difference in the 
flow phenomena accompanying 
subsonic and supersonic velocities 
can be explained in a simple manner.® Thus, consider the motion of 
a spherical sound wave emanating from the source designated as O 
in Fig. 8, and assume that the fluid surrounding the source of dis- 
turbance is at rest prior to the creation of 
the disturbance. 

The center O becomes the source from 
which sound waves are propagated in all 
directions with the acoustic velocity, and 
each sound wave, moving with a constant 
speed, traverses an equal radial distance 
in the same time interval /. The result is 
a spherical wave of radius a/, where a is 
the acoustic velocity. 

Now consider a body traveling with 
subsonic speed in a fluid. As each point 
of the body contacts previously undis- 
turbed fluid it becomes a source of pressure disturbances. Its effect 
is similar to that described for the sound source illustrated in Fig. 8. 
The pressure disturbances created by each point of the body are 



Fig. 8. Propagation of sound 
waves from a point source. 



0.3 0.4 0.5 0.6 0.7 0.8 0.9 
Mach number ^ 

Fig. 7. Effect of compressibility on 
lift and drag coefficients. (Reproduced 
from J. Stack, N.A,C.A.r,R. 492, 
1934.) 
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propagated through the fluid with the local sonic velocity, which is 
a constant if the fluid medium is assumed to be homogeneous and at 
a constant temperature. 

Refer to Fig. 9. Assume that a body moves in a previously un- 
disturbed homogeneous fluid at constant temperature, with the 
speed c. Let the instant when the body is at A be the starting point 
for the discussion. The disturbance created by the body will tra- 
verse the distance at from point A in the time interval /. In this 
same time interval the body 

originally at A will move to / | 

the point A'; the distance / 

A A' = cL In a second time / 

interval t the body will be at / 

A^ and the disturbance at / / 

The distance A' A'' == ct and J 1 

aV' = at. Since a is greater --I 

than Cy the disturbance, or \ \ 

wave front produced by it, \ \ 

moves faster than the body \ 

and always precedes it. This \ 

means that the disturbance is \ 

always moving away from the i 

body, and the body, which | 

assumes the successive posi- Pic^ 9 ^ Disturbance procluceci by a body 

tions Ay A'y A"y etc., always moving with subsonic speed. 

remains inside the spherical 

wave front. Hence when a body travels with subsonic speed the 
disturbances it creates are said to '‘clear away'' from it. 

Consider now the case illustrated in Fig. 10, where the body 
travels with a speed u greater than a; that is, its speed is supersonic. 
In the time interval t the front of the disturbance is the spherical 
surface having the radius at. The body in this same interval moves 
to the position A\ and the distance traversed is A A' = ut. In this 
case the wave front of the disturbance lags behind the point on the 
body that creates the disturbance. The source of the disturbance, 
point Ay moves so that it precedes the propagation of the disturbance 
which it creates. Consequently in all its positions A', A^ y etc., the 
moving body is located outside of the disturbance wave fronts it has 
produced. In fact, the body must pass through every wave front 
emanating from the successive positions it occupied in moving along 
its path of motion. These wave fronts are enveloped by a conical sur* 


Fig. 9. Disturbance procluceci by a bociy 
moving with subsonic speed. 
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face of half-angle P corresponding to the angle AA'C in the figure. 
From geometry it is seen that 

AC at a 1 

sin p = = — = ~ = — 

AA' ut u M 

The angle p is called the Afach angle, and its magnitude is deter- 
mined by the ratio of the flight velocity to the local acoustic velocity.® 



Fig. 10. Disturbance produced by a body moving with supersonic speed. 

The foregoing discussion shows that all the disturbances in the 
case of supersonic speed remain inside the conical enveloping surface 
CAC\ In the r^ions beyond the conical surface the conditions are 
unaffected by the moving body. The conical surface, therefore, 
forms a wave front termed a Mach wave^ a weak shock. The shock- 
wave phenomenon is accompanied by an increase in drag above the 
subsonic value; this drag increase has been termed wave drag. The 
wave drag is of the same order as the skin friction discussed earlier. 

If the speed of an airplane (or airfoil) through the air is gradually 
increased, the drag begins to increase rapidly as unity Mach number 
is approached. At unity Mach number, or very close to it, the drag 
coefficient increases to two or more times its subsonic value. If 
the speed of the airplane could be increased so that it exceeded the 
speed of sound, the drag coefficient would decrease again, although 
its value would be larger than the subsonic values.* In the Mach 


♦ See Fig. 22, p, 522. 
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number range M =* 0.85 to 1.2, called the transonic range, the flow 
conditions around an airfoil are unsteady, and, as ix)inted out in 
reference 14, wind-tunnel tests indicate that in this speed range 
there is great probability that the airplane will experience severe 
buffeting and stable flight will be difficult to achieve. 

The Mach number of the free stream for which some point on the 
surface of a body first experiences the local sonic velocity is called 
the critical Mach number Mcr- When this condition is first reached 
the effects of the shock wave are quite small. As the Mach number 
is increased the intensity of the shock wave increases markedly with 
an accompanying large increase in the value of the drag coefficient. 
The shock wave disturbs the normal flow pattern for the airfoil, 
and there is a decrease in the lift coefficient. The breakdown in the 
normal flow pattern is termed the shock stall. 

The aforementioned phenomena introduce problems which must 
be overcome before supersonic speeds can be attained. As pointed 
out in reference 14, level flight speeds at M = 0.75 have been attained 
by modem aircraft, and in some cases the speed has been limited 
not by the power plant but by the shock-stall phenomenon of the 
air frame. This same phenomenon limits the operating-speed range 
of propellers because the tips operate at speeds approaching the speed 
of sound, 

12, Basic Aerodynamic Performance Equations 

The calculation of the performance characteristics of an airplane 
is simplified by replacing the complete airplane by a wing with 
elliptical lift distribution. Let Cbf^ be the effective profile drag of 
the equivalent wing, assumed constant, and AR^ the effective geo- 
metrical aspect ratio for the airplane. Then 

ARe = eAR eb^/S (32) 

where e is known as the Oswald efficiency factor.*® 

It can be assumed that the drag coefficient of the equivalent wing 
is a parabolic function of the lift coefficient.® Let Cd be the drag 
coefficient for the airplane or its equivalent wing and Cj, the lift 
coefficient; then 2 

Cu «* Cdp, H — (33) 

T AR^ 

The geometrical aspect ratio AR « b^/S can be calculated from 
the dimensions of the airplane. Consequently, the only items in 
equation 33 which require empirical determination, or must be 
estimated, are Cbp^ and e, both of which are constants. 
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The total drag of the airplane is obtained by substituting equation 
33 into equation 9. If V is in miles per hour, then the thrust required 
for level flight 3 is given by 


\ aV^S 

H — ttt ) "TTr" ( ^ 


V ' tArJ 391 


(34) 


Introducing the parasite area / = Cdp.S, eb^/S = ARe, and W — 
Cjy^Sc 12>^\ into equation 34 gives 


^ 124.5 

^ ~ ~ 391 ae \b/Y^ 

Or in terms of the parasite and span loadings Ip and I, 

W , l,W 

3 = D = 0.00255<r — + 124.5 — - 

L 


(35) 


(36) 


For a given airplane at a fixed altitude the coefficients of in 
equation 36 are constants. Let 


and 


W 

K = 0.00255<r — = 0.00255o/ 

Ij) 


W 124.5 

K' = 124.5 — /, = , 

tr ae \ b 


(37) 


(38) 


Hence the thrust required for level flight is given by the equation “ 

K’ 


3 = D = KV^ + 


It follows from equations 37 and 38 that 

VkK' = 


. 1 . 


31751^2- = 0.5634TF 

/„ 


Following the procedure of reference 11, let 


4 


(39) 


(40) 


and 


1 1.775 (fp 

Ft = thrust factor = — ■ " = -v/— (41) 


Fv = speed factor 


-(!)“= 


{KFt)^ = 0.06727 


v; 

(y.)« 


(42) 
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„ _ KV^ , ^ 

^ ^ Vkk' v'Wkk' 


(43) 


But, from equation 42, K/VkK' = VkJk' = Fy^. 
tion 43 becomes 


:sFt = Fv^V^ + 


1 

Fv^V^ 


Hence equa- 
(44) 


The values of 3/^ in equation 44 are those required to maintain 
the airplane in level flight. 

Figure 11 presents the values of 3Fr required for level flight as a 
function of FyV, The curve is applicable without correction only 
in the range of flight speeds where the effects of compressibility may 
be neglected. At higher flight speeds a compressibility correction 
must be applied to the results obtained by using Fig. 11. Approxi- 
mate corrections for the effect of compressibility are presented in 
Fig. 12. For the derivation of the compressibility correction consult 
reference 11. 

When the airplane is in level unaccclerated flight 3 = Z) and 
L = IF. Hence, the required thrust for level flight is given by 


3 = 


W 

T/D 


(45) 


It has been pointed out that the ratio L/D determines the glide 
angle for the airplane. The maximum value of this ratio, denoted 
by (Z/Z>)max.» corresponds to the smallest value of the glide angle. 
For the minimum glide angle the effective parasite drag coefficient 
and the effective induced drag coefficient are equal to each other.^ 
Let the subscript Id denote at the condition (Z/Z))max.- It follows 
from equation 45 that the condition (Z/Z>)inax. corresponds to that 
for which the required thrust for unaccelerated level flight has its 
minimum value. The flight speed corresponding to (L/Z))niax. is 
denoted by Fw, and its value is obtained from equation 44. Differ- 
entiating equation 44 with respect to V and setting the result equal 
to zero gives the following equation for Fw 



14.86 


(y.)^ 

v; 


(46) 
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Substituting for V = Via into equation 44, and solving for 
a = aw = Did gives 

2 Ih W If 

3w ^ Did = — = 1,12SW Vr = 1.128 — {47) 

Ft Ip b 

It follows from equations 46 and 47 that at the condition (L//>),„ax. 

Fr7w = l and FtDui = 2 (48) 


Once the values of Fv and Ft for the airplane have been deter- 
mined the speed for minimum drag Vid is readily calculated, and also 
the corresponding drag Did. 

Following the method of reference 12, introduce the following 
two ratios. 


and 


3a . Net available thrust 

= Thrust ratio = 

Did Required thrust 


V . Airplane flight speed 

= Speed ratio = 

Vid Speed for minimum drag 


(49) 

(50) 


The above ratios can be related to each other by combining equa- 
tions 44, 46, and 47. The result is 


3a _ 3aFr 


1 j^/r/72 ^ 


1 




(51) 


But, from equation 46, Fv^ = 1/Fw^. Hence equation 51 becomes 


3a 

Did 




(52) 


Equation 52 shows that the curve F^a vs. FyV presented in Fig. 
11 is, therefore, a plot of 23a/ Did as a function of V/Vid. 

The condition for minimum required thrust power is determined 
from equation 44. Multiply both sides of equation 44 by FyV. The 
resulting equation is a power relationship. 

ZFtFvV^Fv^V^ + -/— 

FvV 

Differentiate the above equation with respect to FyV and equate 
the result to zero. Solving for FyV gives FyV ^ (^)^ = 0.76. Sub- 
stituting the foregoing result into equation 44 yields 3Ft = 2.31. 
Hence, at the condition for minimum required power FyV — 0.76 
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and Ft3 == 2.31. Comparing the foregoing values with those corre- 
sponding to the speed for minimum required thrust Vu shows that 
the speed for minimum power is 0.761^/^, i.e., 0.76 times the speed 
for minimum drag. 

For certain purposes it is convenient to express the thrust horse- 
power required to maintain level flight as a function of /p, /s, V, and <r. 
Let Pt denote thrust horsepower to maintain level flight; then with 
V in miles per hour 


Pr 


DV 


6.8TF / Fy ^ 0.332W ^ 


hp 


(53) 


The preceding equations arc the basic ones for determining the 
principal performance characteristics of the airplane assuming in- 
compressible flow conditions. In general, the following performance 
criteria are of interest: 

(a) Maximum level flight velocity. 

(b) True air speed for maximum climbing speed. 

(r) Maximum rate of climb. 

(d) Time to climb from one altitude to another. 

(e) Maximum range. 

The determination of these characteristics is discussed in the sub- 
sequent sections. The methods used are based on references 4, 11, 
12, and 13. 


13. Maximum Level-Flight Speed 

The maximum level-flight speed at any altitude is that correspond- 
ing to the value of FyV at the intersection of the curves for ^aFr 
and 3Ftj where the subscript a denotes available. To construct the 
curve ^aFr vs. FyV the thrust characteristics of the propulsion plant 
as a function of the flight speed and the altitude must be available 
or estimated. The maximum level-flight speed is obtained by divid- 
ing the value of FyV^ at the intersection of the ^aFr and curves, 
by Fy* 

It should be realized that the value of the maximum level-flight 
speed, denoted by Fmax.» obtained in the manner described above will 
be correct only in the speed range where compressibility effects may 
be neglected {M < 0.6 approximately). Consequently, at Mach 
numbers greater than Af = 0.6 a compressibility correction must be 
applied to obtain the correct value of Fmax.- 

The application of the above-described procedure is illustrated by 
the following example based on reference 11. 



216 PRINCIPLES OF JET PROPULSION [Chap. 5 


Example. An airplane is equipped with a turbojet engine having the following 
thrust characteristics at 35,000 ft. 

V mph (incompressible) 300 400 500 600 

3„lb 1220 1215 1240 1220 

The principal dimensions of the airplane are as follows: 

W = 12,000 lb 5 = 300 ft^ ^ = 40 ft / - 4 ft^ 

e — 0.82 and Mcr at Cl = 0 is 0.72 


Find the maximum level-flight speed at 35,000 ft. 
Solution. From Table 1-6, <r = 0.3098. 


12,000 

/p = - 3000 


12,000 


0.82 X 1600 


Ft 


1.772 

12,000 


= 0.00267 


9.15 


Fv = 0.06734 


VO.3098 
(3000 X 9.15)>i 


= 0.00291 


V (incompressible) 300 400 500 

VFv 0.873 1.163 1.455 

OaFr 3.27 3.24 3.32 


600 

1.745 

3.27 


The SaFr curve is plotted as a broken line in Fig. 11. The intersection of the SaFr 
and 3Fr curves gives =* 1-68. Hence Fmas. “ 1.68/0.00291 = 578 mph. 

From Table 1-6 at 35,000 ft, a = 976.1 fps = 666 mph. Hence M = 

- 0.867. 

Compressibility correction from Fig. 12 indicates that the actual value of 
^max. = 480 mph. 


14. speed for Maximum Rate of Climb 

It was shown in section 4 that if V is in feet per second the rate 
of climb of an airplane in feet per second is given by equation 12. 
Let V be in miles per hour; then the rate of climb C in feet per minute 
is given by 


C = 88F 


(3« - D) 
W 


= 88F- 


W 


(54) 


where 5a — D = 3e = the excess thrust. Multiplying the numerator 
and denominator of equation 54 by FrFy gives 


88(FF,.)(3,f!r) 

WFtFy 


(55) 


Since the product WFrFy is constant for a given airplane at a 
given altitude, the climbing rate at a given altitude is practically 
proportional to the product VFy • 3«Fr. 

If SaFr and 5Ft are plotted as functions of VFy, the speed for the 
maximum rate of climb will correspond to that value of VFy at 
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which the difference between the ordinates of the and 3/V 

curves multiplied by the corresponding value of VFv has the largest 
value. Consequently to obtain an analytic expression for the speed 
for best climb, 3a must be expressible as a function of V, 



VcFv 

Fig. 13. Parameter 3oFr vs. parameter VcFv (incompressible flow). 


For turbojet-propelled aircraft at a given altitude 3oFr is prac- 
tically constant. For rocket-jet-propelled aircraft 3aFr is substan- 
tially constant and varies only slightly with the altitude. Assuming 
that 3aFr is a constant for jet-propelled aircraft at a given altitude, 
then the maximum value of (3„F3r)(FyF) can be found analytically. 

{VFY){ZeFT) - VFv {^^Ft - Fy^V^ - (56) 

Differentiating equation 56 with respect to VFy and setting the result 
equal to zero, the value of VFy which makes the product (VFv) 
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(3cFr) a maximum can be determined. Let Vc^v denote the value 
of VFy for best climb; then the result of the differentiation is 


VcFy = 


SaFr - - 12 

6 


(57) 


Equation 57 gives the value of VFr for best climb assuming incom- 
pressible flow. 

The relationship expressed by equation 57 is plotted in Fig. 13. 
It is applicable to incompressible flow conditions, and to propulsion 
plants which are characterized by delivering a constant value for 
3a F t at each altitude. If 3aFT does not remain constant at a fixed 
altitude then an average value should be used. According to refer- 
ence 11 the appropriate average value is that between VFy == 1 and 
where the 3aFT curve intersects the 3Fr curve. The flight speed 
which gives the maximum rate of climb is denoted by Vc. 


Example. Determine the speed for best climb at 35,000 ft altitude for the air- 
plane of the problem discussed on page 216. 

Solution. 


Average value So-Pp == 3.05 

From Fig. 12 VcFv = LI 3 
From Fig. 11 3Ft == 2.08 

Hence 

3rFT = 3.05 - 2.08 = 0.97 


0.97 

5, = 363 

0.00267 


Vc 


1.13 

0.00291 


388 mph 


The above value of Vc is for incompressible flow. From Fig. 12, the value of Vc 
corrected for compressibility is 370 mph. 


A useful relationship between Vc, Via, 3„, and Did is obtained by 
expressing the rate of climb in terms of the available horsepower Pa 
and the required horsepower P^. If V is in miles per hour, and C 
in feet per minute, equation 14 becomes 


C = 


33,000 

W 


{Pa - Pr) 


( 58 ) 


Substituting for P, from equation 53, 


C = 


33,000 


3„F 

375IF 


6.8 / Fy 0.3327/ 

If ‘"ViOT/ 7v~ . 


fpm (59) 
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Differentiating equation 59 with respect to time equating the 
result to zero, and introducing the ratios 5a/Z>w and F/Fw, as is 
done in reference 12, gives 


3 , 

^Id 


M 2 1 \ViJ \Vc/ J 


(60) 


Figure 14 presents '3a/ Du as a function of Vc/Vu- 



1.0 1.5 2.0 23 3.0 4X) 5.0 6.0 8.0 laO 

Vc/Vu 

Fig. 14. Ratio 3a/i?w vs. ratio Vc/Vid (incompressible flow). 
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IS. Maximum Rate of Climb 

The maximum rate of climb, denoted by Cn,ax.» is obtained by 
substituting the value F = Fc in equation 54. If equation 60 is sub- 
stituted into equation 59, the maximum rate of climb can be expressed 
by the following equation.^^ 


C == 

'-'max. 


Vch 

{L/ '^)max. 


(61) 


where 



Fig. 15. Values of the time to climb parameter as a function C 2 /C 1 (incom- 
pressible flow). (Based on S. R. Puffer and J. S. Alford, paper 45-A-49, A.S.M.E. 
annual meeting, New York, Nov. 26-29, 1945.) 


16. Time to Climb 

For an airplane propelled by a turbojet engine it may be assumed 
that between any two altitudes the rate of climb is a linear function 
of the altitude. Hence if C is the rate of climb at any altitude h, 
and Cl and C 2 are the climb rates at altitudes hi and ^2 respectively, 
then C - C 

c _ Cl = ^ {h - hi) (63) 

»2 — hi 


Since, in general, the time to climb is given by 


then 



(64) 

(65) 
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^ C\h 2 — C2A1 — — C2) 

o ~ ' 

A 2 ~ 

Substituting equation 66 into equation 65 and integrating 

hi - hi Cl 

tc — lOg^ — 

Cl - Ci ^ Ci 


To simplify equation 67, let 


hi — hi 


tc 


Cl 


-fz 


then the parameter fz is given by 
Cl 


1 


Cl 

- Ca C 2 1 - (C 2 /C 1 ) 


Jog< 


Cl 


( 66 ) 


(67) 


( 68 ) 


(69) 


Cl - C 2 C 2 1 - (C 2 /C 1 ) " C 2 

Figure 15 presents values of the parameter fz as a function of C 2 /C 1 . 

17. Fuel to Climb from One Altitude to Another 

It is shown in reference 12 that, if it is assumed that there is a linear 
relationship between the rate of fuel consumption and altitude, 
which is reasonably correct for turbojet engines, then since 


^ hi- hi 


hi) 


(70) 


where G/i = fuel consumption rate in Ib/min at hi, 
Gfi = fuel consumption rate in Ib/min at hz, 

the weight of fuel consumed in climbing is given by 

Gj 


Wsc 


r l 

_ 


'c. C 


dh 


(71) 


Substituting equations 63 and 70 into equation 71 and integrating 
gives the result presented below. 


Wsc “ (*2 - * 0/4 

Cl 


( 72 ) 


where 


. Ct I r, (G/i — G/i)/G/i '\ ^ Cl) 

“ C, - Ca r Gfi (Cl - Ci)/Ci J C2I 
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Figure 16 presents values of the fuel factor as a function of the 
rate-of-climb ratio C 2 /C 1 , with the fuel-consumption ratio 6 / 2 / 0 fi 
as a parameter. The aforementioned figure is reproduced with the 
permission of the authors from reference 12. 



Fig. 16 . Values of fuel factor /4 vs. rate-of-climb ratio C2/C1 (incompressible 
flow). (Based on S. R. Puffer and J. S. Alford, loc. cit,) 


18* Range of Aircraft 

The accurate determination of the flight conditions yielding maxi- 
mum range involves tedious tabular and graphical procedures beyond 
the scope of this book. Useful formulas giving approximate results 
have been developed by Breguet and by Diehl. Thus for aircraft 
propelled by a reciprocating engine and propeller the two most com- 
monly used formulas are as follows ® 

(a) Breguet’s logarithmic formula for range is 


and 


V L Wo 

^ = 863.5^- logic 

Wf D We 


miles 


(b) Diehl’s exponential formula 


(74) 


R 


n w/qD I \ Wo) . 


miles 


(75) 


A more convenient equation for range which is also used quite 
generally is 

wtoDl \Wo/ J 


miles 


(76) 
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In the above equations the symbols have the following significance: 

7) = average efficiency of propeller. 
rjo = efficiency of the propeller at the beginning. 

Wf = average specific fuel consumption of engines, Ib/bhp-hr. 
2 Vfo = specific fuel consumption of the engines at the beginning 
of flight, Ib/bhp-hr. 

L = lift of airplane, lb. 

D = drag of airplane, lb. 

Wq = weight of airplane at take-off, lb. 

We = weight of airplane at end of the flight when the fuel is 
exhausted, lb. 

Wf = Wq — We = weight of fuel consumed, lb. 
n = exponent depending for its value on the characteristics 
of the airplane. 

Equation 76 gives accurate results for the following operating 
conditions 


(а) We/Wo > 0.70. 

(б) Final engine speed > 1200 rpm. 

(c) Flight is conducted at constant L/D; not necessarily (L/D)m&x.- 

(d) Automatic rich carburetor setting is not used. 

(e) Flight is made with a fixed blade angle setting for the pro- 
pellers. 


For jet-propelled airplanes equipped with a turbojet power plant, 
an approximate range formula can be derived by the same approach 
as Breguet’s. Thus let w/ be the specific fuel consumption of the 
thermal jet engine in pounds per hour per pound thrust. If D is the 
drag (the required thrust) to be overcome to maintain level flight, 
the decrease in the weight of the airplane dW is given by 


dt 


-D X w/ 


If it is assumed that the specific fuel consumption of the turbojet 
engine is constant, the maximum range of the jet-propelled airplane 
results when the flight is conducted at constant flight speed. Con- 
sequently, as the airplane weight is reduced by virtue of the con- 
sumption of fuel, the flight altitude is increased just enough to keep 
the flight speed constant at the reduced thrust output. On these 
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assumptions, the range corresponding to the flight duration t is 
given by 




VdW ^ rwo 1 dW 
Dwf Jwb w/ {D/V) 


(77) 


As a result of the assumption of constant specific fuel consump- 
tion, the maximum range will occur at the flight speed V^n, for which 
D/V is a minimum. This speed is given by 


V mb = mph 

V <7 


(78) 


The corresponding L/D ratio is given by 




(79) 


The required thrust ^Smr (or the drag Dmr) for maximum range is 


W r 

'^MR ~ Dmr = 1.305 — V/ 
be 


(80) 


For aircraft propelled by reciprocating engines and propellers the 
speed for maximum range is close to that for (L/Z>)max.» where 

The speed corresponding to (L/D)jnax. is Fw, which is given by equa- 
tion 46. It follows, therefore, that, to obtain the maximum range 
from a jet-propelled airplane, it must fly at slightly more than 30 
per cent higher speed than would be required if it were propelled by 
a propeller. Further, the drag must be approximately 15 per cent 
greater at its maximum range speed than it is at the maximum range 
speed for propeller propulsion. 

The value of (D/V) min. for jet-propelled airplanes is given by 

= 0.0667 -y/ (!b/mi/hr) (82) 

min. 



Introducing the thrust factor 4>, where 

3 Actual thrust available at altitude 

^ sag; — — sx — 

«r3o o X Gross thrust at sea level and zero speed 
and c » p/po == density ratio, and substituting {D/V)miu. into equa- 
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tion 77 and integrating gives the following approximate equation 
for the maximum range of the jet-propelled airplane 




14.80 


Wf 


xi 




log, 


We 


or 


R 


imix. 


13.1 ^be Wo 

y (0a»3o) ~ loge —— 

w/ f We 


(83) 


(84) 


The maximum range can also be expressed in terms of the constant 
flight speed for maximum range Vmr- At that speed 3 a/b = Dmr, so 
that 


v; 


(1.305)^ 




Substituting for Va in equation 78 and substituting for Ip and l„ 
the following equation is obtained for Vmr 


Vmr = 17.15 


(85) 


As pointed out in reference 12, equation 85 shows that the flight 
velocity for maximum range is constant if the thrust factor <l> is 
constant. Substituting this result into equation 77 gives the following 


pwo VdW Vmr / A 

=1 -777 = — (n) I IF (86) 

Jwe w/D Wf \D/mr W 

Hence, the maximum range for the jet-propelled airplane can be 
estimated from the equation 




w/ \D/mr 
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Chapter Six 


THE AIRPLANE PROPELLER 


1. Introduction 

The function of the propeller is to convert the torque delivered to 
it by the power plant into a thrust for propelling the airplane. If 
the airplane is in steady horizontal flight, the thrust developed by 
the propeller is equal to the drag of the airplane. If the airplane is 
climbing, the propeller thrust must overcome not only the drag but 
also the weight component of the airplane, W sin B (see Fig. 5-2). 

The conventional propeller consists of two or more equally spaced 
radial blades which are rotated at a substantially uniform angular 
velocity. A blade section taken at any arbitrary radius from the 
center of rotation is shaped like an airfoil. Consequently, each blade 
section experiences the aerodynamic reactions that would be expe- 
rienced by an airfoil of like section moving through the air in a similar 
manner. At any given radius the section of one blade forms with the 
corresponding sections on the other blades of the propeller a series 
of similar airfoils which follow each other as the propeller rotates. 

As the hub of the propeller is approached, the blade sections be- 
come more nearly circular. The shape of the blade near the hub is 
dictated by the strength requirements rather than aerodynamic con- 
siderations, and that portion of each blade close to the hub contributes 
little if any propeller action. Figure 1 taken from N^A.C.A. Tech, 
Report 237 presents a sectional analysis of a typical propeller blade. 

The forward motion or advance of the propeller as it moves through 
the air surrounding it resembles that of a screw advancing into a 
solid nut. For this reason, the term ^‘airscrew” is frequently applied 
to the airplane propeller. 

When the propeller rotates, its action produces a slipstream com- 
posed of the entire body of air which flows through the circle, or 
disk area, swept by the propeller blades. This is illustrated in Fig. 2. 

The torque of the propeller imparts a rotational motion to the air 
passing through it. The pressure of the air immediately behind the 
propeller is raised, and in front of it the pressure is decreased. The 
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Blade thickness or ordinate 



Fig. 1. Sectional analysis of a typical propeller blade. (Reproduced from 
N.A.C.A, Tech. Kept. 237.) 
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air is sucked toward the front of the propeller and pushed away 
behind it. The air attains its maximum axial velocity at some dis- 



tance behind the propeller, but there is an increase in the air velocity 
in front of the propeller. 

One of the principal reasons for the interest in jet propulsion for 
high-speed flight arises from the limitations which the compressi- 
bility of the air places on the permissible tip speeds for propellers. 
Jet propulsion becomes attractive for high-speed aircraft because 
the compressibility of the air does not affect its thrust output. 

2. Pitch and Slip 

Figure 3 represents an element of a propeller blade located at a 
distance r from the axis of rotation. The length Oc == 2Tr is the linear 



Fic. 3. Pitch and helix angle for a propeller element. 


equivalent of the circumferential distance described in one revolution 
by a point on a blade element of the propeller. The perpendicular 
distance cb corresponds to the axial distance the point would travel 
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if it advanced along the geometric helix angle 
the geometric pitch p. Hence 

p be lirr tan == tD tan 


[Chap. 6 

This advance is 


( 1 ) 


Example. A propeller is 12 ft in diameter. At the 5^ radius the blade angle 
is 30®. What is the geometric pitch at the radius? 

Solution. 

p = 3.1416 X f X 12 X tan 30 
= 3.1416 X 9 X 0.57735 = 16.3 ft 

The actual advance of the point in question is governed by the 
forward speed of the airplane V. Thus, if the propeller makes n 
rps, the time required for one revolution is ti = \/n sec. Conse- 
quently, the actual advance, which is the distance cb', is given by 


„ V({ps) 

= ft/rev 

n (rps) 


( 2 ) 


The ratio cV/tD, where D is the propeller diameter in feet, deter- 
mines the effective helix angle for the blade element and is denoted 
by 0. The effective pitch is 


pe = tD tan <l> 


( 3 ) 


Example. The forward velocity of an airplane is 300 fps. The propeller diame- 
ter is 10 ft. What is the effective pitch of the propeller if it makes 30 rps? 
Solution. 

y 300 , , 

cJ' = — = = 10 ft/rev 

n 30 


tan <i> = 


ch' 


10 


rD 31.416 


= 3.1416 X 10 X 


10 


31.416 


= 10 ft 


The distance bV, Fig. 3, is a measure of the distance the propeller 
lags behind the distance it would advance if the air were an incom- 
pressible fluid. This lag is called the slip. 

From Fig. 4 it is seen that the geometric pitch p can be conceived 
as the corresponding advance of the blade element for a fictitious 
forward velocity Vq for which 0 = /9. For this condition the pro- 
peller thrust is zero, for there can be no positive thrust when there 
is no slip. The ratio of the slip to the geometric pitch is given by 


bb' {p- Pe) 

be p 


(Vo - V) 

Vo 


( 4 ) 
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The above ratio influences the magnitude of the propeller thrust and 
is usually written in the form 


oi. Pe V V 

Slip =1- — =1 =1 

P Vo np 


( 5 ) 


where n = rps. 

Equation 5 defines what is termed the slip function, and its magni- 
tude is usually 0.15 to 0.25. The slip function is often expressed as 
the actual reduction in the linear advance. 



Example. An airplane has a forward velocity of 400 fps. It is equipped with 
a 12-ft propeller rotating at 1800 rpm. What is the slip? (Assume that the aver- 
age blade angle is 30®.) 

Solution. 

/» = IT X 12 X tan 30 = 16.3 ft 


Slip = 1 


400 X 60 
1800 X 16.3 


1 - 0.822 = 0.178 


3. Axial Momentum Theory 

This theory, due originally to Rankine and to Froude, may be 
considered to be that of an ideal propeller operating in a perfect fluid. 
It assumes that the propeller is an actuator disk which produces a 
change in the axial momentum of a slipstream consisting of the entire 
body of air moved by the propeller. This body of air flows through 
the actuator disk and is bounded by a stream tube as illustrated in 
Fig. 5. 

Applying the relative coordinate system (see Chapter 2, section 6) 
to the air flow relative to the propeller, it is seen that there are two 
distinct bodies of air: (1) the slipstream which flows through the 
propeller, and (2) the undisturbed air outside the slipstream bound- 
ary. The air in the slipstream is accelerated as it approaches the 
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propeller disk. This produces a contraction of the slipstream by 
virtue of its increasing velocity with a corresponding decrease in 
pressure until the disk area is reached. As the air passes through 
the propeller disk its pressure is raised by an amount designated 



Fig. 5. Momentum theory applied to the ideal propeller. 


by Ap, The slipstream continues to the outer boundary or ultimate 
wake where the pressure decreases to that of the surroundings po- 

Let 3 = propeller thrust, lb. 

D = propeller diameter, ft. 

S — propeller disk area, sq ft. 

G = air flow rate through the slipstream, Ib/sec. 
m * air-mass flow rate through the slipstream, slug/sec. 

V *= forward speed of propeller, fps. 
u « slipstream velocity in disk section, fps. 
w = slipstream velocity in the ultimate wake, fps. 
p tat V/w « velocity ratio. 
p * density of air, slug/ft®. 
p =a pressure, Ib/sq ft. 

M « momentum, slug-ft/sec. 

Pr » 3F « thrust power, ft-lb/sec. 
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P = propulsion power, ft-lb/sec. 

Pl = leaving loss, ft-lb/sec. 
i7t = internal efficiency. 
rjp = propulsion efficiency. 

V ~ ViVP = overall efficiency. 

Tjt, = blade efficiency. 

Assume that the control surfaces .Si and 62 are located where the 
pressures acting upon them are the undisturbed pressures, so that 
pl p 2 Po' The momentum change for the air is confined to the 
slipstream boundary, and Si and S2 need be extended only to form 
the perpendicular boundaries of the slipstream. 

Assume now that the velocities of the fluid crossing S] and S2 are 
uniform over these surfaces, and are V and w respectively. Since 
Pl ~ p2i equation 2-13 reduces to 


3 = w I m 2 dS2 — V \ mi dSi (6) 

J S2 J Si 

where mi and m 2 are the mass flow rates per unit area. 

The expressions under the integral signs represent the mass of air 
flowing through the propeller disk and, by continuity, since no air 
flows across the slipstream boundary, are equal to each other. Hence 


m 


I mi dSi 
Jsi 


I m 2 dS2 

JS2 


(7) 


If it is assumed that the air density p is constant, which is reason- 
ably correct for a propeller, then if G is the weight rate of air flow 

G 

3 = m{w — V) — {w -- V) (8) 

g 

Let V = V/w = velocity ratio; then 


3 = — — y) 

g 

or the thrust per pound of air flow per second is 


(9) 


3 

G 





( 10 ) 


Equation 10 indicates how the thrust develop^, per pound of fluid 
flowing through the propulsion system per second, varies with the 
exit velocity w and the velocity ratio v. Figure 6 illustrates this rela- 
tionship for several different values of the relative exit velocity w. 
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It is seen that, as the velocity ratio approaches unity, the thrust 
per pound of air flow per second approaches zero. Consequently, to 
develop thrust under conditions close to unity velocity ratio, the 
quantity of working fluid required becomes very large. Conse- 
quently, a large exit area would be needed for passing the fluid. For 
a fixed velocity ratio the size of the required exit area increases as 
the speed of the airplane decreases. Hence, the propeller with its 



0 0.1 0.2 0.3 0.4 0.5 0.6 07 0.8 0.9 1.0 

Velocity ratio v^Vlw 

Fig. 6. Thrust per pound of air per second vs. velocity ratio for the ideal 

propeller. 

ability to handle extremely large quantities of air at velocity ratios 
close to unity is well adapted to the propulsion of bodies at moderate 
and low speeds. This is particularly true since, as will be seen later, 
operation close to unity velocity ratio gives high propulsion efficiency. 

4, Propulsion Power and Ideal Propulsion Efficienq/ 

The term propulsion power P was introduced in Chapter 2 in the 
discussion of hydraulic jet propulsion. When applied to a propeller, 
P is the power furnished by the prime mover, and a portion of this 
power is converted into the thrust power Py 3 F required to keep 
the propelled body in motion. It is obvious that the magnitude of 
the difference P — P^ measures the energy losses associated with 
the propulsion system. As explained in Chapter 2, the ratio of the 
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thrust power to the propulsion power is termed the propulsion 
efficiency rjp. Thus 

Ft HF 

^^ = 7" = 7- 01) 

In the ideal case considered here the total energ^y loss is that asso- 
ciated with the kinetic energy of the air ejected from the slipstream. 
This loss, which has been called the leaving loss (see Chapter 2), is 
accordingly 

Pl=j(u>- F)2 (12) 


In general the ideal propulsion efficiency is given by the equation 


3V _ 3V 
F ~ 3V + Fl 


03) 


Substituting for the thrust from equation 9 and for the exit loss 
from equation 12 gives 


2F __ 2v 

V + w \ + V 


(14) 


where v = V/w is the velocity ratio. Equation 14 is identical to that 
for the propulsion efficiency of the hydraulic jet propulsion system 
discussed in Chapter 2. Figure 7 is a plot of rjp as a function of y for 
several constant flight speeds. On the same diagram is a plot of the 
thrust per pound of air flow per second as a function of the velocity 
ratio. It will be seen in Chapter 8 that these curves are also applica- 
ble to thermal jet propulsion. 

Equation 14 shows that to obtain high propulsion efficiency the 
velocity ratio for the propeller must be close to unity. This means 
that, for a given flight speed F, the smaller the velocity of the air 
leaving the ultimate wake the higher the propulsion efficiency. This 
is quite understandable, for the exit loss depends upon the square 
of the absolute velocity of the air leaving the slipstream. Conse- 
quently, since this absolute velocity c is equal to (w — TO, the smaller 
the exit velocity Wy the smaller is the kinetic-energy loss. To decrease 
w while developing the same thrust necessitates increasing the mass 
rate of flow through the propeller disk. This would require using a 
propeller of larger diameter with a smaller loading per unit area of 
blade surface, which in an actual case increases the frictional losses. 
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The thrust power, in terms of the velocity ratio, is given by 

Pj* = 3F = inu^{\ — v)v (15) 

This equation shows that, for a constant rate of air flow through the 
propulsion system, the thrust power is a quadratic function of the 



Velocity ratio v « Vfw 

Fig. 7. Thrust per pound of air flow and ideal propulsion efficiency as functions 
of velocity ratio, for the ideal propeller. 

velocity ratio. Referring to Chapter 2, the maximum value for the 
thrust power under these conditions occurs when the velocity ratio 
p « V/w » O.S, and the corresponding value of the propulsion 
efficiency is r^p *= 0.667. It is seen, therefore, that the velocity ratios 
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for maximum thrust power and maximum propulsion efficiency are 
not identical. 


5. Propulsion Power and Discharge Area 

A relationship can be derived relating the propulsion power P, 
the flight speed F, the propeller diameter D, the air density p, and 
the ideal propulsion efficiency i/p. Thus for the ideal propeller 

P == 3F + Pjr, = Y^(l — v^) ft-lb/sec (16) 


The mass rate of flow of air through the actuator disk circle is 
given by equation 7, which in terms of the propeller diameter D 
becomes 

m = pti slug/sec (17) 

4 

Substituting for m in equation 16, and noting that u — (F + w)/2 
== F/i/p, gives the following equation for the propulsion power 

wD^P / F^ 

^ ^ ^ V ~ 

or 



so that 

Substituting from (a) and (b) into the last equation fcr P gives 


so that 

P ^ y / I — i;A 

D^fiV^ “ 2 \ vp^ ) 
or 

V^D^P 2 i,p^ 

P T I — TIP 


(18) 

(19) 

( 20 ) 
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Rearranging and taking the cube root of both sides of the 
gives 



O.SGrjp 
'S/ 1 — rjp 


equation 


( 21 ) 


In this equation the density p refers to the average density of the 
air in the plane of the propeller. Owing to the increase in pressure 



Propulsion parameter V ^ D* pi P 


Fig. 8. Ideal propulsion efficiency vs. propulsion parameter for the ideal propeller. 


in the plane of the actuator disk the air density is somewhat higher 
than the atmospheric pressure. This difference enters to the one- 
third power and is sufficiently small to be neglected for estimating 
purposes. 

Figure 8 is a plot of the propulsion parameter V^D^p/P as a 
function of the ideal propulsion efficiency. This curve gives the 
maximum attainable propulsion efficiency for the propeller system. 
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It is seen that, to obtain high values of propulsion efficiency with 
low airplane speeds, the diameter of the propeller must be large, 
assuming the other factors to be constant. 

The propulsion efficiency of an actual propeller will be approxi- 
mately 0.85 per cent of the value of the ideal propulsion efficiency. 
This is due to the various losses neglected in the consideration of the 
ideal case. 

The plant or overall efficiency rj of the propeller type of propulsion 
system is the product of the thermal or internal efficiency rji ior the 
power plant and the actual propulsion efficiency. Thus 

Useful work (3F) 

7j = VP m ~ ( 22 ) 

Energy supplied 


6. Relationship between Thrust and Ideal Propulsion Effidenqf 

It can be shown that for the ideal propeller the relationship be- 
tween thrust and propulsion efficiency can be expressed in the form 


3 ^ 2(1 - vp) 

pSV^ “ 


(23) 


This relationship is illustrated in Fig. 9. It is seen that, if the 
thrust is maintained at a constant value, then decreasing either V or 
S reduces the propulsion efficiency. Conversely, for a given flight 



HpV^S 

Fig. 9. Actual and ideal efficiency curves for a propeller. (Reproduced from 
W. C. Nelson, Airplane Propeller Principles^ John Wiley & Sons.) 
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speed F, and propeller disk area 5, increasing the thrust decreases 
the propulsion efficiency. This lowered efficiency is to be expected, 
6ince a thrust increase requires increasing the exit velocity with a 
corresponding increase in the exit loss Pl- 

The momentum theory is only a first approximation to the action 
of the propeller and cannot be used for design purposes. Though it 
gives a good insight into operating behavior, it neglects such factors 
as the drag of the blades, energy' losses due to slipstream rotation, 
blade interference effects, and compressibility effects. Because of 
these losses an actual propeller requires power to rotate it at zero 
thrust, which is somewhat analogous to the power required for idling 
an internal-combustion engine. Consequently, the efficiency curve 
of an actual propeller drops to zero when the thrust is zero, while 
for an ideal propeller the propulsion efficiency is unity. 

7, Simple Blade Element Theory 

The propeller may be assumed to be a rotating airfoil. If the radial 
flow of the air due to slipstream contraction is neglected, and the 
flow assumed two-dimensional, then Fig. 10 illustrates the velocity 
vectors for a blade element located at an arbitrary radius r from the 
axis of rotation 0, The projection of the axis of rotation is 00', 
the plane of rotation is Oc, and the blade angle is /3. 



Fig. 10. Vector diagram for a blade element of a propeller. 

Vector Oa represents the circumferential velocity of the blade 
element, and the vector aby the forward speed of the airplane F. 
The relative velocity of the blade element with respect to the im- 
mobile air is the" vector sum Ob ^ Oa + ab. The relative velocity, 
denoted by Wy is 

w - y/u^ + (24) 

where d — 2r. 
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The angle between the chord line A A' for the blade element and 
the tangential velocity u is denoted by /?. If the blade element is 
assumed fixed in space and the air flows toward it with a velocity 
equal in magnitude to w, then the aerodynamic forces acting on the 
element can be determined by applying conventional airfoil theory. 
To illustrate, the blade element AB can be considered to be an airfoil 
placed at an angle of attack a with respect to the direction of the 
air which approaches it with the velocity w. Obviously, 

a — ( 25 ) 

The magnitude of angle is a function of the velocity ratio V/u 
and is determined from 

V V V 

tan = = (26) 

u Irrrn TTfid 

or 



Figure 11 illustrates the forces acting on blade element, which are 
the elementary lift force dL and the drag dD, The resultant of the 



Fig. 11. Aerodynamic forces acting on a blade element. 


lift and drag forces is denoted by dR^ and dR has been resolved into 
the thrust component d3, and the torque component dQ. 

The power required to rotate the element is denoted by P' and 
is given by 

P'^limrdQ (28) 
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The thrust power developed by 
Pt\ where 


Pr' = 


the blade element is denoted by 
Vd:s (29) 


Hence the propulsion efficiency of the blade element, denoted by 


Vbf is 


Pr' _ 

P' Irnr dQ 


(30) 


Since the forces d^S and dQ are functions of the angles and a, 
the effect of these angles on 175 is of interest. Let b be the width of 
the blade element at radius r, and its lift coefficient. Then 

dL = Ci^pw^b dr (31) 

Similarly, if Cd is the drag coefficient, then 

dD = Cij^pw^b dr (32) 

From Fig. 11 it is seen that the resultant dR is given by 

dL 

— = cos 7 (33) 

dK 

Hence 

dL 1 ^ { Cl \ 

dR-- --pw%dr[ ) (34) 

cos 7 2 NCOS 7 / 


A diagram such as Fig. 11 can be drawn for every element of the 
propeller blade. The value of V/irtid will be different for each ele- 
ment, and the blade-angle distribution or twist built into the pro- 
peller blade affects the magnitude of the forces acting on the different 
elements. Consequently, to obtain a single overall characteristic for 
the propeller, the blade angle of a specific blade element is used to 
define the operating conditions for the complete propeller regardless 
of whether it is of the fixed-pitch or variable-pitch type. It is cus- 
tomary to specify the blade angle for a propeller as the value of 
at the three-quarter radius. 

From Fig. 11, it is seen that 


== dR cos (0 + 7 ) (35) 

Substituting for dR from equation 34, and for dL from equation 31, 
and noting that w = V/sin equation 35 becomes 


- -pV^bdrCL 
2 


cos (0 + 7 ) 
cos 7 sin^ 


( 36 ) 
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Equation 36 can be applied to several elements of a complete 
blade, and the thrust loading can be determined by integrating the 
curve of 3 as a function of blade radius. 

The torque force dQ is given by 


dQ = dR sin (</> + 7) 

Substituting for dR, noting that w = V/sin <p, gives 

1 _ . sill (<t> + 7) 


dQ = ^pV^bdrCL 


cos 7 sin^ 4> 


(37) 

(38) 


Substituting for rf3 and dQ from equations 36 and 38 respectively 
into equation 30 gives the following equation for the blade element 
efficiency 


Ib 


tan (/> 

tan (0 + 7 ) 


(39) 


Thus it is seen that according to the blade element theory the effi- 
ciency of the propeller depends only on the angles and 7. The 
angle 0 is a function of the velocity ratio V/u, while the angle 7 
depends only on the L/D ratio. It can be shown that the condition 
for maximum efficiency is given by 



The above indicates that the propeller attains its maximum efficiency 
when the angle 0 is slightly less than 45°. Since tan 0 = V/u this 
signifies that lyp decreases with an increase in the radius of the pro- 
peller blade, a conclusion in direct opposition to that derived from 
the momentum theory. The simple blade element theory does not 
explain propeller action accurately, but it gives better design criteria 
than the momentum theory. 


S. The Blade Angle p 

As pointed out in the preceding, for a given blade angle the 
angle of attack a = (/S — 0) is a function of the velocity ratio V/u. 

For F =s 0, with = 0, angle a has its maximum value. Hence 
the maximum thrust is obtained when the airplane is stationary, i.e., 
at take-off. As the forward speed V increases the angle a decreases 
and with it the thrust. A speed is finally reached where the thrust 
is zero. 

For a blade of airfoil cross section, the lift is zero at a negative 
value of a. Consequently the thrust becomes zero at a speed some- 
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what higher than Fq- Figure 12 illustrates the manner in which Cl 
and Cb vary with angle of attack. Figure 13 illustrates the effect 
of thickness ratio of the airfoil section on these coefficients. The 
manner in which thrust, torque, and efficiency vary with V/u for a 
given blade setting is illustrated in Fig. 14. 



~8 -4 0 4 8 12 16 20 

Angid of Attack, <X • Degrees 

Fig. 12. Test of Clark airfoil at i?® =* 6 X 10® (aspect ratio * 6). (Reproduced 
from W. C. Nelson, Airplane Propeller Principles^ John Wiley & Sons.) 

9. The Angle of Attack a = (p — <►) 

It has been pointed out that the angle of attack a is dependent 
upon the velocity F. Consequently, the mode of operation of the 
propeller will depend on the value of F, because both Cl and Cb 
vary with ot. Refeiring to Fig. 12 it is seen that Cl is a linear func- 
tion of a up to the stall angle, and is a quadratic function. Since 


I 
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Angie of Attack a (in Degrees) 

Fig. 13, Test of R.A.F. propeller section for aspect ratio 6. (Reproduced from 
W. C. Nelson, Airplane Propeller Principles^ John Wiley & Sons.) 
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these two coefficients determine the thrust and torque of the pro- 
peller they also affect its behavior. 

Assuming a constant blade angle let the speed ratio V/u be varied. 
As this ratio is increased, the propeller operates successively as a fan, 
propeller, brake, and windmill. Most of the operation is conducted 
in the true propeller state. The static thrust which is obtained at 
take-off occurs with the propeller in the fan state. In the braking 



Fig. 14. Propeller performance characteristics as a function of speed ratio. 


State, the propeller actually adds drag to the airplane. The windmill 
state must be avoided because it can cause damage to the engine by 
overspeeding it. 


10. Geometric Pitch Distribution 

F’gure IS illustrates a blade of a propeller. The respective radii 
to different blade elements are denoted by ri, r 2 , fa • • • , and their re- 
spective diameters by di, d 2 , • • • . The propeller diameter is 

denoted by D. 

At any section of the propeller the geometric pitch is given by 

p — jrd tan P (41) 

Consequently, if the geometric pitch is to be the same at all sections 
of the blade, the angle must increase as the propeller hub is ap- 
proached. 

It has been shown that the torque and the thrust developed by the 
propeller depend on the speed ratio V/u. Since u = lirm = rdn, 
an equivalent expression more convenient to use is 



where n =» propeller revolutions per second. 


( 42 ) 
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The dimensionless ratio J = V/Dn is called the advance ratio and 
is the parameter against which all test data on propellers are plotted. 
If V is in miles per hour, D in feet, N the propeller rpm (engine rpm 
X gear ratio), then equation 42 becomes 

88 F 

J = {V in mph, D in ft) (43) 



Fig. 15. Geometric pitch distribution for a projjeller blade. 

ii. Thrust, Torque, and Power Coefficients 

From the physics of the situation and neglecting any effects that 
compressibility introduces, the following variables can affect the 
thrust developed by the propeller: its velocity F, its revolutions per 
second «, its diameter D, and the air density p. Hence the following 
functional relationship can be written. 

F{V,n,D,p,i) « 0 (44) 

Since there are five variables and three principal dimensions, there 
should be two dimensionless ratios. (See Chapter 1 ,Section 2.) Thus 

TTi = Vn^DV {a) 

ib) 


and 
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Solving these equations by the method described in 

Chapter 1 

gives the following 

II 

l| 

II 

(45) 

and 

nV 

3 



(46) 

Hence 




n^D*p \nD/ 

(47) 


For a constant value of V/nD, let (p{V/nd) = constant = Ct, then 


where the value of Ct depends upon V/nD as well as w, Dy and p. 

The relationships for the power and torque of the propeller can 
be derived in an analogous manner. Thus 


3 = CrD^n^p 

(49) 

Q = CgD-'n^p 

(50) 

P = CpD^n^p 

(51) 

The efficiency of the propeller can be expressed 
torque and power coefficients and the advance ratio. 

in terms of the 
Thus 

3 

~ pn^D* 

(48) 

c - ^ 

® pn^D^ 

(52) 

P 

Cp *= 

Since the efficiency is 

aF 

(53) 


where 3 is the effective thrust; the propulsion efficiency is given by 
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The efficiency of the propeller, therefore, depends directly upon 
the ratio of the thrust coefficient to the power coefficient and 
upon the advance ratio. qqq 
I n testing a propeller a 

set of Ct and Cp curves is 0.06 q j 2 

determined for each blade a \Cp a 

angle. By exploring a 0.08 

range of blade angles suffi- ^ qq 2 

cient to cover all possible \ \ 

operating conditions, the ^ — — - ' A :L \ [ Q 

propeller performance can v;nD > 

be established over the ^ ^ ^ . 

. . Fig. 16. Thrust and torque coemcients for a 

entire operating range. constant blade angle as functions of the ad- 

Figure 16 illustrates the vance ratio, 

manner in which Cp and Cp 

vary with the advance ratio J for a fixed blade angle. (For detailed 
data on this subject see N,A.C.A, Tech. Report 642.) 

Figure 17 illustrates the effect of the blade angle on Ct for different 
values of V/nD. It is seen that as V/nD approaches zero the thrust 
coefficient increases for all blade angles. 


vance ratio. 


(For detailed 



0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4 


V/nD 

Fig. 17. Thrust coefficient curves for three-bladed propeller. (Reproduced 
from W. C, Nelson, Airplane PropeUer Principles^ John Wiley & Sons.) 
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12. Speed Power Coefficient (C^) 

A coefficient which is helpful in studying propeller action is the 
speed-power coefficient Q, developed by F. E. Weick.^^ Its der- 
ivation is presented below. 



Fig. 18. Propeller chart for a three-bladed propeller. (Reproduced from 
W. C. Nelson, Airplane Propeller Principles^ John Wiley & Sons.) 

Cs is obtained by modifying the power coefficient Cp to obtain a 
coefficient depending primarily on speed and power. Thus 

P 

^ pn^D^ 

Let K = {V/nDf/Cp. Then 

^ _ F* pn»D® pF® 

Let the speed-power coefficient Cs be defined by 

Cs = 

Then 


( 56 ) 


Chap. 6] 


THE AIRPUNE PROPELLER 


251 


For a constant p and n, the coefficient Cs depends on the forward 
speed V and the power P. 

Figure 18 is a plot of propeller efficiency r)p and advance ratio 
/ as a function of Cs for different blade angles. For use at all alti- 
tudes the density p is replaced by o' = p/po, where po = 0.002378 
slug/ft^. Then 

0.638 F (mph) X 

(rpm) • (bhp) ^ ^ 

13. The Torque-Speed Coefficient (Cqs) 

Jn high-speed aircraft it is important to be able to determine the 
thrust in the take-off range. It is primarily for this purpose that the 
torque-sf^eed coefficient was derived. This is based on plotting 
propeller characteristics using a coefficient in which the rotative speed 
of the propeller has been eliminated. 

Starting with equation 52, multiply both sides by the dimension- 
less product (F/«Z7)~^, thereby eliminating the speed n. Let 



In a supercharged engine operating at full throttle the bmep, and 
hence the torque, are substantially constant throughout the usual 
flight range. Hence Cqs can be assumed independent of engine speed. 
Consequently, Cqs is directly proportional to the forward velocity 
of the airplane for a given engine, propeller, and altitude. 

The torque Q is calculated from the rated horsepower and speed 
of the engine, thus 

Q = 5250 bhp/rpm Ib-ft 

Since p, Z), and Q are constants for a given engine, altitude, and 
propeller diameter, the general expression for Cqs is 

Cqs — V X Constant 

From equation 48 it follows that the ratio CtICq == ^D/Q is also 
independent of the propeller rotation speed n. The ratio Ct/Cq is, 
therefore, directly proportional to the effective thrust. By plotting 
CtICq as a function of Cqs a curve relating thrust and air speed is 
obtained. This is done for various blade angles, and then lines of 
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constant V/nD are superimposed to give the performance chart, 
Fig. 19. These curves for each blade angle are in reality plots of 



0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 


Cqs 

Fig. 19. Propeller performance chart for a 9-ft-diameter adjustable-pitch pro- 
peller. (Reproduced from W. C. Nelson, Airplane Propeller Principles, John 

Wiley & Sons.) 


thrust vs. velocity for a given propeller and engine throttle setting. 
It is apparent that the thrust decreases rapidly as the blade angle, 
for a fixed V/nD, is increased, particularly at the lower values of 
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V/nD, At high forward velocities the minimum usable blade angle 
is dependent on the maximum allowable engine rpm, which tends to 
increase as the blade angle is made smaller. 

At take-off (small value of V/nD) it is desirable to develop the 
largest possible thrust. This requires a small blade angle. Conse- 
quently, a fixed-pitch propeller must compromise the requirements 
for safe operation with those for take-off. The angle must be large 



Fig. 20. Propeller thrust during take-off. (Reproduced from W. C. Nelson, 
Airplane Propeller, John Wiley & Sons.) 

enough to prevent overspeeding the engine in flight with a conse- 
quent diminution in the static thrust for take-off. This difficulty is 
overcome by using a variable-pitch propeller which permits adjusting 
the blade angle according to the requirements. For high-speed air- 
craft the variable-pitch propeller operates at constant speed ; it acts 
as the governor to prevent the engine from overspeeding. Most 
modern aircraft are equipped with constant-speed propellers.^ 
Figure 20 illustrates the manner in which the thrust of a variable- 
pitch propeller and that of a fixed-pitch propeller vary during the 
take-off run. 

In general, the thrust of the propeller increases, inversely propor- 
tional to the forward speed of the airplane, illustrating that the con- 
ventional propeller, as mentioned previously, is inherently a low- 
speed device. 


254 


WeiNCIPLES OF JET PROPULSION 


[Chap. 6 


14. Compressibility Effects and Propeller Limitations 

It was pointed out in Chapter S that as the relative velocity be- 
tween an airfoil and the surrounding air approached the sonic velocity 
all the characteristics of the aerodynamic phenomena changed. The 



Fig. 21. Effect of tip speed on propeller efficiency. (Reproduced from 
W. C. Nelson, Airplane Propeller Principles, John Wiley & Sons.) 


lift coefficient Cl decreases rapidly, and there is a large increase in 
the value of the drag coefficient Co. The propeller is subject to these 
effects. 

Since the pressure waves travel through the air with the velocity 
of sound, a shock wave is formed at the leading edge of the propeller 
blade when its pitch line velocity approaches the sonic velocity a. 
This phenomenon appears at lower tip speeds when the airplane is at 
high altitude, owing to decrease in the value of the sonic velocity with 
altitude. The effect is more pronounced if the airfoil section is 
thick, for then the phenomenon is encountered at reduced tip speeds. 
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Because of the shock waves the coefficient Ct is reduced and Cp is 
increased, thereby adversely affecting the efficiency of the propeller. 
As the tip speed approaches the sonic speed there is a large increase 
in the noise of the propeller. Figure 21 presents wind-tunnel and 
flight-test data illustrating the effect of the ratio Vup/a on the re- 
duction in propeller efficiency. The tests were conducted using 
different thin metal blades. 

For aircraft capable of flight speeds of 400 mph or more, the 
value of nD must be limited so that large compressibility losses will 
be avoided. This is usually accomplished by using a small-diameter 
propeller or by driving the propeller through a gear reduction. 

Although compressibility effects are mainly high-speed phenomena, 
they may be encountered at the low speeds corresponding to take-off 
conditions, where the angle of attack of the blades is large. The 
compressibility effects may then occur at Mach numbers as low as 
0.55. 

In general, losses in propulsive efficiency due to compressibility 
effects become evident at Mach numbers M ranging from 0.5 to 0.7 
and greater.® Tests indicated that at M = 0.8 the loss in thrust 
power was of the order of 20 per cent. 

It is because of the aforementioned limitation of the propeller at 
high flight speeds that other methods of propulsion which do not 
encounter these difficulties are of interest. Such a method is offered 
by jet propulsion. Like all new developments, however, jet propul- 
sion must demonstrate its possibilities by extensive field use. It is 
to be expected, therefore, that most aircraft built in the immediate 
future, at least, will employ propeller propulsion with either a 
reciprocating engine or gas turbine for the power plant, and jet 
propulsion will be applied mainly to high-performance aircraft. 

Published data regarding jet-propelled planes are meager, but they 
indicate that propeller propulsion, employing either a gas turbine 
or a reciprocating internal-combustion engine, develops more thrust 
per pound of fuel consumed than does a thermal jet engine until the 
flight speed of the airplane approaches 500 mph. The exact flight 
speed for equal rates of fuel consumptions will be governed by the 
speed at which compressibility seriously affects the performance of 
the propeller and the success of engineering developments in reduc- 
ing the fuel consumption of the turbojet engine. 
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chapter Seven 


THE GAS-TURBINE POWER PLANT 


1. Introduction 

The basic concepts underlying gas-turbine power-plant cycles 
have stimulated inventors and engineers for many years. It is only 
recently, however, that real progress toward producing a practical 



Fig. 1. Elements of a gas-turbine power plant. (Reproduced from S. A. Tucker, 
Mechanical Engineerings June 1944.) 

gas-turbine plant has been possible, and its development has now 
reached that stage where judgments of its potentialities can be made. 

The arrangement of the elements of a modern continuous-combus- 
tion gas-turbine power plant is illustrated in Fig. 1. Three major 
elements are required to execute its power cycle; a compressor, a 
combustion chamber, and a turbine. The compressed air leaving 
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the compressor flows to the internally fired combustion chamber 
wherein it is heated to a high temperature. The air then expands in 
the turbine. The useful power developed by the plant is the differ- 
ence between the work produced by the turbine and that required 
to drive the compressor, less any parasitic losses due to radiation, 
pressure drops, leakage, power to drive accessories, etc. 

The power plant illustrated in Fig. 1 is frequently called a constant- 
pressure gas turbine. This is really a misnomer; the term arose from 
the necessity of distinguishing this type of power cycle from the 
explosion or constant-volume cycle utilized in the Holzwarth gas 
turbine. As pointed out by Dr. Adolph Meyer, neither the combus- 
tion-chamber pressure nor the pressure at the turbine inlet remains 
absolutely constant but both vary with the load on the plant. The 
more appropriate designation suggested by Dr. A. Meyer is the 
continuous-combustion gas turbine} 

According to Dr. J. T. Retalliata the history of the gas turbine can 
be traced back to Hero of Alexandria.^ The first important design, 
however, was that disclosed in a patent issued to John Barber, an 
Englishman, in 1791. The plant disclosed by John Barber was 
intended to operate on distilled coal, wood, or oil. It incorporated 
a compressor driven through chains and gears by a turbine operated 
by the combustion gases. Since that time there has been a steady 
increase in the number of gas-turbine patents, but the efforts of the 
early inventors to produce a practical plant were, on the whole, 
entirely unsuccessful. 

In their efforts to produce a simple power plant to replace the more 
complex steam power plant with its reciprocating steam engine, 
steam boiler, and manifold auxiliaries, the early inventors paid no 
heed to the question of thermal efficiency. Furthermore, it appears 
that they did not appreciate the relationship between the turbine 
output, the compressor power requirements, and the useful output 
of the gas-turbine plant. Their work and progress should not be 
disparaged, however, but should be appraised in accordance with the 
background of the thermodynamic and aerodynamic knowledge 
available to them. Furthermore, the seriousness of the metallurgical 
problems with which they had to cope should not be overlooked. 

The first approach to the modern conception of the gas-turbine 
plant was that described in a patent issued to Dr. F. Stolze in 1872.® 
The Stolze plant consisted of a multistage axial-flow compressor 
coupled directly to a multistage reaction turbine. The air leaving 
the compressor was heated in an externally fired combustion chamber 
before its admission into the turbine. Tests of this plant were made 
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in 1900 and 1904. The unit was unsuccessful. The lack 
was primarily due to the inefficiency of the axial-flow cd 
This is quite understandable since the basis for modern j 
compressor design is aerodynamics, a science which was H 
oped at that time. Figure 2 illustrates the arrangement of the Stolze 


gas-turbine plant. 



Heat exchanger 

Fig, 2, Stolze gas-turbine power plant. (Reproduced from A. Meyer, InsL Mech, 
Eng. Proc., 1939, Vol. 141, p. 197.) 


It is worth noting that this lack of aerodynamic information led 
Sir Charles Parsons, the inventor of the reaction turbine, to abandon 
the development of the axial-flow compressor in 1908 after building 
30 compressors of that type. His efforts to improve the efficiency 
of the axial-flow compressor met with little success, and at that time 
the more highly efficient centrifugal compressor was introduced by 
Ratcau.^ 

Several experimental gas turbines were built by the Soci^tfe des 
turbomoteurs in Paris during 1903 to 1906. These gas turbines 
operated on a cycle similar to that of modern gas turbines. The 
most significant unit had a multistage centrifugal compressor, 25 
impellers working in series, a two-row impulse wheel turbine with 
water injection to cool the turbine blades and disk, and an internally 
fired liquid-fuel combustion chamber. The operating temperature 
for the turbine was 1030 F, and the thermal efficiency of the unit was 
slightly less than 3 per cent. This unit was probably the first gas 
turbine to produce net useful work. The low thermal efficiency was 
due to the poor efficiency of the compressors and too low an operating 
temperature. 

An important step in the advance of the gas-turbine art must be 
credited to the development of the Velox steam generator.® This 
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steam generator is a boiler fired under pressure, the pressure being 
produced by a compressor driven by a gas turbine actuated by the 
flue gases of the boiler. A part of the pressure developed by the com- 
pressor is employed to produce high gas velocities in the heat- 
transmitting parts of the boiler, thereby ensuring high rates of heat 
transfer. For this development to be successful, a compressor of 
high efficiency was essential ; otherwise, the exhaust gas turbine would 
be unable to develop the power required to drive the compressor and 
the deficiency would have to be supplied by another source; this 
would have reduced the efficiency of the steam generator. 

The problem was solved by the Brown-Boveri Company by the 
development of a multistage reaction turbine and a multistage axial- 
flow compressor, the design taking into account the results of the 
latest research in the field of aerodynamics. 

A similar application for the gas turbine was found in oil refineries 
making gasoline by the Houdry process.® Air is compressed by an 
axial-flow compressor and delivered to the catalyst chamber where it 
is heated to high temperature. It is then returned to the turbine, 
wherein it expands to produce the energy required for operating the 
compressor. The excess power is furnished to an electric generator. 

A parallel development which has also contributed to the develop- 
ment of the gas turbine is the exhaust-gas-driven supercharger. In 
this application the gas turbine is an accessory. But its application 
to aircraft engines has served to accelerate the development of the 
high-speed centrifugal compressor and the high-temperature high- 
speed turbine. The large number of installations of this type of 
equipment on aircraft engines and diesel engines (Buchi system) ® 
has provided a real incentive to metallurgists to develop high-tem- 
perature materials and has quickly produced a wealth of operating 
experience upon which future gas-turbine developments can be safely 
based. 

To return for a few moments to the difficulties encountered by the 
early inventors, their troubles were of two kinds. First was the low 
efficiencies of the compressors and turbines available in those days, 
and second there was a lack of materials suitable for high-temperature 
service. Consequently, the permissible operating temperatures were 
inadequate for the available component machines. This is readily 
understandable from Fig. 3, which illustrates the minimum turbine- 
inlet temperature to obtain useful output from the gas-turbine plant 
as a function of machine efficiency, the latter being the product of 
the efficiency of the compressor and the efficiency of the turbine. 

Today the obstacles menticmed above have been largely overcome. 
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Compressors and turbines are available or can be designed with 
efficiencies ranging from 0.80 to 0.90. Further, materials are avail- 
able with good strength properties at operating temperatures ranging 
from 1200 to 1600 F. Though 1600 F appears to be the present 
practical limit, there is every indication that operating temperatures 



Pressure ratio 

Fig. 3. Minimum turbine inlet temperature to produce useful work. 

as high as 1900 F are a distinct possibility.^® A section through a 
modern continuous-combustion gas-turbine plant is presented in 
Fig. 4. 

The gas turbine is of interest to aeronautical engineers for several 
reasons. The problems associated with increasing the size of light- 
weight internal-combustion-engine plants seem to be leading to a 
practicable limit to this size of plant.® No such limitation is basic 
to the gas-turbine plant, and in the larger sizes a favorable power- 
weight ratio should be feasible with careful design. Furthermore, 
the gas-turbine power plant can utilize grades of fuel not suitable 
for high-performance sparic-ignition engines. 
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Gas 


Air In 



Secondary air enters 
combustion chamber ‘ 
through annular space 

Fig. 4. Section through a modern continuous-combustion gas-turbine power plant 
(Reproduced from S. A. Tucker, loc. cit.) 


This chapter is concerned with the analysis of the continuous- 
combustion gas turbine as a basic power plant which can be adapted 
to the propeller propulsion of aircraft. 

2. Ideal Open-Cycle Gas Turbine 

Figure 5 is a diagrammatic illustration of an open-cycle gas-turbine 
plant. Atmospheric air enters the compressor C, wherein it is com- 
pressed. It then flows to the combustion chamber wherein fuel 

c « compressor 
t » turbine 

3- B « combustion chamber 

Of K fuel flow, Ib/sec 
Ga»alr flow, Ib/sec 


Fig. 5. Diagrammatic sketch of the dements of an open<ycie gas-turbine power 
plant for airplane propulsion. 






Chap. 7] 


THE GAS-TURBINE POWER PLANT 


263 


is burned to raise its temperature to the permissible turbine inlet 
temperature. The gases entering the turbine t, assuming a tempera- 
ture of approximately 1200 F, will contain approximately 600 per 
cent excess air. This highly heated mixture of a small amount of 
combustion products and air expands in the turbine to the atmos- 
pheric pressure. The excess work developed by the turbine, above 
that required to operate the compressor, is absorbed by the propeller 
or other means according to the application for which the plant is 
intended. 

The ideal cycle for this plant is illustrated on the />z;-plane in Fig. 6 
and on the r5-plane in Fig, 7. 



9 

Fig. 6. Ideal gas-turbine cycle Fig. 7. Ideal gas-turbine 

on the p-v plane. cycle on the T-s plane. 

As a first approximation, the characteristics of the plant will be 
determined, assuming that the working fluid is a perfect gas, that 
the component parts of the plant are 100 per cent efficient, and that 
there are no losses due to friction, radiation, pressure drop, etc. 


Notation 

L = net work delivered by the gas turbine power plant, 
ft-lb/lb. 

Lt = work developed by an ideal turbine, ft-lb/lb. 

Lc = work required by an ideal compressor, ft-lb/lb. 

A = area, sq ft. 

nia = efficiency of an ideal non-regenerative air cycle. 

"flaR = efficiency of an ideal regenerative air cycle. 

t = pressure ratio of compressor (cycle pressure ratio for ideal 
plant). 

k ~ Cpf 

Ti == temperature at inlet to compressor, R. 

T 2 ^ temperature at outlet of an ideal compressor for which 

i/c = 10, R. 


264 


PRINCIPLES OF JET PROPULSION 


[Chop. 7 


Tz « 


e = 
z - 

Lhc = 


Vc = 
= 

i7< = 

17/2 = 
VB = 
W = 

a = 

T2 = 

7^3 - 

n = 

Xi2 - 
Xp = 

y = 


temperature at inlet to turbine, R. 

temperature at outlet of ideal turbine for which 171 = 1.0, 
R. 

Ti 

(9-1. 

heat supplied to ideal combustion chamber to raise tem- 
perature of gases from T 2 ' to Tz, 

compression work including all internal losses except 

mechanical efficiency == Lc/Jrict Btu/lb. 

internal efficiency of compressor. 

turbine output = Lt-qt/J^ Btu/lb. 

internal efficiency of turbine. 

effectiveness of regenerator. 

efficiency of combustion chamber. 

mechanical efficiency of turbine and compressor drives, 
heat actually supplied in the form of fuel = Qi 
actual temperature at end of compression, R. 
temperature at inlet to turbine, R. 
actual temperature at end of turbine expansion, R. 
losses in regenerator = (1 — 7;p). 
losses due to pressure drop. 

1 — 



compressor efficiency adjusted to take care of pressure 
drop in the plant layout. 


Assuming that the working fluid is a perfect gas and that all the 
machine components are 100 per cent efficient, the useful work of an 
ideal gas turbine plant is, in general, given by 


L-^Lt-Lo ft-lb/lb. 


( 1 ) 


The heat supplied to the ideal plant is Qi = Cp{Tz — Tz) Btu per 
pound. The ideal cycle efficiency is 





U-L, 

JQi' 


( 2 ) 


Assuming that the compression process 1-2' and the ocpansion pro- 
cess 3-4' are isentropic, the dianges in enthalpy will be 

he *= Jcp{T 2 — Ti) and Lt = JcpiXi — T^) 
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Hence substituting for and Le in equation 2 gives the following 
Cp[{n - n') - (T 2 ' - Tr)] 

Ha = — — (i 

CpiTa - Ta') ^ 

For a perfect gas Cp = constant. Hence the ideal cycle efficiency 

- T, 

’Ja = 1 — ■::: — (4 


For this ideal cycle the pressure ratio for the compression process is 
the same as it is for the expansion process. For a cycle made up of 
two pairs of similar curves 

rm = T1T3 

Hence 

T 2 ' Ta / p2\ k 


1 ^4 ' 


where r = pressure ratio == p2/pv 
Hence 


^;a = 1 — 


Jfc-1 

G) ‘ 


Ta - Ta' 


or, finally, the efficiency of the ideal non-regenerative cycle is 


1]a = 1 


*-l 

Gr-z 


From equation 6 it is seen that the efficiency of the ideal cycle for 
the gas-turbine power plant depends only upon its pressure ratio r 
and the specific heat ratio k. The efficiency of the ideal cycle is 
independent of the temperatures of the cycle. 

0.50 

0.40 
0.30 
0.20 
aio 
0 

0123456789 10 

Pmsture ratio 

Fig. 8. Air cycle efficiency va. pressure ratio for the ideal open-cycle gas-turbine 

power plant. 
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From Fig. 8 it is seen that the ideal gas-turbine plant has the 
potentiality of giving high efficiency if the pressure ratio for the cycle 
is large enough. jfc_i 

Table 7*1 presents values of r * for different values of 

k Cp! 

TABLE 71 


Table of Polytropic Compressions 



II 

II 

i; 

k~ 1 
= r k 


f 

k = 1.4 

k = 1.3 

II 

k = 1.1 

1.1 

1.028 

1.022 

1.016 

1.009 

1.2 

1.053 

1.043 

1.031 

1.017 

1.3 

1.078 

1.062 

1.045 

1.024 

1.4 

1.101 

1.081 

1.085 

1.031 

1.5 

1.123 

1.098 

1.070 

1.038 

1.6 

1.144 

1.115 

1.081 

1.044 

1.7 

1.164 

1.130 

1.092 

1.050 

1.8 

1.183 

1.145 

1.103 

1.055 

1.9 

1.201 

1.160 

1.113 

1.060 

2.0 

1.219 

1.174 

1.123 

1.065 

2.5 

1.299 

1.235 

1.165 

1.087 

3.0 

1.369 

1.289 

1.201 

1.105 

3.5 

1.431 

1.336 

1.232 

1.121 

4.0 

1.487 

1.378 

1.260 

1.134 

4.5 

1.537 

1.415 

1.285 

1.147 

5.0 

1.583 

1.449 

1.307 

1.157 

5.5 

1.627 

1.482 

1.328 

1.167 

6.0 

1.668 

1.512 

1.348 

1.177 

6.5 

1.707 

1.540 

1.366 

1.186 

7.0 

1.742 

1.566 

1.383 

1.194 

7.5 

1.778 

1.591 

1.399 

1.201 

8.0 

1.811 

1.616 

1.414 

1.208 

8.5 

1.843 

1.639 

1.429 

1.215 

9.0 

1.873 

1.660 

1.442 

1.221 

9.5 

1.903 

1.681 

1.455 

1.227 

10.0 

1.931 

1.701 

1.468 

1.233 


Example. An ideal gas-turbine plant operating with the cycle illustrated in 
Fig. 6 has a pressure ratio p 2 /p\ = 6.0. What is its efficiency? 


From Table '7 • 1, 


— -(;f 

*-1 

1.668; * - 0.60. 

17 a * 1 0.6 = 0.40 
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S. Ideal Regenerative Cycle 

Referring to Fig, 7 it is seen that the gases in the turbine exhaust 
are discharged at the temperature If this temperature is higher 
than 7 2^ the temperature at which the compressed air enters the 
combustion chamber, it is possible to recover a portion of the thermal 
energy in the exhaust gases from the turbine by the expedient of 
inserting a heat exchanger, called a regenerator, in the paths of these 
two gas streams in the manner 
illustrated in Fig. 9. The heat 
transferred from the turbine ex- 
haust to the air leaving the 
compressor, by the regenerator, 
effects a reduction in the quan- 
tity of heat which must be 
added in the combustion cham- 
ber to obtain the gas tempera- 
ture at the inlet to the tur- 
bine. This reduction in the 
supply of heat is possible pro- 
vided 7*4' is higher than ^2', 
which it usually is. 

The reduction in the quantity of heat added in the combustion 
chamber, assuming an ideal regenerator and constant specific heats 
for the gases, is Qr, where 

Qr = - 72') Btu/lb (7) 

Hence the heat which is supplied to the combustion chamber of a 
gas turbine utilizing the ideal regenerative cycle is given by 

QiR^ = Q/ -Qr^ hiTs - 72') - - 72') (8) 

The efficiency of this ideal regenerative cycle is given by 
^ (73 - 74') ~ (72' -- 70 
(Tz - 22 ') - (T,' - m 

which in accordance with equation 3 can be written 



regenerative gas-turbine power plant. 


naR 



(9) 


Tz 


From equation 5 


Tz' 
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and, substituting these expressions for T\ and Tz in equation 9, the 
result is 

Ta' Ti ^-1 Ti 

= = (10) 

i 3 -[3 j 3 

From equation 10 it is seen that for the ideal regenerative gas 
turbine the cycle efficiency is dependent upon the inlet temperature 



0123456789 10 11 

Pressure ratio 

Fig. 10. Characteristics of the ideal open-cycle regenerative gas-turbine power 

plant. 

to the compressor Ti, the inlet temperature to the turbine Fa, the 
cycle pressure ratio r, and the spiecific heat ratio k, 

hul 

From the relationship B T 2 /Ti ^ r ^ it is apparent that 
increasing the pressure ratio r raises the temperature at the end of 
compression T 2 . Consequently, if the turbine inlet temperature F 3 
is fixed the cycle efficiency riaR will be lowered if the pressure ratio is 
increased. This is readily seen from Fig. 10. Since the lower pressure 
ratios correspond to part-load operation, the regenerative cycle has 
the advantage of maintaining plant efficiency at part-load opera- 
tion. 
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Example. An ideal gas turbine is operated on the regenerative cycle. The 
inlet temperature to the turbine is 1200 R, the air entering the compressor is at a 
temperature of 520 R, and the pressure ratio is 6. Assuming that k = Cp/Cv — 1.4, 
find the ideal cycle efficiency (a) for the conditions listed above; (b) for an inlet 
temperature to the turbine of 1600 R; (c) for an inlet temperature to the turbine 
of 1200 R and a pressure ratio of 10. 

Solution. 

(а) = 1 _ ^9 = 1 _ ^ X 1.608 = 0.277 

(б) = 1 - X 1.668 = 0.458 

(c) “ 1 - X 1.931 - O.ISS 

The ideal cycles discussed in the preceding cannot be executed in 
practice, but by careful design the discrepancies can be kept small 
enough to give actual efficiencies that are attractive. It should be 
realized, however, that thermal efficiency is not the only criterion in 
deciding upon the application of prime movers. Such factors as 
cheap fuel, low maintenance costs, compactness of plant, simplicity, 
and low weight are frequently of greater importance. This new form 
of power plant will undoubtedly be subjected to intensive develop- 
ment for aircraft use in the future, since it potentially offers the 
possibility of low weight-to-power ratio. 

4. Causes of Departure of Actual Cycle from Ideal Cycle 

The actual cycle for a continuous-combustion gas turbine deviates 
in several respects from the ideal cycles discussed in Sections 2 and 3. 
The differences arise from the causes discussed below: 

(a) Compression Process. In the actual compressor there are 
losses due to friction, heat transfer, shock, and the like. Conse- 
quently, the flow compression of the air is not conducted under the 
isentropic conditions assumed in the ideal cycle. Thus, if 

Tc = pressure ratio of compressor, 

Cpc = average specific heat at constant pressure for compression 
process, 

AAc == actual compression work, Btu/lb, 

Lc ~ isentropic compression work, ft-lb/lb, 

then 

T.T. r. -r-N T. 0'2 - Ti) 

nc Vc 

or 

rc * - 1 - 1) , . 

Ahc = ^pcTi CpeTi (11^) 
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The value of tic depends upon the type of air compressor, its pres- 
sure ratio, and the weight of air passing through it. For modern 
high-speed centrifugal compressors a value rjc = 0.75 appears to be 
reasonable for estimating purposes; for axial-flow compressors 
rjc = 0.85 to 0.90. According to C. R. Soderberg and R. B. Smith 
a value of rjc = 0.847 is attainable with the constant-displacement 
helical lobe rotary compressor invented by Alf Lysholm, Ljungstom 
Company, Sweden. The marine gas turbine developed by the 
Elliott Company employs Lysholm compressors.^^’^®'^^ 

Problem. Calculate the efficiency of a compressor operating with a pressure 
ratio of 3.0 if the entering air is at 500 R and the exit air is at 700 R. 

Solution. From Chapter 4, Section 4, the heat added per mole of air is 


Q = wCpo(240 - 32) - ;w^pc(40 - 32) lUu/mole 


From Table 4*3 


6.909 

Cpc at 240 = = 0.2406 

^ 28.97 


Cpc at 40 


6.941 

28.97 


0.2396 


* (2 - .2406 X 208 - .2396 X 8 - 48.12 Btu/lb 

From Table 4 -4 



2.1845 X 3 = 6.5535 
Blu/lb 


(6) Expansion Process in the Turbine. The expansion of the 
heated gas in the turbine is accompanied by various losses. Conse- 
quently, the actual work performed by the turbine is less than that 
obtainable from an ideal machine. Because of the injection of fuel 
in the combustion chamber, the mass flow of gases is greater in the 
turbine than the air flow through the compressor; this is discussed 
in detail in Section 4(d). 

It should be further noted that owing to the pressure loss in the 
combustion chamber the expansion ratio for the turbine is smaller 
than the pressure ratio for the compressor. 

In general 

J ^ht = ritLt ( 12 ) 


where Lt =* isentropic expansion work in turbine ft-lb/lb. 
ir}t ~ internal efficiency of turbine. 
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Tt = exp«insion ratio of turbine. 

Cpi = mean specific heat for operating temperature range of 
turbine. 

Hence 

— Tt ^ ( 13 ) 

where Ta is the temperature at the inlet to the turbine. 

The internal efficiency of the turbine is affected by its size and the 
number of stages. For single-stage impulse machines, values ranging 
from 0.80 to 0.85 can be expected, depending upon the care taken to 
reduce the blading losses, nozzle friction, leakage, etc. ; for multistage 
machines of either the impulse or reaction types higher internal effi- 
ciencies can be expected. For analytic studies, a value of r)i == 0.85 
appears to be reasonable. 

(c) The Regenerator, This apparatus does not transfer 100 per 
cent of the heat in the turbine exhaust gases to the compressed air 
leaving the compressor as assumed in the ideal regenerative cycle. 
As a matter of fact, 100 per cent effectiveness cannot be obtained 
unless the heat-transfer surface has infinite area. The effectiveness 
of the regenerator will be denoted by 

Figure 11 illustrates the heat-balance conditions for the regen- 
erator. 


From turbine To exhaust stack 



Fig. 11. Heat balance for the regenerator. 

Let h denote the enthalpy of the fluid in Btu/lb above a given 
datum. If the locations in Fig. 1 1 are used as subscripts, then 

he ~ enthalpy leaving regenerator (cold side). 
hd == enthalpy entering regenerator (cold side). 
ha = enthalpy entering regenerator (hot side). 
hb “= enthalpy leaving regenerator (hot side). 

The regenerator is a counterflow heat exchanger. The cold gases 
flow through a tube bundle, and the hot gases flow around them. 
In practice, it is important to keep the pressure drops through the 
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regenerator as low as possible. A large pressure drop on the cold 
side increases the required pressure ratio of the compressor and con- 
sequently the compression work. Similarly, a large pressure drop 
on the hot gas side of the regenerator raises the turbine back pressure, 
thereby reducing the pressure ratio of the turbine and consequently 
its output. 

From the foregoing, it is seen that the gain due to exhaust-gas heat 
recovery is partly offset by the pressure drop involved in carrying 
the fluids through the regenerator. For a given heat-transfer-surface 
area the pressure drop will increase with the efiiciency of the regen- 
erator since, to obtain higher rates of heat transfer, the velocity of 
the gases past the heating surfaces must be greater. For estimating 
purposes, the enthalpy loss corresponding to different regenerator 
efficiencies can be assumed to be those listed below. These values 
assume well-designed heat-transfer equipment, and unless care is 
exercised in the design of the regenerator either its size will become 
unreasonable or the losses will be greater than those listed. “ 

Regenerator Enthalpy Loss 
Effectiveness tir in Btu/Lb 

0.50 0.55 

0.75 1.10 

0.90 2.75 


Since the regenerator is a device for reclaiming some of the heat 
energy in the turbine exhaust, effectiveness is defined in terms of the 
rise in the enthalpy on the cold side referred to the enthalpy of 
the exhaust gases above that of the compressed air leaving the com- 
pressor 


he — hd 

hfi — hd 


(14) 


In terms of the temperatures 


Cpi^T c Td) 

- Ti) 


(15) 


where £p is the mean value of the spedhe heat at constant pressure 
for the temperature ranges involved. 

(<f) Combustton Chamber. Not all the thermal energy of the fuel 
injected into the combustion chamber is recovered as increased tem- 
perature of the working fluid; there are losses due to radiation and 
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imperfect combustion. Figure 12 illustrates the thermal conditions 
at the combustion chamber. Let 


Gf == rate of fuel addition, Ib/sec. 

Ga == rate of air flow, Ib/sec. 

Gg ^ Gf Ga ^ rate of gas flow, Ib/sec. 

He = lower heat value of fuel. 

hf = enthalpy of fuel above some fixed temperature, Btu/lb. 

Tfa = fuel-air ratio, Gf/Ga- 

Hf = enthalpy of fuel above 400 R, datum of Table 4 *4, Btu/lb. 

ha =* enthalpy of air at entrance to combustion chamber, above 
400 R, datum of Table 4 -4, Btu/lb. 

Qi = the thermal energy supplied to the combustion chamber 
in the form of fuel, Btu/lb of air. 

Qi = the heat actually imparted to the working fluid, Btu/lb 
of air. 

leiB = efficiency of combustion chamber. 

Cp = mean specific heat at constant pressure for the tempera- 
ture range Tc to Te, Btu/lb F. 

Tc = temperature at entrance to combustion chamber, R. 

Te — temperature at exit from the combustion chamber, R. 

The air and fuel entering the combustion chamber are mixed under 
adiabatic conditions, so that the final enthalpy of the mixture is equal 
to the sum of the enthalpies of the air and the fuel entering the 
combustion chamber. The fuel-air ratio, the pounds of fuel per 
pound of air, is calculated from the combustion efficiency the 
lower heating value of the fuel Hey and the temperature rise which 
occurs. Thus 

Gf Cp(Te — Tc) Gg 

r/« = — = -7— — ( 16 ) 

Ua He X m Ga 

The rate of gas flow through the combustion chamber is 


G, = + = ( 1 (17) 

If the ratio Gf/Ga is sufficiently small it can be assumed that the 
mixture of air and completely 
vaporized fuel obeys the perfect- 

gas laws for air. This assumption ♦ \ r h 

is well justified for gas turbines chamber” 

because of the large excess air pic. 12. Heat balance for the corn- 
employed. buBtion chamber. 


L- From 

\Tc compressor 
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The heat actually supplied to the combustor is expressed by the 
equation ^ , 

Qi = = — (r, ~ Tc) ( 18 ) 

The enthalpy per pound of fuel-air mixture entering the combus- 
tion chamber is composed of two parts: the enthalpy of the entering 
fuel plus the enthalpy of the air. 

The enthalpy per pound of mixture, assuming the fuel and air to 
have the same chemical aggregation, is determined as follows. Each 
pound of fuel-air mixture contains Gf/(Gf + Go) pounds of fuel and 
Ga/{Gf + Ga) pounds of air. If the enthalpies of the fuel vapor and 
of the air are assumed to be zero at 400 R, the base of Table 4 *4, 
then the enthalpy of the liquid fuel at the temperature 7^ R can be 
represented by an equation of the form 


Hf == aTL + C Btu/lb of fuel (19) 

where a and C are constants, and 7^ is the liquid temperature in 
degrees R. 

According to Keenan and Kaye, Trans, 1943, p. A123, 

for liquid octane a = 0.5 and C = —375. 

The enthalpy of 1 lb of mixture entering the combustion chamber 
after mixing is given by 

G/ Ga 

he = • 77/ + ha (20) 

Ga + G/ Ga + G/ 

The enthalpy per pound of mixture leaving the combustion cham- 
ber, he, is he plus the enthalpy of combustion. Thus 

G/ 


ha — he 


HcTJB 


( 21 ) 


G/ + Ga 

Example. Consider the gas turbine of Fig. 5. Assume the temperature of the 
air leaving the compressor to be 820 R. The temperature of the air leaving the 
combustion chamber is 1700 R, tjb = 0.98, He =* 19,240 Btu/lb. Find: (a) fuel 
air ratio; {b) enthalpy of liquid fuel (octane) entering combustion chanibei at 520 R; 
(c) total enthalpy per pound of mixture after mixing fuel and air; (d) total enthalpy 
per pound of mixture leaving combustion chamber. 

Solution, Assuming that the fuel addition does not affect the specific heat of 
the mixture, so that it may be assumed to be air, then, from Fig. 4-3, ffp » 0.26 
(a) Using equation 16 




0.260(1700 - 820) 
19,240 X 0.98 Ga 

Gf = 0.01228Ga Ib/sec 


0.0121 • 


(^) Using equation 19 

Hf « 0.5 X 520 


375 « -115 Btu/lb of fuel 
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(c) Using equation 20: From Table 4*4, the enthalpy of the air entering at the 
temperature 820 R is ha = 101.26 Btu/lb of air 

^ _ 0.01228Ga„ , Ga 

" 1.01228Ga^’^ 1.0121Ga^“ 

= 0.0120(~115) -1- 0.99(101.26) 

= 98.61 Btu/lb of mixture 

{d) Using equation 21 

he = 98.61 -f 0.01213 X 19,240 X 0.98 = 327.3 Btu/lb of mixture 

Check from Table 4*4: Ts = 1695 R. 

(e) Mechanical Losses. In addition to the thermal losses and 
thermodynamic deviations discussed above, there are mechanical 
losses due to friction in the bearings and in any gearing between the 
turbine and the propeller. These losses may be taken into account 
collectively by introducing the factor t/a/, the mechanical efficiency. 

Since the compressor and turbine are similar types of machines, 
their bearing losses are of the same relative magnitude for the en- 
thalpy changes per pound of fluid passing through them. Conse- 
quently, for analytical purposes, it can be assumed that rtu is the 
same for both the compressor and the turbine. In the design of a 
plant this point has to be investigated, and the actual values of 
for each component of the plant is used in the design calculations. 
For well-designed equipment the mechanical efficiency will be of 
the order of 0.96 to 0.98. 

(/) Parasite Losses. In the operating cycle of an actual gas turbine 
there are parasite losses arising from pressure drops in the piping, 
regenerator, etc. These losses necessitate increasing the pressure 
ratio of the compressor and reduce the net useful work of the gas 
turbine. 

The parasite losses will be denoted by AAl. The net output of 
the plant which is denoted by L is, therefore, given by 

vu {vtLt - - Lc) - /AAi ft-lb/Ib (22) 

(g) Variation of Specific Heat of Working Substance. As pointed 
out in Chapter 4, the sp)ecific heat of the working substance is not 
constant but varies with the temperature. Consequently, the spe- 
cific-heat ratio k also is a function of temperature. Data on the 
specific heat of air have been presented in Chapter 4, and methods 
for taking its variation into account are also presented in that 
chapter. 



276 


PRINCIPLES OF JET PROPULSION 


[Chap. 7 


It should be noted that there is a small gain in the mass of fluid 
flowing through the system after it has passed through the combus- 
tion chamber. Furthermore, there is a slight change in its chemical 
composition. These effects will be neglected here. 

In designing a gas-turbine plant, all the factors enumerated above 
must be given consideration, since the selection of the operating 
conditions and the sizes of the units should be based on the most 
accurate knowledge that can be obtained. Errors in estimating 
piping losses will affect both the efficiency and power output of the 
actual plant. Neglect of the variation in the specific heat will lead 
to incorrect blade path for the turbine, especially if it is of the multi- 
stage reaction type. 

From the foregoing it is seen that the efficiency of an actual plant 
of the type illustrated in Fig. 5 can be determined as follows 


1 

Net work = L = rjMViLt — vm — Lc — JAhi, 

Vc 


so that 


1 

Heat supplied = — Qi' 
VB 


rjM (^VtLt — ““ — /AAl 

rj ^ S 


VB 


JQ/ 


(23) 


In judging the usefulness of a prime mover, other criteria in addi- 
tion to the cycle efficiency must be given consideration. Two im- 
portant criteria are the air rate and the work ratio discussed below. 


S. Air Rate, Wa 

This is the amount of fluid which must be handled per unit of 
power output. This is a criterion of the size of the plant. The air 
rate is usually expressed in terms of pounds of air inducted by the 
compressor per horsepower-hour. Thus 



2545 

Net output in Btu/lb of air 


( 24 ) 


Obviously, the lower the value of Wat the smaller the plant. 
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6. Work Ratio, U 

This is the ratio of the net work available for driving the load to 
the total internal power developed by the turbine. Thus 

Net output of plant 

U = (25) 

Output of turbine 

This criterion gives an indication of the size of the machinery which 
must be installed to produce a given power output for useful purposes. 
The higher the work ratio, the smaller is the power plant that must 
be installed for a given net output. 

7, Simplified Analysis of Plant Efficienq/ 

A general equation for the efficiency of the simple gas-turbine 
plant cannot be derived owing to the large number of variables in- 
volved. By making certain simplifying assumptions it is possible, 
however, to obtain an expression which can readily be applied to 
analysis of the plant. These simplifying assumptions do not intro- 
duce any significant errors when the methods of this section are used 
to obtain general characteristics. Thus let it be assumed that (a) 
the working fluid is a perfect gas; (b) there is no increase in the 
quantity of working fluid due to the addition of fuel in the combus- 
tion chamber; and (c) there are no pressure drops. 

Assumption (a) introduces an error since it neglects the variation 
in the specific heat and specific heat ratio k of the working fluid with 
temperature. The error it introduces in the compression portion 
of the cycle is less than 1 per cent for a pressure ratio as high as 6. 
The error is of the order of 2 per cent for the expansion portion of 
the cycle. Where an exact analysis is necessary, as in plant design, 
the variation of the specific heat and k must be taken into considera- 
tion. 

Assumption {b) introduces a small error in the direction of conserv- 
atism. Further, this error is partly offset by assumption (a). The 
combination of these two assumptions tends to nullify the error 
introduced by each. 

The flow of gases through the turbine is (1 + rfa)Ga Ib/sec, where 
Ga is the air flow through the compressor. 

Assumption {c) can be readily taken into account by either deduct- 
ing the pressure losses from the cycle pressure at the locations where 
the pressure losses occur or by reducing the actual efficiency of the 
compressor by an amount sufficient to compensate for the pressure 
losses. In an exact analysis of an actual plant, however, the pressure 
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drops should be taken into consideration at the appropriate places 
in the cycle. 

The general expression for the efficiency of the simple gas-turbine 
plant, based on the foregoing assumptions, is equation 23. In this 
equation the quantity Qi/rjE is the actual heat supplied per pound 
of air by the combustion of fuel in the combustion chamber. It is 
equal to the heat required to raise the temperature of the compressed 
air discharged by the compressor to the temperature at the turbine 
inlet times 1/vb- Because the compression of the air is not isen- 
tropic the air leaving the compressor is at a higher temperature than 



Fig. 13. Compression process on T-s 
plane. 



plane. 


the isentropic compression temperature for the same pressure ratio. 
This is illustrated in Fig. 13, where the actual and isentropic compres- 
sion processes are illustrated on the 7's plane. The curve 12' repre- 
sents the isentropic case, and 12 represents the actual compression. 
The corresponding compression works are Lc and J Ahc = Lc/rje- 
(a) Temperature at End of Compression. The temperature rise 
in the compressor and its internal efficiency rjc are related by the 
expressions 

Lc Isentropic compression work 

J Ahc Actual compression work 
Using assumption (a), this becomes 


Cp(T2' ~ Ti) ^ T 2 ' - Ti 
Cp{T2 — Ti) T 2 — Ti 


(27) 


It has been shown that for an isentropic compression from pi to p2, 
so that r == P2/PU the initial and final temperatures are related by 
the expression ^ ^ 


Ti 



= e 
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72' = Tie or Ti ( 28 ) 

6 

Substituting for 1\ into equation 27, an expression for the discharge 
temperature from the compressor in terms of 7'2 and r)c is obtained. 
Thus 

T2' - Ti 
7^ = Ti + 

Vc 

which can be transformed to give 


\ e / rjc e rjc \ 0/ 


The factor 1 — (1/0) is identical with the expression for the efficiency 
of an ideal simple plant 7)^; see equation 6. Hence equation 29 can 
be transformed to give 

To' To' /I tiA 


Vc Vc/ 


Values of T2' = T16 for different pressure ratios, and values of /fe, 
can be determined from Table 7 2. Values of Va can be taken from 
Fig. 8. 

Example. An air compressor has an inlet temperature of 520 R. Assuming 
that k ^ 1.4, and perfect gas laws, what is the discharge temperature of the air 
for a pressure ratio of 2: (a) vc = 1.0; (b) rje — 0.9; (c) rjc ~ 0.85? 

Solution. From equation 30 

Ti = Ti’ + 52 ) 

ric/ 


For r ~ 2, from Table 7*1, ^ = 1.219. 

From equation 28, T 2 = 520 X 1.219 = 633 R. 
From Eq. 6, 77 a = 1 - (I/O) *= 1 - 0.821 - 0.179. 

Ti = 633 f 0.821 + 


(a) Ti = Ti' = 633 (0.821 + 0.179) = 633 R. 

(b) Ti = 633(0.821 + 0.199) = 645 R. 

(c) Ti = 633(0.821 + 0.211) = 653 R. 


Example. Find the discharge temperature of the air leaving compressor for 
which the pressure ratio is 6, the inlet temperature 520 R, and the internal efficiency 
0.80. Compare result with value if variation in specific heat is taken into account. 
From Table 7* 1, for ^ = 1.4 and r == 6, r 2 » 1.668 Ti. 

1 ^ 1 
e * 1.668 
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From equation 6 

1 - riu = 1 - 0.6 = 0.40 

l.OOo 

From equation 30 

/ 0.4\ 

r2 = i.668ri(^o.6-f — j 

= 1.668ri X 1.10 == 1.835 X 520 = 954 R (constant Cp assumed) 

Check, using Table 4*4: 

For Ti = 520 hx = 28.80 prx = 2.506 

pr 2 = 2.506 X 6 = 15.036 ^ 2 ' = 112.07 Btu/lb 

LcU = 112.07 - 28.80 = 83.27 Btu/lb 
1 83 27 

AAc = - Lc/J = = 104.1 Btu/lb 

17c 0.8 

ki = 104.1 4- 28.8 = 132.9 Btu/lb 

From Table 4*4, T 2 = 948 R (variable Cp). It is seen from the above compari- 
son that the error in T 2 due to neglecting the variation in Cp with temperature is 
0.6 per cent. 


(6) Temperattire of Turbine Exhaust This temperature is deter- 
mined in a manner similar to that used for determining T’2. The 
actual expansion is compared with the isentropic expansion in Fig. 14. 
Hence the efficiency of the turbine is given by 


From equation 31 



n = Ta ~ 17, (Fa - U) 


(31) 

(32) 


But, from equation 5, T 4 ,' = T^/ 6 , Substituting this expression into 
equation 32 gives the following equation for the turbine exhaust 
temperature 7'4 

r4 = ri«(i - (33) 


From equation 33 it is seen that the enthalpy change taking place 
in the turbine depends only upon the ideal cycle efficiency 17a and 
the internal efficiency of the turbine 17^. 


Example. A turbine is supplied with air heated to 1660 R, its internal efficiency 
is 0.80, the expansion ratio is 6.0. Find the exhaust temperature for the gases 
(a) Cp “ constant; {b) Cp ^ f(T). 
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Solution, 

(а) From Table 7 1 (or k 
From equation 33 

Ti = 1660[1 - 0.80 X 0.40] - 0.68 X 1660 = 1130 R(cj, constant) 

(б) From Table 4 *4 

n = 1660 R h = 316.57 Btu/lb prs = 171.56 
171.56 

^,4 » __ « 28.59 h' = 153.9 Btu/lb 
6 

Lt/J = As - W = 316.57 - 153.9 = 162.67 Btu/lb 
Aht = mU/J = 0.8 X 162.67 = 130.14 Btu/lb 
ki ^ hs — Aht = 186.43 Btu/lb 
74 = 1163 R (cp variable) 

Because the compression and expansion processes are not isen- 
tropic, as discussed in the foregoing, the actual cycle for the simple 
gas turbine plant differs from the ideal cycle. Figure IS illustrates 
the actual cycle on the h-s plane. 

8. Heat Supplied and Cycle Efficiency 
The actual quantity of heat furnished the cycle Qi is that required 
to raise the temperature of the air from the compressor discharge 
temperature 7^2 to the turbine throttle temperature This is 
equal to the enthalpy change corresponding to the temperature in- 
crease {Tz — T 2 ) less the heat recovered in the regenerator plus the 
thermal losses in the combustion chamber. 

Assuming that the specific heat is constant and the efficiency of 
the combustion chamber is i/b, the heat supplied to the working 
fluid is Qi = risQu and the heat furnished to the cycle is 

[( 7*3 - Ti) - nttiTi - n)] 

VB VB 

Rearranging, this becomes 

Qi “ — [Fa - TaCl - vr) - ^rT^] 

VB 


1.4 and r = 6,0 = 1.668 and ~ ~ ~ 0.40. 


( 34 ) 
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Fig. 15. Actual open cycle on the enthalpy-entropy plane. (Reproduced from 

S. A. Tucker, loc, cil.) 

The expression (1 — m) represents the fraction of the thermal 
energy in the turbine exhaust gases not recovered in the regenerator. 
This loss is denoted by \r. But from equation 30 

T 2 == Ti H ^ (a) 

and from equation 33 

Ti - Tia^l - 1)1 — — ^ {b) 

Substituting from (a) and (Jb) into equation 34 and letting Xr 

(1 ~ vr)^ 

Qi ^ — VtVa)\ — T2'\r ( — I ^1 

Vb l \0 rjf,/ J 


( 35 ) 
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y = 1 — - 7^17)0) 


Z = Xr 



Then the equation for the heat supplied to the cycle becomes 


Qi = - [Tsy - T^'z] 

VB 


(36) 


The output of the gas-turbine power plant, neglecting mechanical 
losses, is given by 

1 

L = TjtLt Lc 

Vc 

This can be written in the form 


L = ritLt ~ - Z, = ViiTs - 7V) ~ “ aV - T,) 1 

Vc ^ 77c J 

By eliminating Ti and T 4 and noting that = 1 — (l/^)> the above 
expression becomes 

CpVa(vtTs (37) 

J \ Vc / 

The net output of the plant in mechanical units, taking mechanical 
losses into account, is vmL. 

Substituting for Qi and L into the plant-efficiency equation 23, 
assuming that the parasite losses AAl are taken into account by proper 
adjustment of the compressor or turbine efficiency, the final equation 
for the efficiency of the gas turbine is 


V = 


VMVBVa 


avt — B/vc 
ay — Bz 


(38) 


Equation 38 is the general expression for the efficiency of a simple 
gas-turbine plant of either the regenerative or non-regenerative type. 
It is not entirely accurate in view of the simplifying assumptions 
used in its derivation. For studying the effect of changing the various 
factors which influence the plant performance it is useful and suffi- 
ciently correct. 

To reduce the amount of calculation required in applying this 
equation, Table 7*2 has been prepared. This table presents the 
values of B, 1/B, Vat and VaO for different pressures and for = 1.4. 
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Values of d, t/d, r)a, and ricfi 


r 

e 

\/e 

Va 

riaO 

1.0 

1.000 

1.000 

0 

0 

1.1 

1.028 

0.9728 

0.0272 

0.0279 

1.2 

1.053 

.9497 

.0503 

.0529 

1.3 . 

1.078 

.9276 

.0724 

.0780 

1.4 

1.101 

.9083 

.0917 

.1009 

1.5 

1.123 

.8905 

.1095 

.1229 

1.6 

1.144 

.8741 

.1259 

.1440 

1.7 

1.164 

.8591 

.1409 

.1640 

1.8 

1.183 

.8453 

.1547 

.1830 

1.9 

1.201 

.8326 

.1674 

.2010 

2.0 

1.219 

.8203 

Am 

.2191 

2.5 

1.299 

.7698 

.2302 

.2990 

3.0 

1,369 

,7305 

.2695 

.3689 

3.5 

1.431 

.6988 

.3012 

.4310 

4,0 

1.487 

.6725 

.3275 

.4870 

4.5 

1,537 

.6506 

.3494 

.5370 

5.0 

1.583 

.6317 

.3683 

.5831 

5.5 

1.627 

.6146 

.3854 

.6270 

6.0 

1.668 

.5995 

.4005 

.6680 

6.5 

1.707 

.5858 

.4142 

.7070 

7.0 

1.742 

.5741 

.4259 

.7419 

7.5 

1.778 

.5624 

.4376 

.7780 

8.0 

1.811 

.5522 

.4478 

.8110 

8.5 

1.843 

.5426 

.4574 

.8429 

9.0 

1.873 

.5339 

.4661 

.8730 

9.5 

1.903 

.5255 

.4745 

.9029 

10.0 

1.931 

.5179 

.4821 

.9309 


P. Characteristics of the Non-Regenerative Plant 


The general characteristics of the non-regenerative plant can be 
determined from equation 38. Since the inlet air temperature Ti is 
generally known this equation is more useful when written in the 
form 


V 


VMVBVa ' 


V tTz — (^Ti/ric) 
yTs — zdTi 


( 39 ) 
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For the non-regenerative plant the regenerator efficiency 17* * 0 
and the factors denoted by y and z have the values indicated below. 

y = 1 - J7«(l — = 1 

and 

\9 Ve' tic' 

Substituting for y and z in the efficiency equation listed above gives 

atit — B/ric 

V = tiumVa ; — — • ( 40 ) 

This equation shows that the efficiency of the plant will depend on 

(a) The ideal cycle efficiency ria- 

(b) The combustion chamber efficiency t/j?. 

(c) The mechanical efficiency riM- 

(d) The internal efficiency of the turbine rjt. 

(e) The internal efficiency of the compressor tjc- 

(/) The pressure ratio and the specific heat ratio, since ^ is a 
function of r and k, 

(g) The inlet temperature to the turbine Ta. 

(h) The inlet temperature to the compressor Ti. 

In view of the above list of factors which affect the efficiency of 
the plant it is not possible to represent the plant efficiency by a single 
curve. To determine the plant characteristics it is necessary to 
select a basic plant as a starting point and then study the effect of 
varying each factor separately. 

The basic plant which will be used for determining the characteris- 
tics of the non-regenerative gas turbine assumes the following: 

riM = 1.00, fjB = 1.00, rit = 0.85, Tic = 0.84, 1722 = 0, Jfe = 1.4 

The plant-efficiency equation, using the above data, becomes 

0.85r3 - \A93Tie 

’ “ Fa - Tid + 1.191i,a») 

10. Effect of Pressure Ratio on Performance of Non-Regenerative 
Gas Turbine 

The pressure ratio of the turbine has a bearing upon the size of 
the equipment as well as upon its efficiency. In operating the gas 
turbine the part-load operation is obtained by changing its speed, 
which reduces its pressure ratio. This is accomplished by lowering 
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the temperature at the turbine throttle, by reducing the quantity of 
fuel supplied to the combustion chamber. With the reduced operat- 
ing speed the efficiencies of the compressor and turbine units arc 



Pressure ratio r 

Fig. 16. Air-cycle efficiency vs. pressure ratio for an open-cycle gas-turbine 

power plant. 

reduced, and to determine the part-load performance the efficiency 
curves of these machines as functions of speed must be known or 
estimated. 

This section considers the effect of pressure ratio on the full-load 
performance only. 
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It will be assumed that the inlet temperature to the air compressor 
is 2\ ~ 530 R and that the turbine inlet temperature is = 1660 R. 
The efficiency equation for the basic plant accordingly becomes 



380 400 420 440 460 480 500 520 540 560 580 

Inlet air temperature T^, ‘R 

Fig. 17. Values of Ti/ijc vs. inlet air temperature. 

The detailed calculations for a pressure range varying from r — 2 
to r = 10 are tabulated in Table 7*3. The results are plotted in 
Fig. 16. 

It is seen from Fig. 16 that as the pressure ratio is increased for a 
given throttle temperature the cycle efficiency is raised until a max- 
imum value is attained. Further increase in pressure ratio then 
decreases the cycle efficiency. This indicates that there is a best 
pressure ratio corresponding to any given throttle temperature (see 
references 16 and 17 for additional data). 
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TABLE 7-3 

Effect of Pressure Ratio on Cycle Efficiency 

(Non-regenerative, open-cycle gas turbine) 

Based on perfect-gas laws, air as working fluid 

Data: i 7 Af =* » 1.0, *= 0.85, i)c 0.84, k =* 1.4, Ti ** 530 R, 1660 R 

^ . . r 1410 - 632(9 1 

Cycle effiaency equation: , = ^ 660 - 530(1 + i. 19 1,J)J = 


r 

1410 - 
6320 

1660 - 

530(1 + 1.1931^00) 

Ki 

Va 

V 

1.5 

703 

1054 

0.668 

0.1095 

0.073 

2.0 

642 

992 

.646 

.1797 

.116 

3.0 

548 

897 

.611 

.2695 

.165 

4.0 

473 

823 

.575 

.3275 

.188 

6.0 

359 

709 

.506 

.4005 

.203 

8.0 

269 

619 

.435 

.4478 

.195 

10.0 

193 

543 

.355 

.4821 

.171 


To help reduce the labor involved in making calculations of cycle 
efficiency, Figs. 17 and 18 are presented. 

11. Effect of Intake Temperature 

The intake temperature enters into the general equation for the 
plant efficiency by virtue of its effect on the isentropic compression 
temperature T 2 '. The compression work for a fixed pressure ratio 
is proportional to the absolute temperature at the inlet to the com- 
pressor, that is, to Ti, Consequently, if the intake temperature is 
reduced and all other variables remain unchanged, the pxDwer output 
is increased and the efficiency of the cycle raised. To illustrate the 
effect of changing Ti, consider a gas-turbine plant having the follow- 
ing characteristics 

VM = 1-00, riB = 1.00, rjt = 0.85, rjc = 0.84 

Ts = 1660 R, rjB ^ 0, r « 6, k — 1.4 

(a) Plant Efficiency. The efficiency equation for this type of 
plant is 

mTz — (TiB/ijc) 

^ ^ ^ Tg - rx[i + (ena/vc)] 

From Table 7 -2, for r ~ 6.0, ija = 0.400. 

From Table 7*2, for r = 6.0, $ =» 1.668. 
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From plant data, VaVBVM = OAOO;ritTs = 1410;Tie/rjc = 1.980Ti; 
Va/Vc = 0.477 ;^77o/77c = 0.794. 


2.20 
2.10 
2.00 

1.90 
1.80 
1.70 
"^ 1.60 
1.50 
1.40 
1.30 
1.20 

1.10 
1.00 

123456789 10 

Pressure ratio r 

Fig. 18, Parameters 6 and ijaS vs. pressure ratio. 



The equation for the cycle efficiency reduces to 

_ 0.40(1410 - 1.98ri) 

’ 1660 - 1.794ri 

If the plant is designed for an intake temperature = 530 R 
and a pressure ratio of 6, the cycle efficiency is =* 0.201. If none 
of the operating conditions are changed and the inlet temperature is 
lowered to SOO R, a drop of 30 R, the efficiency of the cycle becomes 
^ « 0.218. This is equivalent to an improvement in the plant 
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efficiency of 9 per cent. Reducing the temperature Ti to 430 R 
raises the cycle efficiency to -q — 0.249. This demonstrates that the 
efficiency of an aircraft gas-turbine power plant will increase with 
the operating altitude. 

The effect of inlet air temperature on the air rate Wa and the 
work ratio U for this same plant is determined in the following man- 
ner. 

( 6 ) Air Rate. This criterion has been defined in Section S and is 
given by 


2545 



For the plant in question, operating with the pressure ratio r = 6 
and T 3 = 1660 R, the isentropic turbine output, taking into con- 
sideration the variation in specific heat with temperature, is 
Li/J = 162.8 Btu/lb. Hence, the actual output is = 162.8 
X rjt — 162.8 X 0.85 = 138.3 Btu/lb. The turbine output in Btu 
per pound of air is independent of the intake air temperature. The 
latter only affects the work required to operate the compressor and 
the heat which must be supplied in the combustion chamber. The 
compression work at 530 R is 

Lc/J 84.8 

Aha = — ^ = = 101.0 Btu/lb 

Vc 0.84 

The results of calculation of the effect of the temperature of the 
air at the inlet to the compressor Ti, upon the compression work AA^, 
the plant output L, and the air rate Way are tabulated below. 


Tx 

Ahc 

LU 

Wa 

°R 

Btu/lb 

Btu/lb 

lb air/hp- 

400 

76.3 

62.0 

41.0 

460 

87.7 

50.6 

50.3 

500 

95.5 

42.8 

59.5 

530 

101.0 

37.3 

68.3 

575 

109.5 

28.8 

88.3 

600 

114.3 

24.0 

106.2 


It is seen that reducing the inlet air temperature 30 F from the 
design value Fi = 530 R reduces the weight of air which must be 
handled to obtain the same power output to 86 per cent of the design 
value, or 14 per cent. The decrease in required plant air capacity is 
consequently’ approximately S per cent per 10 F reduction in air 
temperature. 
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(c) Work Ratio. The work ratio U is defined as the ratio of the 
net output of the plant to the output of the turbine. Thus 

L 

U = — 

Lt 

For the plant conditions assumed here the gross turbine work 
Li/J = 138.3 Btu/lb. The plant outputs corresponding to different 



360 400 440 480 520 560 600 

Intake temperature *R 

Fig. 19. Effect of inlet air temperature upon the performance characteristics 
of the open -cycle gas-turbine power plant. 

values ol Ti are listed in the preceding table. The work ratio £/ as a 
function of Ti is presented in Fig. 19. 

It is seen from Fig. 19 that with Ti = 530 R the plant output is 
only 26.9 per cent of the total work done by the turbine. Reduc- 




292 


PRINCIPLES OF JET PROPULSION 


[Chap. 7 


ing the inlet air temperature to 500 R increases the plant output, 
owing to the reduction in compression work, to v30.9 per cent of the 
turbine gross power. This is equivalent to a 15 per cent increase in 
power output for a reduction of 30 F in the inlet air temperature. 

12. Effect of Machine Efficiency 

It has been mentioned in a preceding section that the power output 
and thermal efficiency of the open-cycle gas turbine are affected by 
the efficiencies of the air compressor and the turbine. The less 
efficient the latter machines, the higher must be the temperature Ta 
of the working fluid entering the turbine. The minimum value for 
the required turbine throttle temperature to produce useful work 
can be determined in the following manner. 

For convenience let it be assumed that = ^ 72 ? = 1» = 520 R, 

and tic = Vu Since the useful work L is the difference between the 
gross output of the turbine J^ht and the work required by the com- 
pressor AAc, the output of the plant is zero when AA^ = AA^. Substi- 
tuting, for these works from equations 11 and 13, the condition for 
zero output is 



where Z = ^ — 1 = {T 2 /Ti) — 1. 

Hence useful work is obtained from the open-cycle gas turbine 
provided that vtTs > I Since the isen tropic compression tem- 
perature T 2 depends upon the pressure ratio of the gas turbine, there 
is, of course, a minimum throttle temperature corresponding to each 
pressure ratio. 

The turbine inlet temperature corresponding to zero output 
is accordingly given by Ta = T 2 Iricrii, 

Example. Calculate the minimum turbine throttle temperature for useful 
work from an open-cycle gas turbine under the following conditions. 

f = 2, 4, 6, 10 

ftt'fic “ 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9 
Ti ^ 520 R, A - 1.4 
n Table 7*1 


The results of the calculations are presented in Table 7*4, 
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TABLE 7-4 


Pressure 

Ratio 

r 

I sen tropic 
Compression 
Temperature 
Ts' 

Turbine Throttle Temperatures Tz R 



Machine Efficiency values 

mvc 


0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

2 

633 

2120 

1580 

1270 

1060 

90S 

790 

705 

4 

777 

2580 

1950 

1560 

1290 

1110 

990 

865 

6 

880 

2930 

2200 

1760 

1470 

1260 

1100 

980 

10 

1010 

3360 

2520 

2020 

1680 

1440 

1260 

1110 


These results have already been presented graphically in Fig. 3. 


Examination of Fig. 3 or the preceding table makes it apparent 
why the early inventors were unable to produce any useful output 
with their gas-turbine plants. As an example, consider Armengaud’s 
gas turbine. This plant was equipped with air compressors for which 
j/c = 0.65. If it is assumed that the turbine efficiency was of this 
same magnitude, then the product ) 7 c»it = 0.42. An open-cycle gas- 
turbine plant having this machine efficiency, neglecting all other 
losses, will produce zero net output for a pressure ratio of 2 when 
the turbine inlet temperature is as high as 1500 R (1040 F). This 
is very close to the temperature and pressure ratio actually employed. 

Modern compressors and turbines have efficiencies of the order 
of 0.80 to 0.90. For such machines, assuming that ritVc ~ 0.725, 
useful work can be produced with turbine throttle temperatures as 
low as 500 F. 

Raising the turbine inlet temperature is very effective in increasing 
the plant output of a modern plant. Thus consider a plant equipped 
with machinery for which rjt = Vc — 0.80. 

The plant output in Btu per pound is given by 

L { ^\ 

- = VnnaTi la )Cp 

J \ Ve/ 

Thus, if m = 0.98, r = 6.0, Ti = 520 R, then Va = 0.40; Ts' 
= 875 R; l/ijcTs' = 1090 R. Hence 

L/J = 0.4 X 0.98(0.87’3 - 1090)Cp 

L/J = 0.392(0.8r8 - 1090)cp Btu/lb 

The effect of turbine inlet temperature upon the plant air rate is 
illustrated in Fig. 20. Raising the turbine inlet temperature from 
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73 = 1400 R to 2\ = 1600 R increases the output of this particular 
plant from L/J = 11.5 Btu/lb to L/J = 73.0 Btu/lb — an increase of 
more than 600 per cent. The corresponding reduction in the air rate 
is from 220 lb of air per hp-hr to 34.8. The great effect that high 
turbine throttle temperature has upon the performance character- 
istics of the gas-turbine plant must continually be kept in mind. 
The results discussed above demonstrate the importance of metal- 
lurgical developments to this type of power plant. 



Fig. 20. Effect of turbine inlet temperature upon the air rate. (71 = 520 R, 

r = 6.0, JIM = 0.98.) 

13. The Effect of Pressure Losses 
The importance of designing the continuous-combustion gas tur- 
bine so that the pressure losses are kept at a minimum value has 
been mentioned in the preceding. These losses occur in the piping 
connecting the air compressor and the combustion chamber, in the 
combustion chamber itself, in the piping connecting the combustion 
chamber and the turbine, in the discharge stack, and in the regen- 
erator if one is included. 

The pressure drops which affect the compressor make it necessary 
to increase its pressure ratio in order to overcome them. This 
obviously increases the compression work required above that for 
the theoretical plant without pressure drops. The pressure drops 
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upstream and downstream to the turbine reduce its expansion ratio 
and, therefore, its output. Consequently, if they are too large the 
turbine throttle temperature to produce a required net output may 
have to be too high to give reliable operation. 

In analyzing a gas-turbine plant these losses can be taken into 
account by several methods all of which will give the correct values 
for plant efficiency, air rate, and work ratio. Thus, the piping losses 
can be evaluated so that they can be added together and subtracted 
directly from the turbine output without introducing corrections for 
the changed compressor and turbine pressure ratios. Another method 
is to reduce the actual efficiencies of the turbine and compressor by 
amounts that account for the pressure losses. These methods are 
entirely satisfactory for making plant studies. Where the actual 
design of a plant is involved, the pressure drops should be taken into 
consideration at the exact locations where they occur, since the selec- 
tion of the final pressure ratios of the turbine and compressor must 
be made with full cognizance of the actual pressure ratios involved. 

The following numerical example illustrates the procedure where 
all losses are combined and subtracted from the turbine output. 

Data 

m = 0.90, rjc = 0.85, vr - 0.75, tih = 0.98, Ti = 528 R, Ta - 1617 R 

Losses 

Combustion chamber X/j = 0.54 Btu/lb 

Piping Xp == 0.90 

Regenerator Xp = 0.90 

AAl = 2.34 Btu/lb 

Regenerator equation, Tzr — T 2 = 0,75(r4 — Tz). 


Pressure 

Ratio 


Turbine 


r 

U 

J 

vtLt 

J 

Tz/T,' 

Cp 

(av.) n - r 4 

Ti 

A L 

-- - AA, 

2.5 

90.5 

81.4 

1.292 

0 

.2565 317 

1300 

79.1 

4.0 

128.5 

116.0 

1.472 


.2595 447 

1170 

113.7 

6.0 

158.2 

142.0 

1.652 


.2577 552 

1065 

139.7 



Compressor 


Regenerator 




r 

hi 

J 

A 

VeJ 

T2 

0.75r4 0.25r2 

Tzr 


2.5 

37.9 

44.6 

713 

975 178 


1153 


4.0 

61,5 

72.3 

827 

879 207 


1086 


6.0 

84.6 

99.6 

938 

800 237 


1037 



296 


PRINCIPLES OF JET PROPULSION 


[Chap. 7 


Combustion Chamber 



r Ts — T2b 

Cp (av.) 

ft' 


-ft' 

VB 


2.5 464 

0.2600 

120.5 


123.0 


4.0 531 

.2590 

137.5 


140.2 


6.0 580 

.2582 

149.6 


153.0 


Power and 1 

Efficiency 



r 

ritLt Lc 

hp/lb 
sec (air) 

Wa 

5 Ib/hp-hr 

Work 
Ratio U 

2.5 

34.5 Btu/lb 

48.7 

28.0 

74.0 

0.425 

4.0 

41.04 

58.4 

29.5 

61.5 

.357 

6.0 

40.1 

57.1 

26.4 

62.9 

.283 


The method whereby the efficiencies rjc and rjt are altered to com- 
pensate for the pressure drops is based on the following thermo- 
dynamic considerations. 

If the pressure ratio for the cycle without pressure drop is rc» 
the compression work assuming no pressure drops is 

1 Lc 

Ahc = Btu/lb (41) 

Vc J 

Owing to the pressure drops which must be overcome by the com- 
pressor, its actual pressure ratio must be larger than Tc* The corre- 
sponding compression work will also be larger than the Ahc above. 
Let 

^cp = pressure ratio of compressor to take care of pressure drop 
Ahcp == compression work corresponding to tcp 

Then, 

1 Lcd 1 Lc 

Ahcp = — ' = r (42) 

L Vcp J 

where Lcp = isentropic compression work corresponding to Tcp in 
ft-lb/lb. 

r\cp = adjusted compressor efficiency to take care of pressure 
loss with compression ratio tc^ 

The ratio 


r\cp Ahc Lc 
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But fc = P 2 /P 1 and 

p2 + 



where = pressure drop. 


tL 

Pi 


/>' 


= />2 + A^ = ^2 ( 1 H ) 

\ p2 ^ 


(44) 


The actual value of the pressure loss A/> is determined from the 
velocities in the piping, its friction factor, and its configuration. 
Where possible the data should be obtained by actual test of a model 
or mock-up of the proposed layout. 

The values of Lcp and Lc can be determined by the method dis- 
cussed in Chapter 4, if the variation of the specific heat of the air 
with temperature is to be taken into account. For the analytical 
purposes being discussed here, the air will be assumed to behave in 
accordance with the laws of perfect gases. Consequently, with the 
foregoing assumption the compression work required with zero 
pressure loss is 

CpTi CpTi 

Ahc = — Ze = — - 1) (45) 


Similarly 


Vc Vc 

1 

Ahf;p ~ CpT\Z (^p Btu/lb 


(46) 


Vc 


The work Ahep is greater than Ahc by the additional compression 
required to overcome the pressure drop. 

An equivalent expression for Ahep can be written if the compressor 
efficiency is decreased and the compression ratio rc is used instead 
of Tcp. Thus 

1 

Ahep = CpTiZc (47) 

Vcp 

Expressions 46 and 47 must be equal. Hence 


or 


1 

CpT\Zcp 

Vc 


— CpT\Zc 
Vcp 


Vcp Zc 
Vc ^cp 


(48) 


From equation 48 the adjusted efficiency of the compressor can be 
calculated. 
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The equations for the output of the turbine with pressure drop 
are obtained in an analogous manner. 

J 1 + Z/ 

and 

AA<p = nt~ = vtCpT-6 Btu/lb (50) 

J 1 + 

where Zt = {ft) ^ — 1- 

k-\ 

Zip = {rtp) ^ — 1 . 

ft = pressure ratio of turbine with no pressure loss. 

^tp = pressure ratio of turbine with pressure loss. 

77/ = actual efficiency of turbine. 

ritp = efficiency of turbine compensated to take care of pressure 
loss. 



If the pressure losses are combined in one machine, no adjustment 
is needed in the efficiency of the other machine. If the pressure drops 
are to be segregated into those affecting each machine, both the 
compressor and turbine efficiencies require adjustment. 
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In niciking the Ccilculations it is convenient to express the pressure 
drops as a percentage of the design pressure ratio. 

To illustrate the method for determining the effect of pressure loss 
consider the following example. 


Example. A stationary non-regenerative gas-turbine plant has a design pres- 
sure ratio of 6.0. Assume that the pressure loss up to the turbine is 5 psi and that 
the back pressure in the turbine is raised (by resistances) 2 psi. Calculate the 
reduction in output due to the pressure loss. 

For compressor 


f * 6, 


6 + — = 6.34 


For turbine 


, 6 X 14.7 

f = 6, rtp = = 5.28 

16.7 


For ^ = 1.395 and r = 6 

Z = 0.6604 = = Ze 

Zc;, = 0.6865, Ztp = 0.6014 


Vcp 

Ic 

Vt 


Z 0.6604 

= = 0.963 


0.6865 




tp 


1 -FZ, 


(p 


1+Z 0.6014 1.6604 

— ! — = X — 0 94 

Z 1.6014 0.6604 


If Vc ^ fji ^ 0.85, Cp = 0.243, Ti — 520 R, Tz = 1600 R, then rjrp = 0.818 and 
nip = 0.799. 

Output with pressure loss 


Lp Lt 


Vcp J 


= 0.799 X 0.243 X 1600 X 0.398 - X 0.243 X 520 X 0.6604 

0.81 8 

= 123.6 - 102.0 = 21.6 Btu/Ib 
Output without pressure lo.ss 

- = 0.85 X 0.243 X 1600 X 0.398 - X 0.243 X 520 X 0.6604 
J U.o5 

- 132 - 98.4 = 33.6 Btu/lb 

The loss in output is 35.7 per cent even with a highly efficient compressor and 
tiitbine. 


14. Effect of Stage Intercooling of Compressor 
The effect of intercooling between the stages of the compressor 
is best illustrated by means of a numerical example. Thus consider 
two simple gas-turbine plants operating between the same tempera- 
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ture limits and pressure ratio. Assume that each plant has identical 
equipment, and the basic data are 

Vt = 0.90, ric = Vci = Vc2 = 0.85 

Ti = 528 R, T2b = 546 R, Ts = 1617 R 

\b = 0.54 Btu/lb, = 0.90 Btu/lb, \ic = 0.36 Btu/lb 

VB == 1.00, 2Xi = 1.44 Btu/lb, SXg = 1.80 Btii/Ib 

Consider the plant utilizing intercooling, and assume equal stages 
of compression for compressors Ci and ^ 2 . 


Turbine 


Compressor ci 


r 


U 

J 


vtLt Lc\ 

_ _ _ SX2 — 


VeJ 


Jio 


2.5 

90.3 

81.3 79.5 


17.75 20.9 

615.5 

4.0 

129.4 

116.5 114.7 


27.78 32.7 

664 

6.0 

158.0 

142.2 140.0 


37.0 43.5 

709 

10.0 

192.0 

172.8 171.0 


48.3 57.0 

764 



Total 






Compressor 




Compressor 

C2 Work 


Net Output 




Lei 4" Lc2 

VtLt 

\ 


r 

VcJ 

i26 r 

VcJ 

~T 

“• z {Lci “h Lds^ 
VcJ 

- 2 X 2 

2.5 

21.5 

636 42.4 

79.5 

- 42.4 « 37.1 Btu/lb 

4.0 

33.8 

687 66.5 

114.7 

- 66.5=48.2 


6.0 

45.2 

734 88.7 

140.0 

- 88.7 = 51.3 


10.0 

60.1 

795 117.1 

171.0 

- 117.1 = 53.9 



Combustion Chamber 


Performance 




Ti - 



Work 

f 


T 2 B V hp/Ib sec Wa Ratio (L7) 

2.5 

0.2527 

981 248 14.9 

52.6 

68.5 Ib/hp-hr 

0.466 

4.0 

.2534 

930 236 20.5 

69.6 

52.6 

.419 

6.0 

.2540 

873 225 22.8 

72.5 

49.6 

.365 

10.0 

.2549 

822 211 25.6 

76.3 

47.3 

.316 


The results for plant 1 are compared with those for plant 2 in 
Table 7 • 5. From this comparison it is seen that the benefits of inter- 
cooling between stages is to reduce the size of plant required. Its 
effect on eflSciency is slight and is beneficial only at high pressure 
ratios. At the low pressure ratios the heat removed from the first 
stages is larger than the reduction in power required to operate the 
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compressor without intercooling. Consequently, since this same 
quantity of he^t must be furnished as an additional quantity in the 
combustion chamber, the cycle efficiency is slightly lower. 

TABLE 7*5 

Comparison of Same Plant with and without Intercooling 


Pressure 

rj 


hp/lb 

sec 

Air Rate, Wa 

Work Ratio, V 

Ratio 

Plant 1 

Plant 2 

Plant 1 

Plant 2 

Plant 1 

Plant 2 

Plant 1 

Plant 2 

2.5 

15.4 

14.9 

50.0 

52.6 

72.0 

68.5 

0.44 

0.466 

4.0 

20.6 

20.5 

59.0 

69.6 

61.0 

52.6 

.368 

.419 

6.0 

23.4 

22.8 

57.8 

72.5 

62.5 

49.6 

.290 

.365 

10.0 

23.5 

25.6 

44.5 

76.3 

80.5 

47.3 

.185 

.316 


IS, Development Possibilities of the Aircraft Gas Turbine 
The trend in aviation has been to faster and still faster airplanes. 
This has necessitated the development of more powerful internal- 
combustion engines having increased complexity. It appears that 
the practical limit to engine size is being approached, so that new 
forms of power plants, such as the gas turbine and certain forms of 
thermal jet engines must be given thorough consideration. Accord- 
ing to reference 9 the trend in the weights of large-output reciprocat- 
ing engines is as illustrated in Fig. 21. 



Power rating, horsepower 

Fig. 21. Trend in reciprocating engine weights. (Based on Sir A. H. Roy Fedden, 
Pfoc, Royal Aero, Soc,^ May 25, 1944.) 

The development possibilities of the gas turbine for aircraft, called 
the turboprop engine^ are such that its potentialities and its problems 
deserve detailed consideration, 

(«) Potentialities. The analy^ presented in this chapter indicates 
that the open-cycle continuous gas turbine driving a propeller has 




302 


PRINCIPLES OF JET PROPULSION 


[Chap. 7 


great potentialities as an aircraft power plant. It is apparent that 
its future is closely allied to the engineering development of more 
efficient air compressors and turbines, particularly air compressors. 
Another major factor will be the future development of alloys per- 
mitting operation at higher temperatures than are currently possible. 
According to F. W. Godsey and C. D. Flagle,^* operation with gases 
entering the turbine at 1500 F is a possibility today. Such a power 
plant with turbine and compressor efficiencies of 0.85, operating with 
a pressure ratio of 10 , will achieve a cycle efficiency of 77 = 0.26 under 
standard sea-level conditions. At an altitude of 15,000 ft this cycle 
efficiency will increase to approximately 30 per cent. 

The effect that machine efficiency has upon the cycle efficiency 
has been discussed in this chapter. It can be said generally that, if 
an improvement of 1 per cent is effected in machine efficiency, the 
corresponding improvement in the cycle efficiency will be approxi- 
mately 3 per cent. Since the machines currently in use have not 
been developed to the state where they achieve the maximum effi- 
ciencies that appear to be attainable, there is justification in the 
belief that the future will bring more efficient compressors and tur- 
bines. 

The importance of metallurgical developments to the future of 
the gas turbine cannot be overemphasized, since a permissible in- 
crease in turbine inlet temperature markedly increases the net output 
and the cycle efficiency. 

An important consideration that should not be disregarded is that 
the problems to be solved in order to improve the efficiency and the 
horsepower per pound weight of the gas-turbine plant are mechanical 
engineering and metallurgical problems. The developments can 
follow well-established procedures without any regard to fuel tech- 
nology.^ This is a distinct advantage. The development of the 
reciprocating internal-combustion engine, on the other hand, is con- 
considerably dependent upon the progress in the development of 
better anti-knock fuels. 

For aircraft designers to accept the continuous-combustion gas 
turbine as an airplane power plant in the immediate future, this 
prime mover must be designed to have a lower weight-to-power 
ratio than is obtainable with the reciprocating engine. Otherwise a 
sacrifice in range will be necessary. This requirement should not be 
difficult to meet. According to the literature (reference 18) it appears 
to be a distinct possibility, today, for the installed weight of the 
turboprop engine to be less than three-quarters of the weight of an 
equivalent piston engine. 
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One of the many attractive features of the continuous-combustion 
gas turbine is its ability to employ cheap, low-grade fuels such as 
kerosene or distillates. This freedom from special fuels should be 
welcome to the aeronautical engineer. Other advantages are freedom 
from such problems as detonation, supercharging, vapor lock, and 
engine cooling. Furthermore, since all the machine elements of the 
gas turbine involve solely rotating parts there is considerably less vi- 
bration than there is with reciprocating engines and there should be 



Fig. 22. Turboprop engine with auxiliary jet propulsion design of LjungstrOm 
Angturbin. (F'rom Gas Turbines and Jet Propulsion for Aircraft, published by 
Aircraft Books, Inc., N. Y. C.) 


a reduction in maintenance. It seems probable that, except for peri- 
odic renewals of parts of the combustion chamber, the periods be- 
tween major overhauls should be several times that currently the 
practice for reciprocating internal-combustion engines. 

Another factor of great importance to the airplane designer is that 
the diameter of the gas turbine can be made less than one-half the 
diameter of an equivalent internal-combustion engine. Conse- 
quently, the smaller frontal area of the gas turbine makes it possible 
to reduce airplane drag to much lower values than are possible with 
a reciprocating-engine power plant. Furthermore, its smaller diam- 
eter offers the possibility of submerging the gas turbine in the wing 
thereby giving the airplane greater aerodynamic cleanliness than is 
now possible. 

Figure 22 illustrates an application of the aircraft gas turbine. 
This is a patent disclosure of the Ljungstrdms Company, Sweden. 
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The gas turbine comprises a four-stage centrifugal compressor driven 
by a five-stage reaction turbine. The propeller is driven through 
gearing. For a fuller description see Chapter 8, reference 1. The 
arrangement gives propeller propulsion with auxiliary thermal jet 
propulsion. 

Another arrangement for propeller drive with auxiliary thermal 
jet propulsion is shown in Fig. 23, which is a conception of the 



Fig, 23, Brown-Boveri design of a turboprop engine with auxiliary jet propulsion. 
(From Gas Turbines and Jet Propulsion for Air crafty published by Aircraft Books, 

Inc., N. Y. C.) 

Brown-Boveri Company. A multistage axial flow compressor and a 
multistage turbine are used. The particular feature of this unit is 
that the air flow continues in the longitudinal direction throughout 
the flow path. 

(&) Metallurgy. The benefits that accompany the possible use of 
higher temperatures at the inlet to the turbine have been pointed out 
in the preceding. The solution of the problem of permitting higher 
operating temperatures is entirely one of metallurgical development. 
Alloys must be developed that are capable of withstanding dynamic 
loads under highly stressed conditions and have satisfactory creep 
characteristics at elevated temperatures. 

Great progress has been achieved in this field during the past few 
years, and there is reason to believe that the future will bring alloys 
that will permit higher turbine inlet temperatures. 
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(c) Compressors. The importance of developing more efficient 
air compressors is apparent from the preceding sections. Three 
types of compressors have been employed or considered for gas tur- 
bines: the centrifugal compressor, the axial flow compressor, and 
the positive-displacement compressor. 

The centrifugal compressor is the one most widely used for general 
purposes. Its application to turbo-supercharging has resulted in the 
development of light-weight designs capable of sustained operation 
at high rotative speeds. Most of the emphasis in this work has been 
directed to improving the efficiency and power output of the recipro- 
cating internal-combustion engine rather than the efficiency of the 
centrifugal air compressor, the primary impetus being the overall 
reduction in engine weight. 

In recent years the developments in connection with the centrifugal 
compressor have placed greater emphasis on efficiency. According 
to K. Campbell and J. E. Talbert, ''Some Advantages and Limita- 
tions of Centrifugal and Axial Aircraft Compressors,’' JS.A.E,, 
October, 1945, efficiencies of more than 80 per cent have been ob- 
tained experimentally with pressure ratios of 2.4:1 and 77 per cent 
with 3.0:1 pressure ratio. Despite this improvement in efficiency, 
these values must be raised still more if this type of air compressor 
is to play the dominant role in aircraft gas-turbine development, 
where the efficiency must be as high as possible. 

Another limitation of the centrifugal compressor which appears 
unfavorable is its single-stage pressure ratio. It does not appear 
likely that this will be increased significantly above 4:1.0. Conse- 
quently, to obtain the high pressure ratios which will eventually be 
realized as the development of the aircraft gas turbine proceeds will 
necessitate multistaging. This increases the weight and complexity 
of the compressor installation and decreases the overall efficiency of 
the air-compressor system. 

At present the axial-flow compressor appears to hold out the great- 
est promise for securing a high-efficiency compressor system of low 
weight and bulk. Efficiencies from 5 to 10 points higher than thef* 
maximum obtainable with centrifugal machines have been reported. 
The disadvantages suffered by the axial-flow machine is its low pressure 
ratio per stage, 1.05 to 1.15 atmospheres. Consequently, to obtain 
high pressure ratio, multistaging is required, which results in a rather 
lengthy machine necessitating careful design to secure low weight. 

The axial-flow compressor is still in the early stages of its develop- 
ment, and few published data are available regarding its performance. 
It appears, however, that improvements are to be expected as the 
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aerodynamic knowledge of the flow of air through airfoil lattices be- 
comes available. Furthermore, if it is developed so that higher pe- 
ripheral speeds can be utilized improvements in pressure ratio per 
stage, efficiency, and reduced weight will be effected. It appears, 
therefore, that the axial-flow compressor will play an important role 
in the future development of the continuous-combustion gas turbine 
for aircraft and other applications. The eventual compressor plant 
for high pressure ratio turboprop engines will no doubt be a com- 
bination of the axial and centrifugal machines. 

Another type of compressor that may exert an influence in the 
stationary and marine gas-turbine power plant field is the positive 
displacement helical lobe compressor invented by A. Lysholm of 
Sweden. This machine can be operated with high-rotative speed 
so that light-weight designs may be possible. Tests of an experi- 
mental Lysholm compressor of 10,000-cfm capacity operating at a 
pressure ratio of approximately 2.5 gave an adiabatic efficiency of 
82 to 84 per cent. 

(d) Turbine. No serious or unusual problems appear to be con- 
nected with the design of an efficient turbine to operate on heated 
gas, since there is no essential difference between such a turbine and 
the conventional steam turbine. The only real differences are those 
inherent in the high inlet temperatures. To obtain reasonable effi- 
ciencies the inlet temperature to the turbine must be above 1200 F. 
Operation at temperatures above this is possible today, since mate- 
rials having sufficiently high endurance strength, low creep rate, and 
oxidation resistance have been developed. These developments, 
which originated in the field of turbo-supercharging, have made 
available a rich store of experience in the field of high-temperature 
metals. As mentioned above, further metallurgical advances are to 
be expected so that higher turbine inlet temperatures appear to be a 
distinct possibility. 

There should be no insurmountable problems in developing a tur- 
bine of low weight. Owing to the low operating pressures, the turbine 
‘casing can be of light construction. Attention must be given to the 
solution of problems arising from thermal distortions. These are, 
however, largely design problems requiring careful analysis of the 
factors influencing the distortions. The same remarks are applicable 
to the solution of problems involving the expansion and contraction 
of parts assembled together. Care must be exercised in the design 
to preclude, the possibility of damaging any of the parts because of 
these movements. 

(e) Combustioii Chamber. The problems pertinent to the com- 
bustion chamber are those connected with the maintenance of reliable 




Fig. 24. Two designs of combustion chambers by Brown-Boveri. (From Gas 
Turbines and Jet Propulsion for Aircraft^ published by Aircraft Books, Inc., N. Y. C.) 


alloy steels may aid in this connection and also make it possible to 
employ higher heat releases. Major requirements confronting the 
designer are the securing of flow conditions which will give clean and 
stable combustion and high efficiency without introducing a serious 
pressure loss. The deleterious effects of pressure losses upon the 
efficiency of the cycle have been discussed in Section 13. 

Two forms of combustion-chamber design developed by the Brown- 
Boveri Company, Switzerland, are illustrated in Fig. 24. Both 
designs utilize the excess air for cooling the region wherein combus- 
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tion takes place. The air then mixes with the combustion products 
and »-educes their temperature to the desired value. It is important 
to have thorough mixing of the two fluid streams so that no flame 
will enter the turbine casing. 

(/) Regenerator. Present knowledge of heat exchangers indicates 
that the regenerator will be difficult to integrate into the aircraft gas 
turbine. Despite its beneficial effect on part-load economy its space 
requirements and weight mitigate against its use in aircraft power 
plants. A light-weight, compact, highly efficient regenerator that 
could be adapted to airplane use would be of great value. Whether 
it is possible to develop such a heat exchanger can be answered only 
by vigorous prosecution of fundamental research in the heat- transfer 
field. 

For stationary and marine applications, however, where space 
and weight limitations are not so severe as they are for aircraft, the 
regenerator has a definite place. The marine gas turbine built by 
the Elliott Company utilizes a regenerator and the reheat cycle. 
The thermal efficiency of this machine under test was slightly higher 
than 29 per cent.^^ This gas turbine also employs Lysholm com- 
pressors. 

(g) Piping. The piping problems that arise can be solved by 
careful design. As already mentioned, the main problem is to arrange 
the piping so that dangerous stresses due to thermal distortion are 
avoided. The flow path for the working fluid should be arranged to 
keep the pressure losses at the lowest possible value. Because of 
the low operating pressures, the main stress considerations will be 
those related to the expansion and contraction of the connected 
components of the gas turbine. The foregoing difficulties will be 
greatly reduced if care is exercised to keep the piping for the high- 
temperature gases as short as possible. It is of advantage in this 
connection to locate the combustion chamber as close to the turbine 
as possible. 
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Chapter Eight 


THE GAS-TURBINE TYPE OF THERMAL 
JET ENGINE (THE TURBOJET ENGINE) 


i. Introduction 

In the preceding chapter the principles underlying the operation 
of the continuous-combustion gas turbine were discussed, and meth- 
ods were presented for determining its characteristics. It has been 
pointed out that the gas turbine bears a basic relationship to that 
form of thermal jet engine called the turbojet engine since it forms 
an integral part of the latter. This chapter discusses the basic 
principles of jet propulsion for aircraft by means of the gas-turbine 
type of thermal jet (turbojet) engine and presents methods for 
analyzing its characteristics. 

In general, the term thermal jet engine reiers to any jet-propulsion 
device which utilizes air from its surroundings together with the 
combustion of a fuel to produce the fluid jet for propulsion purposes. 
The operating principle is to induct air into the unit, increase its 
pressure, heat it to a relatively high temperature by the combustion 
of a fuel, and then eject the heated air containing combustion gases 
with a velocity substantially higher than that of the entering air. 
The reaction force or thrust is proportional to the rate of change of 
the momentum of the fluid leaving and entering the unit. 

Thermal jet engines may be classified into the three main groups 
discussed below. 

(a) The Ramjet or Athodyd (Aero-THermO-DYnamioDuct^ 
This is the simplest form of the thermal jet engine. It consists of 
a suitably shaped duct equipped with appropriate fuel burners. The 
entering air has its velocity energy converted into static pressure or 
ram as it flows to the burner section of the duct. Fuel is burned con- 
tinuously in the air, and the heated gaises are ejected at high velocity 
at the rear of the duct in the form of a jet. The device is a continuous- 
firing duct operating with a continuous flow of atmospheric air. 

310 
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The manner in which the ramjet may be applied to an airplane is 
illustrated in Fig. 1, which is a design exhibited by the French en- 
gineer Ren6 Leduc, at the Paris Salon de Taviation in 1938.^ The 
atmospheric air enters the annular scoop surrounding the cabin, its 
temperature is raised by the fuel burners located near the midsection 
of the airplane, and the air is discharged to the rear at high velocity. 
Since the operation of the ramjet depends upon the ram pressure of 
the entering air it is inherently a very high-speed device, and to 
obtain sufficient ram pressure it must be launched by some auxiliary 



Fig. 1. Ramjet engine applied to airplane propulsion as conceived by Leduc. 
(From Gas Turbines and Jet Propulsion for Aircraft^ published by Aircraft Books, 

Inc., N. Y. C.) 

means. For illustrations showing the action of the ramjet the reader 
is referred to reference 2. The origin of the ramjet is credited to 
Lorin of France in 1913. 

(6) The Pulsejet or Intermittent-^Firing Duct Engine. This type 
of thermal jet engine, like the ramjet, requires no air compressor for 
its operation. The forward end of the duct is equipped with one or 
more light shutters or valves that open inwardly against a spring 
pressure. In flight, the air is forced into the device by ram pressure 
which forces the valves open. Fuel is supplied continuously, and 
the fuel-air mixture is ignited initially by an electric spark. The 
combustion pressure closes the valves, and the air admixed with 
combustion gases is discharged to the rear to form the fluid jet. The 
ejection of the gases produces a suction causing the valves to reopen 
to start the next cycle. The processes repeat themselves with a 
rapidity which depends on the natural frequency for the duct. In 
the German V-1 winged missile, frequently called the buzz bomb, the 
firings occur at the rate of 40 per second. Owing to the intermittent 
firing the propulsion thrust is not constant. For a fuller description 
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of this device the reader is referred to reference 4. 
illustrated in Fig. 2. 


Pulsejet engine '• 
Fuel injection jet« 

Electric spark ignites 


[Chap. 8 
This device is 


Servo motors 
controlled by gyro 
move rudder 
and elevators 

Elevator 



Gyro pilot controls bomb’s 
direction and height 

Compressed air bottles 
supply power for 
servos and gyro pilot 


Wing span: 16" 
Ungth: 25 "-r 


Fig. 2. Principal elements of a piilsejet engine. 


(c) The Turbojet or Gas-Turbine Jet Engine. This type of 
thermal jet engine has the advantage that its fuel consumption per 
pound of thrust is lower than that of the other two types. Further- 
more, it does not depend upon the ram pressure of the entering air for 



Fig. 3. Turbpjet engine de8ig:ned A. Lysholm and sponsored by Milo Aktiebol'* 
aget of Stockholm, Sweden. (From Turbines and Jet Propulsion for Aircraft, 
published by Aircraft Books, Inc., N. Y. C) 





Chap. 8] GAS-TURBINE TYPE OF THEIUAAL JET ENGINE aT3 

its operation, although the amount of ram pressure recovered affects 
its performance. In its essential features, it is a continuous-combus- 
tion gas turbine. The air entering the unit is compressed by some 
form of air compressor, heated by the combustion of a fuel, expands 
through a gas turbine, and then is discharged at high velocity through 
a nozzle at the rear of the unit. A form of turbojet engine, patented 
by the Swedish inventor A. Lysholm, is illustrated in Fig. 3. 

A comparison of the general characteristics of the various types of 
propulsion systems as presented in reference 3, together with their 
probable ranges of operation, is summarized below. 

Probable Range of 
Maximum Flight Speeds 

150 to 450 mph 
300 to 600 mph 

400 to 700 mph 

1. 300 to 600 mph 

2. For flying bombs 

1. Above 500 mph 

2. Long-range missiles 

1. Above 500 mph 

2. For assisted takeofl 

3. Long-range missiles 

A similar comparison of the realm of usefulness of the above pro- 
pulsion systems is presented in reference 5. 

2. Brief Review of Turbojet Patent Literature 

The patent literature discloses numerous arrangements for pro- 
pelling an airplane by the reaction force of a fluid jet. On closer 
examination the apparent differences in the various schemes are seen 
to entail no essential difference in the basic operating principle. The 
differences are restricted to the methods employed by the various 
inventors either for compressing air or for driving the air-compression 
means. All of them utilize the same general features, which consist 
of compressing air, heating it, and ultimately discharging it through 
some form of nozzle in the direction opposite to that in which the 
airplane is to be moved. 


Type of Propulsion Unit 

Supercharged reciprocating engine with 
geared propeller and exhaust jet 

Gas turbine with geared propeller and 
exhaust jet 

Turbojet engine 

Pulsejet 

Ramjet 

Rocket 
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The first airplane flight using jet propulsion exclusively was a 
Campini monoplane, known as the CC2, powered with a jet-propul- 
sion system designed by Secondo Campini. This flight was made 
Aug. 27, 1940, and was of 10 minutes* duration. 

An early Campini design for propelling aircraft at high altitudes 
at either subsonic or supersonic speeds is described in U. wS. Patent 



Two -stage centrifugal Combustion space @ Controlled lateral orifices 

compressor Annular mixing channel @ Slidable shroud ring 

Fig. 4. Campini system of jet propulsion for aircraft. (From Gas Turbines and 
Jet Propulsion for Aircraft^ published by Aircraft Books, Inc., N. V. C.) 

2,024,274, Dec. 17, 1935; it is illustrated in Fig. 4. In its essence the 
arrangement disclosed is as follows. Air enters at the front of the 
airplane and is compressed by a blower driven by a conventional 
aircraft engine. The compressed air is heated in a combustion 
chamber and then discharged to the rear of the airplane. For a more 
detailed description the reader is referred to the aforementioned 
patent or to reference 1. 

One of the most active inventors in this field is F. Whittle of the 
R.A.F. The earliest disclosure filed by Whittle in 1930 described a 
jet-propulsion system comprising a multistage axial-radial flow com- 
pressor, multiple combustion chambers wherein fuel is burned to 
heat the compressed air, an impulse turbine with two rows of blades, 
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and a discharge nozzle of the De Laval type. This arrangement is 
illustrated in Fig. S. 

A later patent issued to Whittle is U. S. Patent 2,168,726, Aug. 8, 
1939, illustrated in Fig. 6. The patent describes a type of thermal 
jet engine (turbojet engine) similar to that used on the first jet- 
propelled planes made by the British and that which was subse- 
quently applied in this country in 1942 to one of the fighter craft 
manufactured by the Bell Aircraft Company. 



Fig. 5. Early patent disclosure by F. Whittle. (Reproduced from Sir A. H. Roy 

Fedden, loc, cil.) 

The operating principle of the last-mentioned Whittle turbojet 
engine is briefly as follows. Air enters the jet system through a duct 
opening or scoops facing in the direction of travel. The air com- 
pressor, which is of the single-stage centrifugal type, is provided 
with two air intakes located on opposite sides of the impeller. The 
impeller rotates at such a speed that the air is discharged at the 
impeller tips with supersonic speed. In order to reduce the air 
velocity to subsonic speed before it reaches any stationary part and 
thereby reduce losses due to compression shock, the air is first dis- 
charged into a radial primary diffuser. From the primary diffuser 
the compressed air passes into a delivery scroll having an increasing 
cross-sectional area. The air then passes to a helical combustion 
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chamber which, owing to its tapered shape, acts as a secondary 
diffuser. The discharge end of the combustion chamber connects 
to the annular passage located upstream to the blading of a single- 
stage impulse turbine. 




Plane develooment itlustratino oas flow 



Fig. 6. Disclosure by F. Whittle in 1939. (From Gas Turbines and Jet Propulsion 
for Airerafly published by Aircraft Books, Inc,, N. Y. C.) 

The air is heated in the combustion chamber by burning fud 
tiberem. The combustion chamber is equipped with a fuel nozzle 
whidi discharges into an inner cylindrical space of two concen- 
trically disposed cylinders, the inner t^linder being shorter than the 
outer one. The inner wall of the inner cylinder may be covered with 
a wire mesh or a perforated metal lining to fomisb a slow-moving 
air layer fcM- the purpose of insuring ccmtinuous cotnbustton. QtU^ 
the portion the total air flow that is required for combustion passra 
through the inner cylinder. The balance passes through the annular 
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space between the two cylinders and mixes with the products of 
combustion in the region beyond the end of the inner cylinder. The 
entire body of air and combustion products intermingles to give a 
working fluid at high temperature. 

The hot working fluid expands in the blades of the turbine rotor 
thereby furnishing the work for driving the compressor. The turbine 
exhaust gases pass through an annular duct formed between the 
main conduit and a cone mounted on the turbine casing. The main 



Fig* 7. Lysholm turbojet engine using positive displacement helical-lobe com- 
pressors. (From Gas Turbines and Jet Propulsion Jor Aircraft^ published by Air- 
craft Books, Inc., N. Y. C.) 


conduit, which is of circular cross section, then continues to the rear 
and is attached to the convergent-divergent nozzle forming the final 
member of the system. 

In applications requiring two turbojet engines, they may be 
arranged so that the rotating elements rotate in opposite directions 
to reduce any tendency to produce gyroscopic action. 

Another active inventor in the thermal jet propulsion field is the 
noted Swedish engineer Alf Lysholm. Several designs invented by 
him have been sponsored by Milo Aktiebolaget and by Aktiebolaget 
Ljungstroms Angturbin, both of Sweden. To date there have been 
no published reports indicating that any of the Lysholm designs have 
been reduced to practical application. 

In his U. S. Patent 2,085,761, July 6, 1937, Lysholm describes a 
th^mal jet engine comprising a four-stage centrifugal compressor, a 
single combustion chamber with multiple fuel injectors, a multi- 
stage reaction turbine, and a discharge nozzle. The components are 
arranged to give compactness, and the complete turbojet engine is 
intended for mounting in the wing of the airplane. For high-altitude 
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operation air is taken from the compressors for pressurizing the cabin 
and for heating it. 

Figure 7 illustrates another Lysholm design, U. S. Patent 2,280,835, 
Aug. 28, 1942, which utilizes positive displacement compressors of 
the helical lobe type. An added feature is the means provided for 
bringing the thermal jet engine rapidly into operation. For a fuller 
description the reader is referred to the aforementioned patent. 

Other jet-propulsion devices using a compressor are described in 
the following patents: U. S. Patent 2,256,198, Sept. 16, 1941, issued 
to Max Hahn; U. S. Patent 2,304,008, Dec. 1, 1942, issued to Max 
Muller. 

The patent literature contains many systems for producing jet 
propulsion with heated air that do not require a compressor. The 
more interesting of these patents are listed below. 

U. S. Patent 1,069,694, Aug. 1*2, 1913, issued to Hayot. 

U. S. Patent 1,375,601, April 19, 1921, issued to Morize. 

U. S. Patent 1,493,157, May 6, 1924, issued to Melot. 

U. S. Patent 1,725,914, Aug. 27, 1929, issued to E. Hollowell. 

U. S. Patent 1,888,749, Nov. 22, 1932, issued to K. M. Urquhart. 

U. S. Patent 1,980,266, Nov. 13, 1934, issued to R. H. Goddard. 

U. S. Patent 1,983,405, Dec. 4, 1934, issued to P. Schmidt. 

Two interesting patents of jet propulsion are the autogiro design 
of J. G. Weir, U. S. Patent 1,897,092, Feb. 14, 1933, and the pro- 
peller patent granted to H. A. Due, Jr., U. S. Patent 1,099,083, 
June 2, 1914. 

Today the possibilities and potentialities of the turbojet engine are 
such as to indicate that with further development this engine can 
become a keen competitor of the conventional engine-propeller pro- 
pulsion system for certain classes of service. At the present its 
main disadvantage is its high fuel consumption, but, as pointed out 
in the preceding chapter, this will undoubtedly be improved as ma- 
chine efficiencies are raised and higher turbine inlet temperatures 
become permissible. Consequently, engineering development of 
more efficient machinery combined with progress in the field of high- 
temperature metals can exercise a great benefit in reducing the fuel 
consumption. In view of the low specific weight of the turbojet 
engine and the possibility of using cheaper fuels than high-octane 
gasoline, with further development this propulsion system will 
undoubtedly find a place in the commercial transport field.® Further- 
more, with the jet method of propulsion it should be possible for 
airplane designers to design cleaner airplanes, a factor also having a 
bearing upon the problem of reducing fuel consumption. 
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Since the greatest activity at present is in thermal jet engines of 
the turbojet type, this chapter is devoted to the consideration of 
that type of thermal jet engine. 

3. Thrust Equation for Thermal Jet Engine 

The basic elements of a thermal jet engine and their arrangement 
are illustrated in Fig. 8. 



Atmospheric air enters the propulsion system at 0-0 and is com- 
pressed in the diffuser section 0-1 by the conversion of all or a portion 
of its velocity energy into pressure energy. The pressure ratio effected 
by the diffuser will depend upon the reduction in Mach number 
accomplished by it. This depends largely upon the length available 
for the diffusion process and the area ratio. The energy efficiency 
of the diffusion process will depend upon the smoothness of the walls 
of the diffuser and the angle of divergence. It should be noted that, 
in general, the guided flow of a fluid through a diverging passage is 
more likely to produce energy losses due to eddies and turbulence 
than guided flow through a convergent passage. To keep the energy 
losses at a minimum the conversion of the kinetic energy of the enter- 
ing air into pressure energy must be gradual. This requires a small 
angle of divergence and consequently considerable length. 

From the diffuser the air enters the compressor, wherein its pres- 
sure is raised by an amount governed by the pressure ratio of the 
compressor. The compressed air then flows into the combustion 
chamber where its temperature is raised by the combustion of fuel 
with a portion of the air. The highly heated gases then expand in 
the turbine which delivers exactly the amount of power that is needed 
to drive the air compressor. 

The gases arrive at the turbine at a pressure slightly lower than 
the pressure of the air leaving the compressor, owing to the pressure 









320 


PRINCIPLES OF JET PROPULSION 


[Chap. 8 


loss in the combustion chamber. This pressure loss must be kept 
small. Because of the high temperature of the gases, the expansion 
ratio for the turbine is smaller than the pressure ratio for the com- 
pressor. As a result the gases are discharged from the turbine at a 
pressure higher than the atmosphere. Consequently, the gases 
arriving at the entrance to the discharge nozzle are above the atmos- 
pheric back pressure and are at a relatively high temperature. These 
compressed hot gases expand in flowing through the nozzle and ac- 
quire a high exit velocity. The reaction of these fast-moving gases 
produces the thrust for propelling the airplane. 

Since the turbojet engine has the same absolute velocity as the 
airplane to which it is attached, it is convenient to use the relative 
coordinate system. Thus it is assumed that the airplane is at rest 
and that the air approaches the intake system with a velocity equal 
in magnitude to the airplane velocity V. 

Notation 

a = acoustic velocity, fps. 

A = area, ft^. 

c = w — V absolute velocity of jet gases, fps. 

Cpt = mean specific heat at constant pressure of the gases 
flowing through the turbine, Btu/lb F. 

Cpc = mean specific heat at constant pressure of the air flowing 
through the air compressor, Btu/lb F. 

D = diameter of exhaust nozzle, ft. 

g = acceleration due to gravity, 32.174 ft/sec^. 

G = Ga + Gf Ga — weight rate of flow of propulsive fluid, 
Ib/sec. 

Ga = weight rate of flow of air, Ib/sec. 

G/ = weight rate of flow of fuel, Ib/sec. 

A = enthalpy of the working fluid at the state point indicated 
by the subscript, Btu/lb. 

Alls = enthalpy added to each pound of air by the combustion 
of the fuel, Btu/lb. 

He “ calorific value of the fuel, Btu/lb. 

J == mechanical equivalent of heat 778 ft-lb/Btu. 

k =* Cp/Cf, « specific heat ratio. 

M » Mach number. 

M * momentum, or rate of momentum, at section indicated 
by the subsaipt, slug-ft/sec. 

P » pressure intensity at section indicated by subscript, psia. 

P Pe — Pa ^ propulfflon power, ft-lb/sec 
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Pa = GaV^/ 2 g = power of the entering air, ft-lb/sec. 

Pe ^ (fia + Gf)vP/2g = power of the gases leaving the turbo- 
jet engine in unit time, ft-lb/sec. 

Pl = G{w — V)^/2g = leaving loss, ft-lb/sec. 

Pt’ = 3F = thrust power, ft-lb/sec. 

Qi = Gfllc = heat supplied the turbojet engine in the form 
of fuel, Btu/lb or Btu/sec as specified in text. 

R = gas constant, ft-lb/lb F. 

rt = turbine pressure ratio. 

Tc = compressor xircssure ratio. 

3 = thrust, lb. 

3o take-off thrust; lb, 

V = 1/7 = specific volume, ft^/lb. 

V = flight speed of airplane, fps. 

= i sen tropic velocity of jet gases relative to exhaust nozzle, 
fps. 

w = velocity of jet gases relative to the exhaust nozzle, fps. 

V see equation 45a. 

Temperatures 

Tq = atmospheric temperature, R. 

Ti ^ = temperature of the air at the end of flow com- 

pression with 100 per cent ram, R. 

Tx == actual temperature of the air at the entrance to the air 
compressor, R. 

P2' == Pi^ = temperature of air at the end of isen tropic com- 
pression in an ideal air compressor, R. 

P2 == Po*J^[l + (^ — l)/^c] = actual temperature of air leav- 
ing the air compressor, R, (100 per cent ram). 

P3 = aPo = temperature of working fluid leaving the combus- 
tion chamber, R. 

P4' = [1 — 4>(0 — \)/aric 7 it\Toa = temperature of gases after 
expansion in an ideal turbine, R, (100 per cent ram). 

P4 « [1 — ^{S — l)/ai7jPoa = temperature of gases after ex- 
pansion in an actual turbine, R, (100 per cent ram). 

P5' * P4P6/P4' ** temperature of gases after expansion in an 
ideal nozzle, R, (100 per cent ram). 

P5 =» (equation 49) temperature of gases after expansion in an 
actual nozzle, R, (100 per cent ram). 

Pe aPo(l/^4^) =* temperature of gases after isentropic ex- 
pansion from the turbine inlet temperature P3 to the 
atmospheric pressure, R, (100 per cent ram). 
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Greek Symbols 

a = T^/Tq ratio of the temperature of the gases leaving the 
combustion chamber to the atmospheric temperature. 

^ = Ti'/ro = 1 + (^ - 

6 = T 2 /T\ = {p2/p\y^ • 
y = specific weight, Ib/ft^. 

P = y/g = density, slug/ft^. 

V V/w velocity ratio, 

<r = density ratio for atmospheric air (Table 1.6). 
rj = Pt/JQi = plant or thermal efficiency. 

Tfi = P/JQi = internal efficiency. 

rjc = compressor efficiency. 

riB = combustion chamber efficiency. 

rjt = turbine efficiency. 

rjp = propulsion efficiency. 

rjr = ram efficiency. 

VD = diffuser efficiency. 

(p = velocity coefficient = w/w\ 


Referring to Fig. 8, the air crosses the entrance section 0-0 of the 
turbojet engine with the flow rate Ga and its momentum Mq rate is 
given by 

Ga 

Mo = — F (1) 

g 


Similarly, the momentum of the gases crossing the exit section vS -S 
in unit time is at the rate 

w 

Ms = {Ga + - (2) 

g 


The net change in the linear momentum per unit time for the 
turbojet engine is given by 


G G 

Ms - Mo = — (w; - F) + — w (3) 

g g 

The net reaction force or thrust due to the above change in momen- 
tum is independent of all the forces and reactions taking place in 
the flow passage formed by the turbojet engine. Further, since this 
is the momentum change taking place in 1 sec, the reaction force or 
thrust is given by 

Ga Gf 

3 = — (w — F)H w 

i g 


( 4 ) 
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In the last equation the relative exit velocity w is determined by 
the pressure ratio (or expansion ratio) for the nozzle, the gas constant 
for the fluid, its specific heat ratio, and the nozzle velocity coefficient; 
see Chapter 3. 

Thus 

w = 223.7 W hi - As' (5) 

Since the air enters the thermal jet engine with the initial velocity 
Vy the net change in its velocity is {w — F). The fuel, however, 
enters the engine with no initial velocity, and it leaves with the 
velocity w. Hence the change in the velocity of the fuel is also w. 

In general, the weight of the fuel consumed per second is approxi- 
mately 2 per cent of the weight of air with which it is admixed. Con- 
sequently, no appreciable error is introduced if it is assumed that 

G = Go + G/ = Go 


The equation for the thrust developed by the turbojet engine based 
on the above assumption is 


3 = 


G 

-(w - V) 

g 


( 6 ) 


This equation is identical with the thrust equation developed for 
the ideal propeller in Chapter 6. Equation 6 can be transformed to 
show the dependence of the thrust upon the velocity ratio p. Thus 


3 = 


— 7t'(l — v) 

g 


( 7 ) 


or the thrust per pound of air flow per second is 


3 w 

- = ( 8 ) 

G g 

Equation 8 indicates how the thrust developed, per pound of fluid 
flowing through the propulsion system per second, varies with the 
exit velocity w and the velocity ratio v. 

Figure 6-6 illustrates this relationship for several different values 
of the relative exit velocity w. 

References to Chapters 2 and 6 will show that these equations are 
identical to those derived previously for hydraulic jet propulsion 
and the propeller. The basic characteristics of turbojet propulsion 
are, therefore, identical to those for hydraulic jet propulsion and 
propeller propulsion. 
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For a fixed velocity ratio the size of the required exit area increases 
as the speed of the airplane decreases. This indicates why the pro- 
peller with its ability to handle extremely large quantities of air 
at velocity ratios close to unity is better adapted to the propulsion 
of bodies at moderate and low speeds than the turbojet engine. This 
is particularly true since, as pointed out previously, operation close 
to unity velocity ratio gives high propulsion efficiency. 

Figure 6 *7 is a plot of the thrust per pound of air flow per second 
as a function of the velocity ratio for different flight speeds. On the 
same figure is plotted the ideal propulsion efficiency as a function 
of the velocity ratio. 


Example. An airplane is designed for a forward speed of 500 mph at 30,000-ft 
altitude. Its drag coefficient is 0.016, its weight 10,000 lb, and its wing area 
200 sq ft. What is the approximate air consumption of its thermal jet engine in 
pounds per second per pound of thrust, if the jet velocity is 1500 fps? 

Solution, 

r = 500 X H = 734 fps and = 53.7 X 10^ 


<r = 0.374 (Table 1-6) 

p = 0.002378 X 0.374 = 8.78 X 10“^ slug/ft* 

D = drag *= ** 3 

» i(8.78 X 10-^)(S3.7 X 10^)(200)(1.6 X 10~*) 


Ga 


755 Xg 
(1500 - 734) 


31.4 Ib/sec 


755 lb 


V 

p SB — 

w 


734 

1500 


« 0.489 


^ - 0.03108w(l - p) 

= 0.03108 X 1500(1 - 0.489) = 24.0 Ib/lb of air per sec 
G 

« 0.04167 lb of air per sec/lb of thrust 
3 


4. Propulsion Power and Propulsion Efficiency 

By propulsion power is meant (as pointed out in Chapter 2) the 
total power supplied to a propulsion system. The portion ei this 
power required to keep the airplane in motion is the thrust power, the 
product of the propulsion thrust and the flight speed. In the ideal 
case the difler«ioe between the propulsion and thrust powers consti- 
tutes the power loss associated with the propulsion system. The ratio 



Chap. 8] 


GAS-TURBINE TYPE OF THERMAL JET ENGINE 


325 


of the thrust power, the useful work of the system, to the propulsion 
power has been termed the propulsion efficiency and denoted by lyp. 

The propulsion power for an engine-driven propeller is the brake 
horsepower of the engine. For a turbojet engine, the propulsion 
power is derived from the thermal energy of the fuel burned in the 
combustion chamber. This thermal energy, in the ideal case, is 
utilized only for increasing the kinetic energy of the working fluid 
flowing through the engine. The air enters the engine with the weight 
flow rate Ga and the relative intake velocity V. It is ejected from the 
exhaust nozzle with the relative exit velocity w. The corresponding 
absolute velocities for the air are zero at intake and c = w — V 3 it 
exit. 

The kinetic energy associated with the air entering the system in 
unit time is given by 

Pa=1—V^ ( 9 ) 

2 g 


Similarly, for the exit gases, which include the products of combus- 
tion of the fuel supplied at the rate G; Ib/sec, the kinetic energy per 
unit time is 


1 (gg + g/) ^ 

2 g 


ft-lb/sec 


( 10 ) 


The difference between Pe and Pa is the rate at which energy is 
supplied for propelling the airplane, which is the propulsion power P. 
Hence 


P^Pb- Pa 


1 {Ga + Gj) . 1 GaV^ 



2 g 2 g 


( 11 ) 


Since G/ is small compared to Ga, it can be assumed that G = Ga 
as Go + G/. Making this assumption, the expression for the pro- 
pulsion power becomes 

P =s — — V^) ss — — v^) (12) 

2g 2g 

where, as before, »»”= V/w is the velocity ratio. 

In the ideal case the only energy loss accompanying the transforma- 
tion of the propulsion power into thrust power is the leaving or exit 
loss Pju. Assuming G/ negligible, 


Pt 



G 


2g 


(w - F)* 


( 13 ) 
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In view of the assumption that the exit loss constitutes the only 
loss accompanying the conversion of the propulsion power P into 
the thrust power Pt it follows that, as in the case of hydraulic jet 
propulsion, the propulsion power is given by 


P ^ Pt + Pl ^ :SV + Pl 


The ideal propulsion efficiency rip is accordingly 


riP 


3F 

T ~ :sv + Pl 


(14) 


(15) 


Equation 15 is equally valid for the ideal engine-driven propeller, 
hydraulic jet propulsion, and the thermal jet engine. On substi- 
tuting for the propulsion thrust 3 and the exit loss Plj the propulsion 
efficiency equation becomes 


w\Ga + Gf) - - Gf) 

Neglecting the effect of the fuel flow G/, 

2F _ 2V/w _ 2v 
w + V 1 + V/w 1 + V 


(16) 


(17) 


Equation 17 is identical with that previously derived for the pro- 
pulsion efficiency of hydraulic jet propulsion, and the ideal propeller. 

The ideal propulsion efficiency rjp for the turbojet engine as a 
function of the velocity ratio p is presented in Fig. 6*7. 

It should be noted that, like the hydraulic jet and the propeller, 
the turbojet engine delivers no thrust when the velocity ratio is 
unity- For these types of propulsion systems the relation between 
the thrust power Pp and the velocity ratio is 


Pt = = - v)p 


( 18 ) 


Equation 18 was obtained for hydraulic jet propulsion in Chapter 
2 and for propeller propulsion in Chapter 6. It typifies reaction 
systems operating by virtue of a difference in velocities. The ve- 
locity ratio corresponding to the maximum value of Pp has been 
shown to occur when v *= 0.5, when the speed of the airplane is one- 
half the speed of the exhaust jet relative to the nozzle walls. The 
corresponding value of the propulsion efficiency (at v = 0.5) is rip * 
0.667. It is seen, therefore, that the velocity ratios corresponding 
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to the maximum thrust power and to the maximum propulsion effi- 
ciency are different. 

Consequently, to obtain high propulsion efficiency together with a 
large thrust for an airplane designed for moderate speeds, it becomes 
necessary to induct large quantities of air into the engine. This can 
be accomplished only by providing large flow passages and large 
component machinery. Such an arrangement results in a bulky, 
heavy engine. For this reason the tur^x)jet engine is inherently best 
suited for airplanes designed to travel at high speeds. 


5. Propulsion Power and Discharge Area 

A relationship can be derived relating the propulsion power P, the 
flight speed F, the density of the exit gases p, the diameter of the jet 
Z>, and the ideal propulsion efficiency rjp, as was done for the propeller 
in Chapter 6. The rate of flow of fluid through the exhaust nozzle, 
for which the diameter is Z), is given by 


(19) 


G = - D^yw 

4 

Substituting for G from equation 19 into equation 12 gives 

P = ~ PW(1 - D^piw^ - wV^) 

8 8 

= — — wV^) 

D^p 8 ^ ^ 

Dividing both sides of the above by and letting v = V/w gives 

P 


or 


8 vJ 


( 20 ) 


D^pV^ 

From equation 17, the propulsion efficiency equation, it is seen that 

I _2 — TIP 
V TIP 

Substituting from equation 21 into equation 20 gives 
P TT /8 - 12vp + 


( 21 ) 


-i(- 


» \ tip" 


( 22 ) 


Inverting this last equation and taking the cube root of each side gives 
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Figure 6-8 is a plot of the so-called propulsion parameter V^D^p/P 
as a function of the ideal propulsion efficiency rjp. This curve is ap- 
plicable to the ideal propeller as well as to the thermal jet engine. 
When applied to the propeller, D is its diameter, p is the atmospheric 
density, V is the airplane speed, and P is the power furnished by the 
engine. 

The curve gives the maximum attainable propulsion efficiency for 
either type of propulsion system. It is vseen that, to obtain high 
values of efficiency with low airplane speeds, D must be large, assum- 
ing the other factors constant. This operating condition is most 
readily met with propeller propulsion. 

When flight speeds in excess of 500 mph are considered there arise 
problems connected with the engine size as well as those due the effect 
of compressibility of the air upon the propeller efficiency, for as shown 
in Chapter S the power requirements increase as the cube of the air- 
plane speed. Thus if it takes 1200 hp to propel a given airplane at 
360 mph at a given altitude, it would require an engine developing 
approximately 3200 hp to propel it at 500 mph, assuming that all 
other factors remained unchanged. If this power is to be furnished 
by a reciprocating engine the resulting power plant is complex and 
heavy, even if that amount of power could be furnished by a single 
engine. On the other hand, the thrust power for attaining a speed 
of 500 mph can be obtained from a turbojet engine of relatively light 
weight, with a jet diameter of 1 ft and an exhaust velocity of approxi- 
mately 1500 fps. 

The efficiency of an actual propeller will be approximately 0.85 
per cent of the ideal propulsion efficiency, or 0.833. The reduction 
in propulsion efficiency is due to various losses neglected by the mo- 
mentum theory, such as whirl energy imparted to the slipstream, 
non-uniformity of the thrust distribution over the blades, blade 
profile drag, and periodicity of the flow. 

It was shown in the preceding that, to obtain the maximum pro- 
pulsion power from a turbojet engine, the velocity ratio should be 
approximately 0.5, and for this condition the propulsion efficiency 
is 0.667. Assuming the operating data used for the propeller dis- 
cussed in the preceding, and that the discharge temperature for the 
jet is 1200 R, so that p « 0.00102 slug/ft®, then the propulsion effi- 
ciency is about 68 per cent of that obtainable with an ideal propeller. 

6. Plant or Overall Efficienq/ 

This is the ratio of the useful work performed in propelling the 
airplane to the heat supplied the engine Qi in the form of fuel. 
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Let i; denote plant or overall efficiency ; then if He is the calorific 
value per unit weight of fuel 


Pt _ 1 HGa + Gf)w ~ GaV 

JQi^Jg L 


(24) 


Substituting for G/IIc = Qi in terms of the enthalpies A2 and A3 at 
the entrance and exit sections of the combustion chamber respec- 
tively, then if tjb is the combustion chamber efficiency 


1 [ (Ga + Gf)w--GaVl 

Jg I {Ga + G/)h^ — GcA 2 J 

If the influence of G/ is neglected, equation 25 reduces to 


(25) 


\ /w- V\ 

'n = — (7 — r) ^ 

Jg — A2/ 

From equation 26 it is seen that the plant efficiency is zero when 
V w and also when F = 0. Consequently, between these two 
limiting values of F, assuming no change in the rate of fuel feed, 
there is a value of flight speed which yields the maximum value for 
overall efficiency. 


7. Thermal Efficiency 

This is a measure of the effectiveness with which the thermal energy 
supplied to the thermal jet engine is transformed into propulsion 
power. 

The thermal energy furnished the propulsion system is 

Qi = GfHe Btu/sec (27) 

The thermal efficiency rjth is given by 


Vth 


P 

JQi 


(28) 


Substituting for P from equation II and for Qi from equation 27 


-J- [(G« + Gf)v^ - Ga n (29) 

JGfHc 2gJGfH, 

Tbe numerical value of the heat supplied is determined from the 
enthalpies at the exit and entrance to the combustion chamber. Tbe 
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weight of fuel per pound of fuel-air mixture passing through the 
combustion chamber is, from Chapter 7, Section 4(d), given by 

Gf 

Ga + Gf 

Hence the heat supplied to the combustion chamber per pound of 
mixture is 

Gfllc 
Ga + Gf 

Hence, if A 2 is the enthalpy of the air entering the combustion cham- 
ber, the enthalpy of the mixture leaving the combustion chamber, 
assuming no heat losses and constant pressure, is given by 

Gf 

^3 = ^2 + — — — “T X He 
Ga + Gf 

An indication of the air-fuel ratio ordinarily occurring is obtained 
from the following illustration. Assume that the pressure ratio of 
the compressor is 6 and its efficiency is 0.80, and consider sea-level 
conditions at the entrance section, subscript 1. Then from the air 
tables of Chapter 4, assuming Ti = 520 R, 

hi = 28.80 Btu/lb Pri = 2.506 7?c ~ 0.80 

/>r2 = 2.506 X 0 = 15.036 T2^ » 864.2 R 

h 2 M = 112.07 Btu/lb 

^ = 112.07 - 28.80 = 83.27 Btu/lb 

1 83 27 

A/tc = — ; Le = — — = 104.09 Btu/lb 

17c/ 0.8 

h = 104.09 + 28.80 = 132.89 
T 2 = 948.5 R 

If the inlet temperature to the turbine is 7*3 = 1660 R, each pound 
of air has the enthalpy A 3 = 316.57 Btu. Hence, the enthalpy added 
to each pound of air by the combustion of fuel denoted by AAjj is 

AHb * 316.57 - 132.89 « 183.68 Btu/lb of air 

Assuming that each pound of fuel has a calorific value of 18,500 
Btu above the heat required to raise its temperature to combustion 
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conditions, then with rjB = 0.98 the weight of fuel added per pound 
of air is 


183.68 1 183.68 

=: 

18,500 rjB 18,500 X 0.98 


0.0102 lb fuel /lb of air 


This indicates that for each 100 lb of air passing through the com- 
bustion chamber approximately 1.0 lb of fuel will be added to it. 
Consequently, no appreciable error is introduced by the assumption 
that there is no increase in the weight of fluid at the combustion 
chamber and that the working substance entering the turbine is 
solely heated air. This assumption errs in the direction of conserva- 
tism. 

Using this assumption, the heat supplied becomes 


and 


Gf 1 

Qi — — ITc — — (^3 Btu/lb of air 

Ga VH 

TIB o o V^) 

= (,£;2 _ ^2) = 

2gJ{h<s - ho) 50,000(/?3 - fh) 


(30) 


To obtain an indication of the effect of the speed of the airplane 
upon the thermal efficiency, equation 30 is written 

ViMi - (VVu^)] vbwHI - 

71th = = (31) 

50,000(/^3 ~ h2) 50,000(/?3 - /jg) 

For a given operating temperature at the turbine, the enthalpy 
change (hs — ^ 2 ) is constant. Hence w^hen V — w the thermal ef- 
ficiency is zero; this is readily appreciated, for under these condi- 
tions the thrust is zero and the kinetic energy added to the gas is 
zero. The air just passes through the system, and its velocity in- 
crease, relative to the airplane, is zero. On the other hand, if the 
velocity ratio is zero (V = 0), then rjth depends entirely upon the 
magnitude of the jet velocity iv. The thermal efficiency will be high, 
but, since the airplane is not moving, no useful work is performed. 


8. The Diffuser and Ram Pressure 

In order to establish the conditions at the entrance to the air com- 
pressor, the temperature and pressure of the air leaving the diffuser 
must be determined. If the ram efficiency ijr or the diffuser efficiency 
is known, then the pressure at the entrance to the compressor can 
be determined by the methods explained in Chapter 3, Section 29. 
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The function of the diffuser has been given detailed discussion in 
Chapter 3 and need not be repeated here. It should be noted that 
because of the losses in this piece of apparatus it is not possible to 
transform all the kinetic energy associated with the approaching air 
into pressure rise. 

9. Thermodynamic Analysis on the Basis of the Perfect-Gas Laws 

A good insight into the general characteristics of the thermal jet 
engine can be derived by applying the perfect-gas laws to the thermo- 



dynamic processes involved. The analysis which follows is based 
upon the following simplifying assumption : (a) there is full recovery 
of the dynamic pressure of the entering air (100 per cent ram) ; (b) 
there is no change in the mass rate of flow of fluid passing through the 
engine; (c) there is no change in the chemical composition of the 
working fluid, it being assumed to be air at all sections of the flow 
path ; (d) .the working fluid (air) behaves in accordance with the laws 
of perfect gases, so that the effect of temperature on the spedflc 
heat of the air may be neglected ; («) there are no pressure losses. 
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The inaccuracies intrcxluced by the above assumptions are so 
small that for the practical purpose of obtaining a general insight into 
the behavior of the turbojet engine they are well justified. The ad- 
vantage of this form of analysis is that general equations for the 
various performance characteristics can be derived. 

Figure 9 illustrates the thermodynamic processes involved on the 
temperature-entropy (T-s) plane. The processes have been ex- 
plained in the foregoing and are denotrd on the diagram so that no 
further explanation is necessary. 



Figure 10 illustrates the turbojet engine cycle on the p-v plane. 
The pressure drop in the combustion chamber, indicated by the 
broken line, is neglected here. 

The object of the analysis is to obtain equations for the tempera- 
tures at the state points indicated on the diagram in terms of the 
temperature of the incoming air and its Mach number. 

The temperature of the air at the end of the isentropic compression 
in the diffuser (100 per cent ram) can be determined from equation 
3*41 which for k = 1,4 becomes 


4> 


To 


1 + 


(¥) 


Jlfo® = 1 + 0.2Mo^ 


(32) 


Figures 3-3 and 3*4 present the ideal temperature-rise ratio 4>, 
and Fig. 3 • 5 the corresponding pressure-rise ratio Pi/Po, as functions 
of the Madi number of the entering air. 

In this case Ti ■* Ti and the temperature at the entrance to the 
compressor is 


Ti - 


(33) 
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The temperature of the air is raised from Ti to 72- ff the com- 
pression process were isentropic the compression temperature would 
be Ta' instead of T 2 . The ratio IT\ is denoted by d as in Chapter 7. 
Thus 

, = ^ (34) 

Ti \pi/ 
or 

T2' = 7 \e (35) 

Values of 0 for different pressure ratios and values of k are presented 
inTable?*!. 

Since the compression process is not isentropic, the final air tem- 
perature T 2 is higher than 7"2'. If the compressor efficiency is de- 
noted by ricj then 

^ 2 ' - Ti /e - 1 \ 

T 2 ~ 7\ = = 7\ ( ) 

Vc \ Vc / 

so that 

T 2 = To* (1 -f (36) 


In the combustion chamber the air temperature is raised from T 2 
to T 3 , It is convenient to express the temperature 7^3 in terms of 
the atmospheric temperature 7"o, 

Ta = aTo (37) 

Table 8-1 presents values of the coefficient a as a function of 
altitude for different values of T 3 , 


TABLE 8-1 

Values of a T3/T0 as a Function of Altitude 


Altitude 

ft 

0 
5 , 

10 , 

15, 

20 , 

25 , 

30, 

35, 
40,000 


m 

m 

m 

m 

555 


Values of T 3 

1600 R 

1700 R 

1800 R 

1900 R 

2000 R 

3.082 

3.275 

3.468 

3.662 

3.854 

3.193 

3.392 

3.582 

3.780 

3.982 

3.310 

3.516 

3.724 

3.930 

4.136 

3.436 

3.652 

3.866 

4.083 

4.282 

3.592 

3,792 

4.024 

4.273 

4.462 

3.722 

3.955 

4.187 

4.420 

4.652 

3.880 

4.124 

4.367 

4.608 

4.854 

4.056 

4.185 

4.565 

4.817 

5.070 

4.072 

4.325 

4.580 

4.835 

5.090 
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From the temperature-entropy diagram, Fig. 9, it is seen that, if 
the heated air expanded i sen tropically to the atmospheric pressure 
it would be in the state designated by the number 6. The part 
of the diagram 0-2', 2'-3, 3-6, and 6-0 consists of two isobars and two 
isen tropic processes. From elementary thermodynamics it follows 


that 


r3ro = zvn 


or 

^3 To / 1 \ 


Table 8*2 presents values of the parameter 1/^ as a function of the 
Mach number of the incoming air for different pressure ratios. 


TABLE 8-2 

Values of Parameter 1/^ for Different Pressure Ratios P 2 /P 1 as a 
Function of Mach Number 


Mach 



Pressure Ratio of Compressor P 2 /P 1 



No. 

1,5 

2.0 

2.5 

3.0 

3.5 

4.0 

5.0 

6.0 

0 

0.8904 

0.8204 

0.7698 

0.7304 

0.6988 

0.6725 

0.6317 

0.5995 

0.1 

.8890 

.8191 

.7683 

.7299 

.6980 

.6712 

.6308 

.5987 

0.2 

.8825 

.8138 

.7635 

.7247 

.6930 

.6678 

.6268 

.5950 

0.3 

.8750 

.8059 

.7560 

.7177 

.6868 

.6609 

.6205 

.5893 

0.4 

.8630 

.7946 

.7465 

.7078 

.6796 

.6521 

.6125 

.5813 

0.5 

.8480 

.7815 

.7332 

.6960 

.6658 

.6408 

.6018 

.5714 

0.6 

.8309 

.7655 

.7186 

.6815 

.6520 

.6275 

.5895 

.5593 

0.7 

,8107 

.7474 

.7012 

.6656 

.6367 

.6130 

.5755 

.5462 

0.8 

.7893 

.7273 

.6827 

.6472 

.6198 

.5964 

.5632 

.5319 

0.9 

.7664 

.7060 

.6631 

.6285 

.6019 

.5792 

.5440 

.5117 

1.0 

.7362 

.6832 

.6419 

.6085 

.5828 

.5606 

.5267 

.4999 


The expansion of the gases in the turbine produces just enough 
work to drive the air compressor. Hence 

VtSUTs - T 4 ') (1 + ^) = — (Ta' - Ti') (39) 

V Oa/ Vc 

where Cpt « mean specific heat of the gases flowing through the 
turbine. 

5pc « mean specific heat of the air flowing through the com- 
pressor. 

By virtue of assumptions (ft), (c), and {d) it follows that equation 
39 reduces to ^ 

min - n') « - in' - n) 

Vc 


( 40 ) 
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Since the turbine work is exactly equal to the compressor work 

T, (41) 

From these last two expressions the equations for T 4 and are 
derived, by substituting from the preceding equations. Hence 


and 


T 4 ' 


T 4 


= roa[i - 
= Toa j^l — 


4>(e - 1) 

neVta 
- 1 ) 
VcOC 


(42) 

(43) 


In order to establish the pressure at the entrance to the turbine, 
the pressure loss in the combustion chamber must be known or esti- 
mated. This loss must be kept low and is ordinarily only a few per 
cent of the pressure p 2 - In this analysis, this pressure loss is neg- 
lected. 

By the same thermodynamic principle used in deriving the ex- 
pression for Te it follows that 


Tr' = 


I± 


Substituting for from equation 38 and for Ti and from above 




1 - 


He - 1 ) 


VcOC 


1 - 4 > 


( 0 - 1 ) 


VeVtOC 


(44) 


The temperature drop corresponding to an isentropic expansion 
in the nozzle is T 4 — T^'. From equations 43 and 44 


n - n' - Toa 


Let 


r $(o-i)-| 1 

(0 - 1)1 

1 $ 


L ijcUf J 




. * 

1 - ^ 



L vem^ . 



(45) 


Then 


L VeOl J 


1 - # 


(0 - 1) 


Vea 




( 0 - 1 ) 

VeVia 


(45a) 


n - Ti! - ToaK 
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Values of the parameter F as a function of the Mach number, for 
the conditions p 2 /p\ — 3.0 and iie — Vt ~ 0.85 are presented in 
Fig. 11. 



0 0.2 0.4 0.6 03 1.0 

Mach number V/a 

Fig. 11 . Values of parameter K as a function of Mach number for different alti 
tudes. (Reproduced from M. J. Zucrow, Trans. A.S.MJE., May 1946.) 

The value of the parameter Y depends upon the pressure ratio of 
the air compressor, the efficiencies of the compressor and turbine, 
the temperature of the air leaving the combustion chamber, the Mach 
number of the entering air, and the altitude of the system as ex- 
pressed through a “ Tz/Ti). 

Values of the parameters ^{9 — l)/rieVia and ^(9 — as 

functions of Mach number are plotted for different altitudes in Fig. 12 
and 13 respectively. TTiese curves are based on a pressure ratio 
pz/Pi ns 3.0, 1 J,, = jj, = 0.85, and Tz = 1700 R. 
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Fig. 12. Values of the parameter <P(0 — l)/vcVtcx as a function of Mach number 

for different altitudes. 



Mach number V/p 

Fig. 13. Values of the parameter ^(8 — l)/i?ca as a function of Mach number 

for different altitudes. 
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Values of the isentropic temperature drop Z '4 — for the condi 
tions listed above are presented in Fig. 14. 



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 OZ 

Mach number M 

Fig. 14. Values of the isentropic temperature drop for the exhaust nozzle as a 
function of Mach number for different altitudes. (Reproduced from M. J, Zucrow, 

loc. cit.) 

From the isentropic temperature drop 7^ — T^s', the corresponding 
discharge velocity of the jet gases neglecting the approach velocity is 
readily calculated. Thus 

w' == y/2gJcj,ToaY (46) 

W = VlgJcpiTi - n') = 223.1 Vcpili - n') (46o) 

The last two equations give the isentropic exhaust velocity w' and 
are applicable to a perfect nozzle. For an actual nozzle the exhaust 
velocity is given by 

a. =r = 223.7 - Ts') = 223.7Vcp{T^ - T^) (47) 
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Figure 15 presents values of the isentropic exhaust velocity where 
P 2 /P 1 ^ 3.0, Vc — Vt — 0.85, and Tq = 1700 R. It is seen that at 
all the altitudes presented in the figure the exhaust velocity increases 
with the flight speed, because the ram effect increases the pressure 
at the entrance to the air compressor. 



Fig. 15- Isentropic jet velocity vs. Flight Speed for different altitudes. (Repro- 
duced from M. J. Zucrow, loc, ciL) 


From equation 47 it follows that the actual temperature drop in 
the nozzle 74 — Ts is given by 

<p\T^ - n') = v^ToaY (48) 

Substituting for Ti from equation 43 

rg Toa [l - 4» - ^y] (49) 

L Ilea J 

The equation for the isentropic exhaust velocity can be tran^ 
formed to indicate the dependence of this velocity upon the acoustic 
velocity for the air entering the engine. Thus, noting that 
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JCpT{) = kRTQ/{k — 1), where R is the gas constant for the atmos- 
pheric air, and that a = acoustic velocity == \/ gkRT^, then, for 
k == 1.4, the exhaust velocity is 



and 

w = (pw^ = 2.2Z6a<p^aY fps (51) 

The exhaust velocity of the exhaust gases being known, the per- 
formance characteristics of the propulsion system can be readily 
determined. 

Example. An airplane powered by a turbojet engine has a flight speed of 
600 mph at 30,000-ft altitude. The pressure ratio of the compressor is 3.0, and 
the gases enter the turbine at 1 700 R. The nozzle coeflicient is ^ = 0.95. What 
is the exhaust velocity of the jet? 

By equation 51 

w~ iw' ^ 2.236 X 0.95 X aVaV 

From Table 8 • 1 

a = ^ = 4.124 
To 

From Table 1*6 

a = 997.9 fps 

so that M » 880/997.9 « 0.882. From Fig 11 

Y = 0.230 aF = 0.946 = 0.972 

w - 2.236 X 0.95 X 997.9 X 0.972 == 2060 fps 

10. Performance Characteristics of the Turbojet Engine 

The performance characteristics of principal interest are the 
thrust and overall efficiency under different operating conditions. 
For simplicity it is assumed that the velocity coefficient of the nozzle 
is unity; so that w = w'. 

The thrust developed is calculated by applying equation 6. Thus 

F) --[oV— f] lb (52) 

g f L 'ife — 1 J 

It is convenient to express the thrust in terms of the area of the 
discharge nozzle A. This is accomplished in the following manner. 
Let 76 denote specific weight of exit gases, R the gas constant for 
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exit gases (assumed to be air), and po the back pressure, assumed to 
be atmospheric. From equation 49 


Ts = roaTl - ^ - 'P'y] 

L y)cOL J 


Further 


75 = 


RT. 


The weight rate of gas flow Is given by 


TT 

G = Awy^ = — D^wys = Aw 

4 RTs 


(53) 


Hence 


3 = 


Awpo 


(54) 


sRTs 

At take-off, V = 0 and 4> = 1.0, so that the static thrust is given by 

2 


3o 


^Po 2 -^^0 

vr = — 


gRn 


gRTs k - 1 


aY 


(55) 


The overall efficiency of the system is the ratio of the thrust power 
3F to the rate of fuel consumption in mechanical units. Thus, as- 
suming 17 B = 1, 

3F 

T) — (56) 

GJcplT^ - T2) 

Or substituting for 3 = (G/g) (w — V) 


gJcp(Ta - n) 

Substituting for w, T 3 , T 2 , and Jcp = Rk/(k — 1) 


^ vaV2/ik - 1)V^ _ 



Chap. 8J 


GAS-TURBINE TYPE OP THERAUL JET ENGINE 


343 


Noting that V fa = M, and gkRT^ = c?, the efficiency equation 
becomes 



Figure 16 illustrates how the weight rate of air flow through the 
system varies with Mach number, with the compressor running at 
constant speed. 



a 0.2 0.4 0.6 0.8 1.0 

Mach number 

Fig. 16. Weight rate of air flow vs. Mach number at different altitudes. (Repro- 
duced from M. J. Zucrow, loc, cit.) 


Figure 17 shows the effect of true air speed on the thrust and the 
fuel consumption per pound of thrust; assuming that the fuel has a 
calorific value of 18, (KX) Btu/lb. It is seen that the ratio of the static 
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thrust to flight thrust is considerably less than it is for a variable- 
pitch, constant-speed, engine-driven propeller. Owing to the ram 
effect, the thrust increases at higher air speeds after passing through 
a minimum point. The fuel consumption per pound of thrust in- 



0 2 4 6 8 

Right velocity, 100 mph 

Fig. 17. Effect of true air speed on the thrust per square foot of nozzle area at 
different altitudes. (Reproduced from M. J. Zucrow, loc, cit,) 

creases with flight velocity at all altitudes. Its rate of increase, 
however, diminishes with the altitude at speeds in excess of 250 mph. 
Figure 18 compares the thrust characteristics of the adjustable-pitch 
propeller with that of the turbojet engine. The basis of comparison 
is that both propulsion systems provide equal thrust at 375 mph.^® 
Because of the small ratio of take-off thrust to flight thrust, the 
takeoff characteristics of a turbojet-propelled plane will, in general, 
be inferior to that for a propeller-propelled plane. 
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1.00 


0.80 

I 0.60 

I 0.40 


, 0.20 


0 

0 100 200 300 400 500 

FUsht speed, mph 

Fig. 18. Comparison of the thrust characteristics of adjustable-pitch propeller 
and turbojet engine. (Reproduced from F. W. Godsey and C. D. Flagle, Westing- 
house Engineer, June 1945.) 




Fio. 19. Thrust horsepower vs. flight velocity at different altitudes. (Reproduced 
from M. J. ZucroWi loc, cU,) 
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Figure 19 illustrates the manner in which the thrust horsepower (thp) 
developed by the thermal jet engine varies with the flight speed and 
operating altitude. At high speeds the thrust horsepower developed 
per pound of fuel is not unreasonable. 

Figure 20 presents performance characteristics calculated by 
Flagle and Godsey for a fast high-altitude single-seater plane 



Fig. 20. Comparison of performance of engine-driven propeller and turbojet 
engine propulsion systems. (Reproduced from F. W. Godsey and C. D. Flagle, 

loc, cit.) 

equipped with a reciprocating-engine-driven propeller and for a 
thermal-jet-propelled plane of equal gross weight and wing area. 
The calculations assumed the possible reduction in drag with jet 
propulsion to be 50 per cent of that for the reciprocating engine. 
The solid-line curves present the power required and power available 
for the engine-driven propeller plane, and the dotted lines present 
the same data for the jet-propelled airplane. 

It is seen that, at the altitude of 20,000 ft, the maximum speed of 
the jet-propelled airplane is 600 mph against 460 mph for the con- 
ventional craft. The increase in speed of the jet-propelled plane 
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does not improve the cruising radius despite the allowance made 
in the calculations for increased fuel-carrying capacity. The lowest 
fuel rate for the conventional plane is 1 Ib/mi (approximately) at 
220 mph. The lowest fuel rate for the jet-propelled plane is 2.1 



1500 1600 1700 1800 1900 

Turbine inlet temperature, *R 

Fig. 21. Effect of turbine inlet temperature upon turbojet engine performance. 
(Reproduced from M. J. Zucrow, loc, cit,) 

Ib/mi at approximately 500 mph. This is beyond the operating 
speed of the conventional airplane. 

Figure 21 illustrates the effect of increasing the air temperature 
leaving the combustion chamber upon the static thrust and fuel con- 
sumption per pound of thrust. It is seen that raising the tempera- 
ture greatly increases the static thrust at sea level but the increased 
thrust is obtained at the expense of a slightly higher rate of fuel con- 
sumption per pound of thrust. 
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Figure 22 presents the static thrust and fuel oonsumption as func- 
tions of the pressure ratio for the air compressor, for a constant 
temperature at the entrance to the turbine. Increasing the pressure 
ratio is effective in increasing the thrust and decreasing the fuel 
consumption. 
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Fig. 22. Effect of cycle pressure ratio on turbojet engine performance. (Repro- 
duced from M. J. Zucrow, loc, ciL) 


With the assumed machine efficiencies rjc ^ m 0.A5,. and a pres- 
sure of 3.0, the efficiency at 500 mph and 20,000-ft altitude is approx. 
imately 15 per cent An engine-driven propeller with a propulsion 
efficacy of approximately 60 per cent would give the: same overall 
effideacy'. The overall efficiency, as a. function of true ak speed for 
different altitudes, is presented in Fig. 23. 
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Figure 24 illustrates the effect of the efficiency of the compressor 
upon the static thrust developed and the corresponding fuel con- 
sumption. It is seen that, with a turbine efficiency of 0.85 and a 
pressure ratio of 3.0, no thrust is developed if the compressor effi- 
ciency is less than 49 per cent. Increasing the efficiency of the com- 
pressor greatly reduces the fuel consumption and increases the thrust 



0 2 4 6 8 


Flight velocity, 100 mph 

Fig. 23. Efficiency as a function of flight velocity at different altitudes. (Repro- 
duced from M. J. Zucrow, loc. cit,) 

output. As a matter of fact, the efficiency of the system is improved 
by making the ratio of the compression work to the available energy 
of combustion as small as possible. 

Figure 25 illustrates the total power requirements of a large trans- 
port airplane at 20,000-ft altitude.^® Curve A is for a plane equipped 
with engine-driven propellers. Curve B applies to the same airplane 
equipped with gas-turbine-driven propellers. Curve C is for a jet- 
propelled transport having the same gross weight (120,000 Ib), 
which includes the weights of the power plants plus the fuel weight. 

The airplane corresponding to Curve A is equipped with four 
engines supercharged to 2000 hp at 20,000-ft altitude. The jet- 
propelled plane (Curve C) is equipped with four thermal jet engines 
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aach delivering 6000 lb static thrust; this gives 24,000 lb thrust for 
take-off, which is comparable to the total static thrust for the four 
reciprocating engines. Two of the jet units are assumed to be turned 



100 90 80 70 60 50 40 

Compressor efficiency, per cent 


Fig. 24. Effect of compressor efficiency on turbojet engine performance. (Repro- 
duced from M. J. Zucrow, he. cit.) 

propelling the airplane is illustrated for flight with either two or four 
of the turbojet engines being operated. 

The gas-turbine-propeller propelled airplane (Curve B) is equipped 
with four gas turbines each delivering 3200 hp at take-off and 2000 hp 
at 20,000-ft altitude. 

The general characteristics of the transport planes discussed above 
are compared graphically in Fig. 26. It is seen that the gas-turbine- 
propeller propelled airplane has characteristics superior to those of 
the engine-driven propeller plane on every basis of comparison except 
altitude ceiling, in which they are about equal. 





Fig. 25. Estimated total power requirements of a large transport airplane at 
20,000-ft altitude with different propulsion systems. (Reproduced from F. W. God- 
sey and C. D. Flagle, loc. cU.) 
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Fig. 26. Comparison of performance of a large transport plane with three different 
types of propulsion plants. (Reproduced from F. W. (^sey and C. D. Flagle.) 

351 




352 


PRINCIPLES OF JET PROPULSION 


[Chap. 8 


It is of interest to note that the jet-propelled airplane can make 
short flights with about 5 tons more payload than the conventional 
transport, and with about 3 tons more than the turboprop-propelled 
transport.^® 

11. Analysis Taking into Account the Variation in the Specific Heat 
with Temperature 

This form of analysis can be carried out only by making step-by- 
step calculations for each element of the system. The methods of 
analysis have been discussed in Chapter 4 and will be illustrated by 
means of an example. 

Example. An airplane weighing 16,000 lb has a wing loading of 40 psf and a 
total drag coefficient Cd = 0.012. It is powered by a turbojet engine for which 
the machines have the following characteristics: 

rjD = efficiency of diffuser — 0.95, 

Tfc =* efficiency of compressor = 0.80. 
rit — efficiency of turbine =» 0.85. 
rjn = efficiency of nozzle =* 0.96. 
fiB = combustion efficiency « 0.98. 

Tz = 1660 R, To - 519, Cp * 0.243, k = 1.395. 

fc *= 6.0. 

Calculate the thrust horsepower oeveioped and the overall efficiency of the plant 
if the airplane travels at 420 mph at sea level, assuming that perfect-gas laws are 
applicable. Assume that the temperature of the air leaving the diffuser is 551 R 
and its pressure 17.89 psia. 

88 16,000 

r = 420 X = 615 fps 5 = -4— = 400 ft^ 

60 40 

Drag 

D « ipV^CDS « i X 0.002378 X 0.012 X 400 X 615* 

» 2150 lb 

Thrust required is, therefore, equal to 2150 lb. 

Diffuser. From data the temperature of the air entering the compressor is 551 R. 
Compressor 

Ahc * —CpTiZc\ for r » 6.0; Z® =* 0.6604 

Vc 

Hence 

AA, - ^ X 0.243 X 551 X 0.6604 - 110.3 

The temperature leaving the compressex* is 

r, - Ti^l - 551 (l - 551 X 1.826 - 1004 R " 

The pressure leaving the compressor is 

p, - 6 X - 6 X 17.89 - 107.2 p«a 



Chap, e] GAS-TUiUiME TYffi OF THERAAAL JET ENGINE 353 

Combustioa Chamber. Since the turbine inlet temperature is 1660 R, the heat 
added in the combustion chamber is 

c 0 258 

Aha ^ Til = (1660 - 1004) = 173.7 Btii/Ib of air 

y\B 0.98 

If the calorific value of the fuel is 18,500 Btu/lb, then the weight of fuel added per 
pound of air is 

Gf \n.i 

TT ~ ~ 0.00933 Ib of fuel per lb of air 

18,500 

Turbine. The turbine output is given by the equation 

The inlet temperature to the turbine is Ts = 1660 R. It can be assumed as a 
first approximation that the temperature is that obtained by solving the relation- 
ship 

Aht = A/tc =* Cjt{Tz — 74 ) ~ 110.3 Btu/lb 


To obtain a closer first approximation to T 4 , use an assumed value of Cp from 
Table 4*3 close to the range to be expected. Thus 
Trial 1. Assume {Tz + 74 ) /2 « 1400. From the specific heat table, Chap- 
ter 4, Cp = 0.2613. 

0.2613(1660 - r 4 ) = 110.3 
434 - 0.2613r4 = 110.3 


Check. (r 4 + r8)/2 = 1450. 
Trial 2. Assume (Tg -f T^)/2 
From Chapter 4, Cp = 0.264. 




434 - 110.3 

0.2613 


= 1239 R 


as 1450 R, or average temperature is 990 F. 


1660 X 0.264 - 0.264r4 = 110.3 


7^4 


438 - 110.3 
0.264 


1241 R or 


7^4 + Tz 
2 


= 1450 R 


Hence the value of Cp to be used is 0.264. The average temperature for the expan- 
sion is 1450 R. From Chapter 4, the average value of the specific heat ratio is 
k » 1.352. Using these values 

>= 0.2605 
k 

so that 

_ jv 

AAt - (0.8S)(0.264)(1660) f— j - A*. - 110.3 Btu/lb 
372 f,® a» _ 372 « ll0.3rt® »«*' 


ft - (1.422)* “ - 3.86 
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Hence the pressure ratio of the turbine is 3.86, and its exhaust temperature 
= 1241 R. The pressure of the gases leaving is 107.2/3.86 = 27.75 psia. 
Nozzle 

Entrance conditions, T\ - 1241 R, — 21. IS psia 
Pressure ratio of nozzle, fn == 27.75 -i- 14.7 = 1.888 

— = 0.528, which is less than the critical ratio 

^ n 

The exhaust velocity is given by 


= 223.7vVcj,(n - Ti') = 223.7»> .yjcp Ta- 


+ Zn 


ta - n’ = ta 


Zn 


Substituting for Zn - fn ^ — 1 


Ta 


1 Zn 
Ta 


+ 1 


This equation is solved by trial and error, since k is unknown. 

Trial 1. Assume {Ta -f n')/2 = 1150, k = 1.378 (Fig. 4*3), (k - l)/k = 
0.2745, and « n.888)® ^’^^ = 1.190. 

Hence 

^ 

Check. {Ti* -|- Ta)/2 ** 1142; this is close enough for the purpose of illustration. 
Assume Tb' » 1048 R. Using the value of Cp corresponding to 1150 R, the exhaust 
velocity can now be calculated 

V/ = 223.7 X 0.98^0.2532(1241 - 1048) = 1535 fps 

Thrust. Neglecting the influence of Gf 

5 = _ V) 

S 

Hence the thrust per pound of air flow per second is given by 

-i. * -1- 

Ga “ 32.2 
The air flow required is 

Ga = *= 75.2 !b of air/sec 


(1535 — 615) = 28.6 lb thrust/lb air per sec 
2150 


28.6 

The corresponding fuel flow is 

Gf = 75.2 X 0.00933 « 0.7 Ib/sec « 2520 Ib/hr 
Thrust horsepower is 


550 


The plant efficiency is 


2150 X 615 
550 

2405 X 2545 


2520 X 18,500 


2405 thrust hp 

0.131 
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Analysis Using Air Tables of Chapter 4 

Diffuser 

Tq = 519; ho = 28.56; = 2.489 

A/t' = T^/50,000 = 615 X 615/50,000 = 7.59 
hu = 28.56 + 7.59 = 36,15 Btu/Ib; Pri, = 3.061 
From page 352 

pi = 17.89 psia and Ti = 551 R 
hi = 36.25 Btu/lb 

Compressor 

Ti = 551; hi = 36.25; Pn = 3.060; Pr2 ^ 6X 3.060 = 18.36 
h2a = 124.25; h^s - « 124.25 - 36.25 = 88.0 

Ahc = 88.0/i7c = 88.0/0.8 = 110.0 Btu/lb 
h2 = 110.0 + 36.25 = 146.25; T 2 = 1003 R; Pr2 = 25.68 
p 2 ^ 6 X 17.89 = 107.3 psia 
Combustion Chamber 

h2 = 146.25; T 2 = 1003 R; Pr2 = 25.68 

Tz - 1660 R; hz - 316.57 

hz- h 2 ^ 316.57 - 146.25 - 170.32 Btu/lb 

— ^ = 170.32 18,500 = 0.0094 lb fuel/lb air 

VB Ga 

Turbine 

hz = 316.57; prz ^ 171.56; Tz = 1660 R 

110.0 

his = 316.57 316.57 ~ 129.41 = 187.16 

Vt 

Pri = 44.57; ft = 171.56 -h 44.57 = 3.85 
/>4 = 107.3 -4- 3.85 = 27.9 pvsia 
hi « 316.57 - 110.0 = 206.57 Btu/lb 
Ta - 1241 R 

Nozzle 

r4 “ 1241 R; /»r4 « 56.4; A 4 “ 206.57 
fn “ 27.9 4 - 14.7 = 1.898 
pr^ « 56.4 4- 1.898 » 29.72; h, « 156,51; 

Ahn * 0.96 X 50.06 » 48.0 
w - 223.7v'? 05 - ISSO fp8 


AK’ = 50.06 
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Thrust per Pound of Air Flow 
3 1 

(1550 - 615) = 29.0 Ib/lb of air/sec 

32*2 


Ga = 2150 + 29.0 = 74.2 lb of air per eec 
G/ * 0.0094 X 74.2 » 0.698 Ib/sec = 2510 
3r 2150X615 


Thrust horsepower 

Plant EfSciency 

rj 


550 550 

2405 X 2545 


2510 X 18,500 


- 0.132 


lb fuel/hr 
2405 hp 


Fuel per thrust horsepower-hour = ®* 1.04 Jb/thru»t hp-hr 


Propulsion Efficiency 

VP 

Thermal Efficiency 


2F 2X615 

SX ac 0.568 

w V 1550 -f 615 


w(l — P^) 

50,{)00(A3 - *2) 


hz “■ h2 


vth 


■- 170,32 Btu/Ib, p^ == V^/w^ = 0.154 

0.98 X 1550 X 1550 X 0.846 ^ 

0.236 

50,000 X 170.32 


12. Potentialities of the Turbojet Engine 

At the present time the potentialities of the turbojet engine are 
being tested by all major countries. The applications have been to 
high-altitude, high-speed fighter aircraft. The current designs have 
shown that the turbojet engine offers the possibilities of a low- 
specific-weight, smooth-running, low-drag power plant. According 
to Sir A. H. Roy Fedden, 'There seems to be no reason why the 
installed weight of the power unit (turbojet engine) should not be 
less than half that for an equivalent piston plant, and that is an 
important factor to be balanced against high fuel consumption.” 

In addition to its low specific weight the turbojet engine has the 
same mechanical advantages and the same general high temperature 
problems that were discussed in Chapter 7 in connection with the 
gas-turbine power plant. 

At present both the axial-flow and the centrifugal types of air 
compressor are being used in the different turbojet engine designs. 
The centrifugal air compressor currently has the advantage, owing to 
its high state of development and lighter weight. The demand for 
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higher pressure ratios and better compressor efficiencies justifies the 
prediction that the axial-flow compressor will eventually become a 
keen competitor. Light-weight, efficient axial-flow air compressors 
are being developed that have encouraging possibilities. 

The turbojet engine has made it possible to attain flight speeds 
higher than those attainable with piston engine propeller propulsion. 
At present, because of its high rate of fuel consumption, the applica- 
tion of the turbojet engine has been restricted to short-endurance 
fighter aircraft. Since the trend in aviation has been to higher and 
higher speeds the turbojet type of thermal jet propulsion will un- 
doubtedly be put to commercial use, even though its application may 
be limited to services where speed has economic value. 

Too much emphasis has been given to the apparent limitations of 
this method of propulsion, particularly to its high fuel consumption. 
But these limitations appear to be related, to some extent at least, 
to the present state of the developments in the field of aerodynamics. 
Since thermal jet propulsion imposes less design restrictions upon the 
airplane designer, the commercial future of thermal jet propulsion is 
greatly dependent upon the ability of airplane designers to produce 
lower drag airplanes. 

Perhaps the most attractive features of the turbojet engine, ap>art 
from its ability to provide propulsion at high speeds, are its sim- 
plicity and low weight. Furthermore, this power plant is relatively 
free from vibration, permits using cheaper fuels than high-octane 
gasoline, and should require less frequent major overhauls. 

Another advantage which may be of significance is the simplifica- 
tion of cruise control offered by thermal jet propulsion, for, as pointed 
out by J. B. Rea,® ^'For a jet airplane, it will only be necessary to 
determine the speed and corresponding turbo-rpm for best range, for 
any density altitude and gross weight.*' Certain minor corrections 
will be necessary to take account of deviations from the normal atmos- 
phere, as is customary with the conventional propulsion system. 
The flight testing of a jet-propelled airplane will be greatly simplified. 
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AIR COMPRESSORS 


The development of the gas-turbine power plant and of the turbo- 
jet engine is closely related to the developments in the fields of air- 
compression machinery. Three basic types of air compressors have 
been applied to these new power plants: (a) the centrifugal air com- 
pressor, (d) the axial-flow compressor, and (c) the positive displace- 
ment rotary compressor (Lysholm). 

The centrifugal compressor has been used mainly for turbojet 
engines. The axial-flow compressor is used for turbojet engines and 
also for all types of gas-turbine power plants. The Lysholm com- 
pressor has so far been applied only to the marine gas-turbine field. 

For aircraft propulsion engines the primary requirements imposed 
on the air-compression machinery are the same regardless of its 
operating principle. The requirements are low weight, small frontal 
area, high efficiency, large capacity per unit of frontal area, and 
reliability. 

This chapter presents brief discussions of the characteristics of 
each of the aforementioned types of compressors. For convenience 
in treatment of the subject matter the chapter is divided into three 
self-contained pa^ts: Part A discusses the centrifugal compressor; 
B, the axial-flow compressor; and C, the Lysholm compressor. 

The section numbers are followed by the letter designating the 
part in which they are presented. 

A. The Centrifugal Air Compressor 
lA. Introduction 

The centrifugal compressor was introduced by Professor Rateau 
and used in the Armengaud gas turbine discussed in Chapter 7. In 
recent years it has undergone intensive development to improve its 
efficiency and single-stage pressure ratio, and is used predominantly 
for supercharging both spark-ignition and compression-ignition en- 
gines. The turbojet engines developed by F. Whittle and the 1-16 
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and 1-40 turbojet engines built by the General Electric Company use 
centrifugal compressors. Figure 1, taken from reference 1, illus- 
trates the arrangement of the components in a turbojet engine 
employing a centrifugal compressor. 

In its basic design features the centrifugal compressor is similar 
to the centrifugal pump for liquids. Figure 2 is a cross-sectional 
diagram of a two-stage centrifugal conipressor used for high-altitude 
supercharging. It consists of two impellers mounted on a single 



Accessortes fairing (J) Compressor casing @ Ignition plug @ Inner exhaust cone 

Accessories (?) Impeller Combustion chamber Strut 

Accessory gear drive Balancing drum @ Turbine bearing Exhaust cone 

Front bearing @ Fuel manifold @ Turbine wheel @ Tailpipe 

Mounting trunnions @ Burner tip Turbine nozzle @ Final nozzle 



Fig. 1. Turbojet engine employing a centrifugal air compressor. (Reproduced 
from D. F. Warner and E. L. Auyer, Mechanical Engineerings November 1945.) 


shaft. Each impeller is equipped with vanes for guiding the fluid 
flowing through it. The air usually enters the eye of the impeller 
in an axial or radial direction, and it may or may not have first passed 
through a set of stationary inlet vanes. Energy is. transferred to the 
air by the rotating impeller, and the air leaves the impeller tip with 
a relatively high velocity and is delivered to a diffuser which trans- 
forms kinetic energy into pressure energy; the diffuser may or may 
not be equipped with guide vanes. 

In its passage through the impeller the average direction of the 
motion of the air is changed through 90®. At the entrance section 
the absolute velocity of the air and the tangential velocity of the im- 
peller are small, and both are increased materially at the exit or 
tip. As explained in Chapter 2, Section 8, the flow through the im- 
peller passage is in the direction of increasing flow area, and there is 
a decrease in the relative velocity of the air from the entrance to the 
exit. This contributes to the conversion of kinetic energy into pres^ 
sure. 
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The overall pressure rise developed by a centrifugal compressor 
depends upon the rotational speed of the impeller, the shape of its 
guide vanes, the tip diameter, the diffuser efficiency, and the number 
of stages. Because of the small specific weight of air, the impeller 
must rotate at high speeds to produce the requisite pressure rise. 

The advantages of the centrifugal compressor stem from its being 
inherently a high-speed machine. They may be summarized as 



Fio. 2. Cross section through a two-stage centrifugal air compressor used for 
supercharging. (Reproduced from W. J. King, /. Soc. Automotive Engineer Sj 

VoL 53, No. 12.) 

follows. For a given capacity and pressure ratio, the compressor 
can be made small in size and weight. It can be coupled directly 
to a high-speed prime mover, such as a turbine. Its construction 
involves no internal rubbing parts; the only rubbing parts are the 
bearings, so that it is relatively free from mechanical difficulties. 
The bearings can be located outside the casing, thereby making their 
lubrication a simple matter. Since the motion is pure rotation the 
impellers can be balanced accurately and the machine made free 
from objectionable vibration. 

A centrifugal air compressor is capable of moving large volumes 
of air at substantial pressure ratios for a single stage. The flow from 
the compressor outlet \» quite steady so that no means are required 
for damping out pulsations. A centrifugal compressor can be 
operated at shtU-off head without damage, and it can be regulated 
automatically by controls based on capacity, inlet pressure, or dis- 
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charge pressure. The efficiency of the centrifugal compressor can be 
maintained at reasonable values over a substantial range of air flow. 
There is, however, at each speed a certain flow below which the 
machine becomes unstable and the discharge becomes surging or 
pulsating. 



1000 1100 1200 1300 1400 1500 1600 

Tip speed ft/ sec 

Fig. 3. Pressure ratio vs. tip speed for a centrifugal compressor. (Reproduced 
from W. R. Hawthorne, S.A.E., annual meeting, Detroit, Mich., Jan. 7-11, 1946.) 

According to reference 12 the present state of the development of 
single-stage centrifugal compressors is in accordance with Table 9*1. 

TABLE 91 

Present State of Development of the Single-Stage Centrifugal 

Compressor 

Pressure Ratio Flow Parameter Compressor Efficiency 
fc Q/ND^ He 

6 to 1 0. 14 to 0. 17 0.70 (minus) 

4tol 0.14 to 0.17 0.75 to 0.80 

2tol 0.16 to 0.35 0.75 to 0.80 (plus) 

Figure 3 is a plot of the pressure ratio versus tip speed character- 
istics obtained from the test of a single-stage air compressor for a 
turbojet engine.^* 
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2A. Notation for Pari A 

A = area, 

Ac = area of annulus forming eye of impeller, ft^. 
b = width of impeller passage, ft. 
c = absolute velocity of fluid at any point, fps. 

Cu = tangential component of absolute velocity, fps. 

Ca = axial component of absolute velocity, fps. 

Cr = radial component of absolute velocity, fps. 

D == tip diameter, ft or inches as specified in text. 
eD = diameter of outer circle forming the eye of the im- 
peller, ft. 

hD = diameter of hub circle forming the eye of the impeller, ft. 
G = weight flow rate in Ib/sec or Ib/min as specified in text. 
S = acceleration due to gravity = 32.174 ft/sec^. 

II = measured static head, ft. 

1 

Ilti = — {u 2 C 2 u ■“ = virtual head, ft. 

g 

II ri == — [(^ 2 ^ — Ui^) + {wi^ — ^^ 2 ^)] = ideal reaction effect, ft. 

U 

h = enthalpy, Btu/lb. 

Ah == enthalpy change, Btu/lb. 

J == mechanical equivalent of heat = 778 ft-lb/Btu. 
k == = specific heat ratio. 

L = energy transfer, ft-lb/lb. 

Lt == energy transfer from fluid to rotor (turbine) in ft-lb or 
ft-lb/lb as specified in text. 

Lc = work of compressors in ft-lb or ft-lb/lb as specified in 
text. 

Mt = torque, ft-lb. 

M = Mach number. 

n = exponent in equation pv^ = constant. 

N == rpm of impeller. 
p = static pressure, psf. 

^pti = yllti = virtual pressure rise, psf. 

Apri = yllri = ideal reaction pressure rise, psf. 

Q = heat added or removed, Btu/lb, or the volumetric flow 
rate in cfm, as specified in text. 
r « Hri/Hti = April Apti ~ degree of reaction. 

Tc = pressure ratio. 

R — gas constant, ft-lb/lb F. 
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Rt = (eD — hD')!^ = radius at impeller entrance, ft. 
i?2 = ^/2 == radius to impeller tip, ft. 

T = static temperature, R. 

Tt == total temperature == static temperature + temperature 
rise equivalent of the kinetic energy, R. 
u = tangential velocity = irZ>iV/720 fps. 
i; = 1/y = specific volume, ftVlb. 
w = velocity relative to the impeller passage, fps. 

2c = ~ 1). 

n — 1 

Zen = {rc~^ - 1). 

Greek Symbols 

y = specific weight, Ib/ft^. 

P = 7/^ = density, slug/ft^. 
ti = efficiency of a process. 
r/D = diffuser efficiency. 

= hydraulic efficiency of impeller. 

VM = mechanical efficiency. 
fjad = adiabatic efficiency of compressor. 
rjc ~ overall efficiency of compressor. 

7)p = pressure energy coefficient for actual compressor. 

^2 = ^2tt/w2 = velocity ratio. 

\kt = virtual or ideal pressure coefficient. 

= static pressure coefficient. 

^^'dyn. = — ^8t = dynamic pressure coefficient. 

Angles 

ai = angle between Ci and Ui. 
a2 = angle between C2 and W2- 
= angle between Wi and Ux, 

02 = angle between W2 and W2- 

Subscripts 

0 — entrance to compressor. 

1 » entrance to impeller. 

2 « exit from impeller. 

3 =» exit from diffuser. 

4 =» exit from compressor. 

i refers to an ideal compressor with an infinite number of 
blades. 
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3 A. Energy Transfer for Ideal Impeller with Infinite Number of Vanes 

The theory employed to obtain the energy-transfer relationships 
for the air flowing through the impeller is the Euler theorem of 
Chapter 2, Section 8. The basic assumptions underlying that theory 
have been discussed in Chapter 2 but are amplified here to show 
their relationships to the processes occurring in centrifugal com- 
pressors. The theory assumes the following. 

{a) The flow conditions are steady, ho that the flow of the fluid 
(air), the speed and torque of the impeller, and the energy transfer 
between it and the fluid are constant with time. 

(ft) The flow of fluid through the impeller is uniform; every fila- 
ment of air enters and leaves the impeller with the same configuration. 

{c) The blade thickness is infinitely small. 

{d) The fluid enters the impeller centrally and in such a manner 
that its entrance to the blade passage is tangential; that is, the en- 
trance is made without shock. 

{e) The fluid leaves the passages formed by the impeller blades 
tangentially to the blade surfaces; that is, there is perfect guidance 
of the fluid at the exit. 

(/) The impeller passages are completely filled with fluid at all times. 

(g) The flow through the impeller passages is frictionless. 

The actual centrifugal compressor differs from this ideal machine 
in many respects, because of the presence of friction, turbulence, 
shock losses, imperfect guiding of the air, flow separation, and circu- 
latory flow within the impeller passages. These factors are dis- 
cussed in detail in references 3, 9, and 10 and need not be elaborated 
upon here. 

The energy transferred by the impeller to the air manifests itself 
by a rise in the pressure, temperature, and velocity of the gas. 
Owing to the low specific weight of gases the effects of changes in 
elevation may be ignored. It was shown in Chapter 2, Section 8, 
that the energy transfer depends upon the entrance and exit whirls. 
For a compressor the exit whirl is the larger so that the energy 
transfer per pound of gas is given by equation 2-26d which is re- 
peated here for convenience. 

Lc = Hti = - («2C2« - «lClu) (1) 

g 

From equation 2 • 26b the energy transfer is also given by 

Lc ^ [(C 2 ® - n®) + («a* - «i") + (a-i* - Wa*)] (2) 

2g 
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Since it has been assumed that the blade passages are filled at all 
times, to satisfy the continuity equation the same weight of gas must 
in each second pass every concentric ring in the flow path. Hence 
if the flow rate is G Ib/sec the total energy transfer is G times the 
values obtained from the preceding equations. 

The physical significance of the terms in equation 2 have been 
discussed in Chapter 2, Section 8. It was pointed out that the term 
f (^ 2 ^ ^^ 1 ^) represents the change in the kinetic energy of the air 

because of the increase in its absolute velocity from Ci at the entrance 
to C 2 at the exit. Any conversion of this kinetic energy into static 
pressure must take place beyond the impeller outlet, that is, in the 
diffuser. In the ideal case, assuming a diffuser efficiency ?;/> = 1, all 
this kinetic energy can be transformed into pressure rise. Unfor- 
tunately, as discussed in Chapter 3, diffusion processes are not highly 
efficient, and only a portion of the theoretically available pressure 
is recoverable. Because of the low efficiency of the diffusion process 
the kinetic energy term (1/2^) (^ 2 ^ — Ci^) should be kept as small a 
percentage of the energy transfer as possible. The magnitude of this 
term is dependent on the exit blade angle and is discussed in later 
sections. 

It was shown in Chapter 2 that the energy transfer consists of a 
velocity head which is transformed into static pressure in the diffuser, 
and a static pressure rise or reaction effect accomplished wholly 
within the impeller. The ideal reaction effect, denoted by //r*, is 
given by 

Hri = [(m2^ - «1^) + - W2^)] ft (3) 

2g 

Hence the head equivalent of the energy transfer, which will be 
termed the virtual head ® and is denoted by IIu, is given by 

Hh - Hri + ^ ft (4) 

It follows from equation 4 that the virtual head has the following 
characteristics: (a) for an impeller rotating at a given speed, Hu is 
independent of the specific weight of the gas; {b) for the same values 
of the tangential velocities ui and the ideal total head depends 
only upon the velocity components Ciu and C 2 u\ and {c) the virtual 
pressure rise I^pu » yHu can be calculated for any gas from the 
tests on <the impeller conducted with only one gas. 
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Thus if {pti)a is the ideal total pressure rise for air , then for any 
other gas the corresponding value of the ideal total pressure rise, 
denoted by {ptdgf is given by 


{^Pti)g 7« „ . . 

= — = hpecinc gravity of gas 


( 5 ) 


It follows from equation 1 that, if the weight flow rate is G Ib/sec, 
the ideal horsepower required to give the energy transfer is 


( 6 ) 

S50g 

Owing to the imperfections of the theory the head developed by an 
actual compressor will be smaller and the power consumed larger. 
A detailed discussion of the main discrepancies is given in reference 9. 

It was pointed out in Chapter 2 that one may conceive the flow 
through the impeller passage to consist of a circulatory flow super- 
posed on a translatory flow. As a result the stream lines are crowded 
to one side of the passage and the pressure distribution is non- 
uniform. The net effect is to cause the fluid to leave the impeller 
at an angle less than the vane angle ^2 and to increase the angle a 2 * 
At the inlet the tendency is to increase fii, but on account of the 
closer spacing of the vanes the effect on the inlet velocity triangle is 
much smaller. The net effect of the finite number of blades is to 
reduce C 2 u and increase Ciu- 

Because of friction in the impeller passage there is a loss of head. 
This loss increases as the square of the relative velocity and with the 
wall surface in contact with the fluid. 

Other sources of loss are shock due to entrance and exit velocity 
triangles departing from the design conditions, disk friction losses, 
leakage, mechanical friction in bearings and seals, and entrance 
losses due to prerotation of the fluid increasing the entrance whirl. 
The shock losses are practically proportional to (Q — Qd)^t where Q 
is the actual flow rate and Qd is the design flow. 


4A. Factors Affecting Degree of Reaction 

If the inlet to the rotor has no guide vanes, the absolute velocity 
of the gas at the inlet is normal to an enveloping surface which in- 
cludes the inlet tips of the vanes of the impeller. This is also an 
experimental fact according to reference 4. For an axial inlet, such 
as illustrated in Fig. S, the absolute velocity at entrance is entirely 
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axial and there is no tangential component, so that Ci = Cia and 
Ciu = 0. Further, if the inlet velocity is entirely radial at the inlet 
tips then Ci = Cir and again Ciu == 0. The velocity diagrams for 
axial entrance and radial entrance are illustrated in Fig. 5. 



Exit Entrance 

Fig. 4. Impeller with backward -curved blades with its entrance and exit velocity 

diagrams. 


The energy transfer for either radial or axial entrance is, accord- 
ingly, for 1 lb of gas 

( 7 ) 

g 


It is seen that the energy transfer is independent of the inlet 
velocities and the inlet diameter of the impeller. 
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The corresp>onding value of the virtual pressure rise is 

y 

Apti = - U2C2U ( 8 ) 

g 

Referring to Fig. 5 it is seen that 

{a) 

Substituting the above into equation 3 gives the following expression 
for the ideal reaction effect in 
terms of pressure 

^Pri = ^ («2* - + ci^) (9) 

2g 



Hence, the degree of reaction is 

^ _ ^pri ^ U2 - + Ci^ 

Apti 2 u2C2u 

It can be shown ® that equation 
10 reduces to the expression 



Impeller 


Axial Entrance 


where 


1 - 0.5*/2 


= Velocity ratio (12) 



Equation 11 shows that for : 

either axial or radial entrance the 
degree of reaction depends di- ! 

rectly upon the velocity ratio ^ 2 . I 

Although V 2 does not reveal it + 

implicitly, the degree of reaction r Entrance 

depends upon the angles aj and 

^ ® r , radial entrance to the impeller. 

P2t Since IS a function of these 

angles. Refer to the velocity triangles of Fig. 4. Thus by the law 

of sines . ^ 

sm P 2 ,, 

C 2 = U 2 (13) 

sin (a 2 + fe) 

Hence 

c^tt cos ot 2 

Lsin (a2 “F ^ 2 )^ 
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Substituting for C2u and U2 from above into equation 12 gives the 
following expression for V2 


V2 


sin P2 cos a2 


( 15 ) 


sin 0:2 cos ^2 + cos 0^2 sin ^2 
Finally, dividing numerator and denominator by cos a2 cos ^2 gives 


tan ^2 

V2 = 

tan a2 + tan 


( 16 ) 


If the air enters the impeller radially, ai = 90 °. As the air comes 
in contact with the hub and the impeller, owing to its viscosity, it 



Fig. 6 . Velocity ratio n vs. exit angle 02 for an ideal impeller with perfect guid- 
ance of the air. 

tends to rotate with the impeller. This effect is called prerotation, 
and as already pointed out its effect is to decrease the virtual head 
since it increases the absolute- velocity component Cit*. 

It is seen from equation 16 that V2 dep)ends only on P2 and a2» 
Figure 6 presents V2 as a function of ct2 with ^2 as a parameter. This 
figure applies to either axial or radial entrance {ciu = 0 , so that 
= U2C2u/g- 


SA. Effect of Entrance Guide Vanes 

The direction of the air at the impeller entrance and also at the 
tip affect the energy transferred to the air. In this section the effect 
of the inlet guide vane angle ai is investigated. 
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Rewriting the energy transfer equation in terms of the angles a 
and then for 1 lb of gas 

Lc — - + U 2 W 2 cos cos ai) (17) 

g 

If ai is smaller than 90®, which means that the inlet guides are 
pointed forward in the direction of rotation, then the larger the abso- 
lute velocity Ci the smaller is the energy transfer. Furthermore, in 
an actual compressor the energy lost in friction will increase with ci 
and further reduce the energy transfer below the ideal value. For 
these reasons forward inlet guide vanes are rarely, if ever, used. 

If ai is greater than 90®, inlet guide vanes turned backwards, then 
cos ai becomes negative and (— cos ai) positive. Hence with 
backward inlet guide vanes the energy transfer increases with the 
absolute velocity ci. However, increasing Ci also increases the rela- 
tive velocity Wi, which reduces the reaction effect. Consequently, 
the kinetic energy entering the diffuser is increased and the reaction 
effect is decreased. The overall effect is to increase the quantity 
(wi^ — and the net energy transfer. The latter increase, how- 
ever, is not very large, especially if the impeller is of small diameter. 

In an actual compressor the small increase in the energy transfer 
which accompanies the increasing of Ci and Wi also increases the fric- 
tion and shock losses at the inlet to the impeller. For this, and for 
reasons of complexity in manufacture, the use of inlet guide vanes 
is not beneficial in all applications. 

6A. Effect of Exit Angle 

The effect of the exit angle ^2 can be determined from equation 17. 
The equation shows that the greatest rise in static pressure is pro- 




Fig. 7. Exit velocity diagrams for different types of blades. 


duced if the exit angle ^2 is an acute angle, that is, with the blades 
turned forward. The exit velocity diagrams for different blade 
exit angles are illustrated in Fig. 7. 
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It follows from equation 17 that curving the blades forward in- 
creases the energy transfer, mainly as the result of raising the value 
for the exit absolute velocity C 2 . Consequently more kinetic energy 
is supplied to the diffuser for conversion into pressure, and this is 
undesirable. Therefore the impellers for high-speed centrifugal 
compressors do not employ vanes which are turned forward. 

If the blades are turned backward cos is negative and both C 2 
and the energy transfer are reduced. The virtual head is, therefore, 
smaller than it is with either forward-curved blades or radial outlet 
blades {^2 = 90°). For low-pressure ratio applications, the back- 
ward-curved blades are advantageous because most of the energy 
transfer appears as reaction effect and only a small portion is in the 
form of velocity head to be converted into pressure by the diffuser. 
As a result this type of impeller gives high efficiency, but it delivers 
pressure ratios which are too low for application to turbojet engines 
or gas turbine-propeller engines. 

7 A. Effect of Velocity Ratio on Reaction Effect 

It is. convenient to study the reaction effect in terms of certain 
pressure coefficients. 

Let = virtual or ideal pressure coefficient. 

\l/st = static pressure coefficient. 

^dyn. = = dynamic pressure coefficient. 

By definition 

* (7«2*)/2g U2^ 

and 

{W)/2g 

Substituting for Apu from equation 8 into equation 18, 

= 2 — = 21-2 ( 20 ) 
«s 

Since r » Apri/Apu, it follows from equations 18 and 19 that 

( 21 ) 

The instantaneous values of and 4'tt for different blade exit 
angles can be determined ^m the velocity triangles; this is done 
most conveniently by the graphical construction illustrated in Fig. 8. 


(18) 

(19) 
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The projection of the end point of C 2 upon U 2 determines C 2 u, and for a 
fixed speed U 2 is constant. 

Figure 8 shows that increasing the blade angle ^2 increases 
but decreases r = Hence ^dyn. is increased and the kinetic 



Fig. 8. Effect of exit angle 182 upon the ideal pressure coefficients ^t> and ^^yn. 


energy supplied to the diffuser is increased as previously pointed out. 
Since 

= 21^2 = “ ( 22 ) 
r 

substituting for r from equation 1 1 and solving for if/gt gives 

^at == 2^2 ^ 2(2 — V 2 ) = 2p2 — (23) 

Hence 

If is plotted £(s a function of it is apparent from equation 24 
that ifft = 0 when i '2 — 0 and P 2 = 2. Between these two limits 
there is a maximum value which can be determined by differentiating 
equation 24 with respect to V 2 and equating the result to zero. The 
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value of P2 which makes ypst a maximum is >^2 = 1- The maximum 
static pressure increase in the impeller is obtained, therefore, when 
= 2^2* At V2 = 1.0, the degree of reaction is r = 0.5 and 
^Pst = O.S^pti^ The condition C2u = ^2 is fulfilled if the outlet 
portion of the impeller vane is made with the exit angle ^2 = 90°. 
The foregoing demonstrates that, if the impeller has radial ended 
blades, one half of the virtual pressure rise is in the form of static 
pressure and the other half is in the form of velocity pressure entering 
the diffuser. 

When the velocity ratio V2 = 2, then C2u = 22^2» and xpi — 4. This 
is the condition for maximum energy transfer, but from equation 24 
it is seen to be also the condition for = 0. In other words, all 
the energy transfer appears as an increase in the kinetic energy of 
the gas entering the diffuser. The impeller merely increases the ve- 
locity of the gas. The dynamic pressure coefficient then has its 
maximum value ^dyu. = Pt Pat = 4. 

For constant values of U2 the components C2u and Cr2 depend for 
their values upon the blade exit angle 02^ It is evident from the 
above and from Section 6A that the angle 02 exercises a decisive in- 
fluence upon the degree of reaction. 

The blades of the impeller may be one of the forms already dis- 
cussed. The more common forms are either the backward-curved 
blades or the radial-ended type. The usual range of values for 02 are 
from 45° to 90°. Most high-speed impellers, partly because of stress 
considerations, are equipped with radial-ended blades. These im- 
pellers rotate at high tip speeds up to 1500 fps. By employing an 
exit vane angle of 90° the bending stresses in the vane are largely 
eliminated. 

In general, the radial-bladed impeller produces a larger pressure 
rise for a given peripheral speed than the backward -curved vane 
impeller. Furthermore, it is better suited for high tip speed service, 
is easier to build, and is sturdier. It is not as efficient as the back- 
ward-curved vane impeller, and its surge or pumping limit occurs 
at a higher value of its rated air capacity.^ 

8A. Flow Equation for Impeller 

It was shown in Chapter 3, that for isentropic flow the continuity 
equation can be written in the form of equatioi^ 3*81 which is re- 
peated here for convenience. 
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From equation 3*44 it follows that, in terms of the total pressure pt 
and the total temperature Tu the static pressure p is given by 






(26) 


Substituting for p in equation 26 and rearranging, the flow equation 
becomes 


cVrt 

ptA 


= M 


h f 

1 I 

r\ 

A + l 


(27) 



Equation 27 will be applied to the conditions at the inlet to the 
impeller using the method of reference 13. It is assumed that the 
velocity at the entrance is axial and uniform. Referring to Fig. 9 
it is seen that the flow area at the inlet is given by 

^ = -Z)2(c2 _ *2) (28) 

4 

The velocity triangles at the entrance show that the relative velocity 
at entrance is greatest at the outer diameter of the eye; see Fig. 9. 
Hence, the largest relative velocity at the eye is 

2 2 I 2 2 

We = Cia + « « 


( 29 ) 
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where u is the tip speed of the impeller and Ca is the axial velocity at 
entrance. If Ma is the Mach number corresponding to Ca^ then on 
substituting for ^ — Ae from equation 28 into equation 27 the re- 
sult is 



As pointed out in reference 13 it is convenient to correct the weight 
flow and tip speed u to the standard inlet conditions 520 R and 
14.7 psia. Then 

Georr.V^ = ^ 31 ) 

14.7 X 144 pi ^ ^ 


Let U — Mcorr. : then 


U _ u 

VETq' VTi 


(32) 


For standard conditions the sonic velocity is given by 

ao ~ VgkR520 (33) 

By rearranging equation 29, it can be shown ^ that 



where Me is the Mach number corresponding to 

Inserting the last four expressions into equation 30 and rearranging 
gives the following relationship 



4/ 2116.4Y g?7Y gk 

AVmAoe/ ^ R 
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Figure 10, taken from reference 13, presents the relationship ex- 
pressed by equation 35 for several constant values of the Mach 
number Me- 

Figure 10 shows that the weight rate of flow through the impeller 
eye is proportional to where D is the tip diameter. For a con- 
stant value of Me the weight of air increases with ratio of the eye 



02 0.3 0.4 0.5 0.6 0.7 0.8 

Ey diamtiy ^ U 

Impelter tip diameter * 1400 

Fig. 10. Air induction capacity of impeller eye (factor 1400 is merely for obtaining 
a convenient scale). (Reproduced from W. R. Hawthorne, loc, cU.) 

diameter to tip diameter up to a maximum value, the maximum value 
increasing with Mg- Beyond the maximum point the capacity de- 
creases rapidly. According to reference 7 the diameter of the inlet 
should not exceed 0.65Z>, and the Mach number Me should not exceed 
0.75 approximately. According to reference 13, however, if the inlet 
of the impeller vanes is designed with care and a large number of 
vanes are used there is no serious loss in efficiency with a Mach number 
of the order of 0.9. If the impeller is of the double-suction type the 
weight flow is twice that obtained from the curves of Fig. 10. 

Since the weight rate of flow for a given corrected tip speed U 
depends on the Mach number M^ there is an optimum dimension for 
the eye of the impeller that gives the maximum weight rate of flow* 
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Figure 11, taken from reference 13, is based on the assumption that 
the optimum eye dimension is selected for each tip speed Z7, and a 
hub/tip diameter ratio of 0.3. The curves show that as the impeller 
tip speed is raised the maximum rate of flow decreases for any con- 
stant value of Me- The curves apply to a single-suction impeller. 



Tip speed, ft/ sec 

Fig. 11. Air induction capacity of impeller with optimum dimensions of intake. 
(Reproduced from W. R. Hawthorne, loc. cit.) 


9A. Thermodynamic Relations 

The energy equation written between any two points of the com- 
pressor, assuming adiabatic flow, is 

Ci^ L C2 

H 1 — = d (36) 

igj j ^ igj 

Or in terms of the total temperature (see Chapter 3, Section 7) 

i = Jcp{Tt2 — Tti) = Jcp ^Ti (37) 

In an actual machine some of the energy is dissipated in losses which 
appear as heat added to the fluid. If Lc and Lc denote respectively 
the useful mechanical energy transferred to the fluid in the actual 
and isentropic cases, then for the isentropic case 

U = JcpATt = Jcj,Tn [(^) ^ - l] = JcpTnZc (38) 

In the actual case the final total pressure Pt 2 < p%% but there is 
no change in the total temperature Ti 2 ^ If the compressed gas were 
expanded isen tropically to the original total pressure ptu its final 
total temperature, denoted by would be higher than the total 
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temperature Tti from which the compression proceeded. The effi- 
ciency of the actual compression can be measured by comparing the 
aforementioned isentropic expansion with that for the isentropic com- 
pression process between Tti and Tt 2 - 

For the actual compression pv^ = constant, but Tt 2 is the same 
for both the actual and isentropic processes, 

n-l ifc-l 

Fa \ptu V ptu 

and for the isentropic compression work 

Lc' = JcpTn ~ RTuZen (39) 

For the actual process 

La = -^RTnZen = r)LKj^ (40) 

^ ^ 1 ^ ^ . ^ ' 

where rj is defined by equation 3*73, and n > k{n « 1.6 for adiabatic 
flow). 

The ratio 

Lc 

V = — (41) 

Lc 

is called the hydraulic efficiency in the case of incompressible fluids 
and the poly tropic efficiency for compressible fluids. 

If the stations 1 and 2 are located where the velocities Ci and C 2 
are small, the total temperatures and pressures may be replaced by 
the local static temperatures and pressures. 

lOA. Compressor Performance Characteristics 

The performance of a centrifugal air compressor is usually based 
upon static pressure and temperature measurements taken at the 
inlet and exit sections of the complete machine. This combines the 
losses in the inlet and exit flow passages with those in the impeller 
into a single energy loss for the complete air compressor. The per- 
formance calculations also neglect the velocity heads of the air in 
the inlet and exit piping. Neglect of the aforementioned velocity 
heads ordinarily introduces no significant error because of the low 
specific weight of the air. 

(a) Adiabatic EflSlciency and Temperature Rise. Let the sub- 
scripts 0 and 4 refer to the entrance and exit sections of the compressor 
respectively. Then the ratio of the input works, for the same pres- 
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sure ratio, for the ideal and actual compressor is called the adiabatic 
efficiency. Thus 



(42) 


The product TqZ is known as the adiabatic temperature rise, 

(b) Pressure CoelBScient. The actual static head developed by 
the compressor, which is denoted by //, is given by 


H - Jcr, AT « 


p4 ~ Po 

Tm 


(43) 


where ym is the mean specific weight of the air between stations 0 
and 4. 

For an actual compressor an equation similar to equation 18 can 
be written. Thus denoting the actual pressure coefficient by rjp and 
substituting for u in terms of the impeller diameter D inches and its 
rpm N the static head H is given by 

2g 2g\ 720 / 


(44) 


From equation 44 the value of rip can be calculated from a test of 
the compressor. If rip is known then the impeller diameter D inches 
to produce a given static head H is calculated from 


D 


720 


1840 [H 


(45) 


By equating equations 43 and 44 an expression for rip is obtainr 
in terms of the adiabatic temperature rise and the impeller tip spec 
Thus 

2gJcp AT 

Vp = 


Ws 




' (c) Adiabatic Horsepower. If the weight of air inducted by the 
compressor is G Ib/min and the air is compressed adiabatically from 
the preesure po to Pi, the horsepower imparted to the fluid is the 
adiabatic horsepower hpa<i and is given by 

JTf^cG 

“ 0.00S73Gro2, (47) 

33,000 

((f) Actual Temperature-Rise Horsepower. This is the horse- 
power based on the actual temperature rise — To- Thus> let 
hpotr denote this horsepower; then 

hpo(r “ 0.00573Crroi2le»i (48) 
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V€(9'»'vI^ ratio of the fluid horsepower hp/ 

GH/ 33,000 to the brake horsepower supplied to the compressor. 


Vc 


GH 1 

^ ^ bh^ 


(49) 


lA. General Performance Parameters 

It can be shown by dimensional analysis that the pressure ratio 
eveloped by a centrifugal air compressor is a function of the follow- 
ing parameters 

■ (50) 

; A) V 02 ND^/ 

v^here i^«.= Reynolds number, K =» adiabatic constant of compression. 

Tip speed of impeller 


Q U2 

— r == flow factor, and — 
02 


= Mach number. 


Local acoustic velocity 

Tests of centrifugal air compressors have shown that, under the 
conditions of fully developed turbulence occurring in high-speed 
machines, the Reynolds number has no measurable effect on the 
pressure ratio. F urther, for the range of pressure ratios encountered 
K is practically constant. 

Since it is difficult to measure the acoustic velocity at the impeller 
tip, the local Mach number is replaced by an equivalent Mach num- 
r based upon the acoustic velocity at the inlet. This modification 
S little effect upon the evaluation of compressor performance. 

The pressure ratio equation can, therefore, be expressed by 

Y.e 


■-) 

ao/ 


(51) 


• * ao/ 

or a given compressor the impeller diameter D is a Vtant. 
2 ^/ 'ther, th e tip sp eed U 2 is proportional to iV, the rpm. Also 
1120\/To/520 = 49\/To. Hence, N can be substituted for 
and VTo for Oq. Equation 51 becomes 

/Q N \ 

t follows from equation 52 that, for a compressor to give the same 
ssure ratios at different operating conditions, the parameters in 
parentheses must remain unchanged in their values. Thus 


Q2 

, 'VBS 


and 


VTm 


N. 


Tfts 

Qi * iVa 


so that 


Tot 

r<u 


(S3) 
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^ • 1 ^ ''^.ual compresso*" called the adiabctiy ^ 

It IS seen that the inlet teniperatUi^ airects tne vaiue oi doth 

Q/N and N/Tq, For this reason, as explained in the preceding sec- 
tion, the standard of comparison is made at a constant inlet tempera- 
ture such as /o = 60 F (or To = 520 R). 



Q in cfm for inlet temperature, 60* F 


Fig. 12. Pressure ratio vs. flow characteristic curves for a centrifugal compressor. 


The performance characteristics of the compressor can be plotted 
as shown in Fig. 12. It is convenient also to plot lines of constant 
values of the temperature-rise factor (T 4 — Tq)/Tq since they can 
be measured directly. The complete compressor characteristics are 
illustrated in Fig. 13. 



Example. A compressor has the characteristic curves presented in Fig. 13. ^ 
is to be used to supercharge an engine at 25,000-ft altitude. The delivery pressu:^' 
is to be 28.5 in. of mercury absolute, and the air flow is 160 Ib/min. Find: {a) ini 
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air flow at 520 R; (J) rpm at altitude N 2 ', (c) discharge temperature 74; (d) brake 
horsepower required at altitude. 

Solution. From Table 1-6, 

/>02 = 11.1, ro2 = 430 R, <r = 0.4480, 702 = 0.034 Ib/ft* 

Air flow. At 25,000 ft, Q 2 = 160 ^ 0 .034 = 4700 cfm. 

(a) At 520 R, Qi = 4700^520 + 4.30 = 5180 cfm. 

Pressure ratio rc2* At 25,000 ft, rc2 — 28.5 -i- 11.1 = 2.56. 

From Fig. 13 the intersection of rc 2 = 2.56 and Q^, — 5180 cfm gives Ni = 26,300 
and in - Tq)/Tq = 0.548. 

{h) Rpm at altitude From equation 53 


N2 =* Ni 


== 26,300 


430 

520 


23,700 


rpm 


(c) Discharge temperature T\, 


Hence 



0.548 (from Fig. 13) 


Ti - To = 0.548 X 430 = 236 F 


Ti = 430 4- 236 = 666 R - 206 F 
(d) Brake horsepower required. 

bhp - 0.00572G(r4 - To) = 0.00572 X 160 X 236 = 216 


12A. Effect of Changed Operating Conditions 

The operating conditions to which the centrifugal compressor is 
applied are subject to variations, and its performance has to be pre- 
dicted for the changed conditions. The developments of this section 
are based on reference 9 through the courtesy of the publisher. 

(a) Effect of Change in Impeller Speed. Assuming that the am- 
bient conditions at the compressor inlet are unchanged, the volu- 
metric rate of air flow through the compressor Q varies directly 
with the impeller rpm N. Thus, if the impeller rpm changes from 
Ni to N2y then the peripheral velocity u of any point on the impeller 
changes in proportion to the rpm change, because u = irND/llO, 
where D is the impeller diameter in inches. 

The change in rpm has no influence upon the inlet angles ai and 
1. Hence the velocity triangle for the inlet to the compressor 
^langes so that the new triangle is similar to the original one. Let 
Ai be the tangential velocity at entrance corresponding to iVi, and 

. ^2 that corresponding to A2; then 
isf 

N2 
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All the sides of the velocity triangle are changed by the same ratio. 
The same considerations apply to the absolute entrance velocity Ci, 
which is a measure of the capacity of the air compressor. Thus 

N 2 

^12 == ~ Cii 
Ny 

Hence, the new air flow through the centrifugal compressor due to 
changing the speed from Ni to N 2 is given by 

N 2 

O 2 = — Cl (54) 

Ni 

The effect of a change in impeller rpm upon the head is deter- 
mined as follows. In general, the head can be expressed in terms of 
the actual pressure coefficient rip by the equation 


H = 


C2u^2 


Vp ■ 


2g 


(54a) 


In equation 54a the velocity vectors C 2 u and U 2 are both directly 
proportional to the impeller rpm. Hence, since 7/p may be assumed 
to be a constant, 

H 2 N2^ 

— = (55) 

Hi Ni^ ^ ' 


Equation 55 can be expressed in terms of the pressure ratio de- 
veloped by the compressor. Thus 

Hi oc Zci and H 2 oc Zc 2 

so that 


^2 Zc2 
Hi ^ Zci 


k-l 
(Tc * 




(rc * 


- 1)2 

“ l)i 




(56) 


For a given single-stage compressor the efficiency does not change 
appreciably for a given value of air flow per revolution Q/Ny since 
the magnitude of this parameter determines the ratios of the sides 
of the velocity triangles at the inlet and exit sections of the impeller. 
Consequently, for a small change in the speed of the impeller tte 
efficiency can be assumed constant. The brake horsepower (bhf^ 
to drive the compressor then depends only upon the product of the 
air flow Q and the actual head H, Hence from equations 54 and SS 

bhp2 /N 2 


8 
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(6) Effect of Changing Inlet Conditions. Changing either the 
inlet pressure or the inlet temperature (or both of them) changes the 
specific weight 70 of the air flowing into the compressor. 

If the impeller rpm is maintained constant, so that A^2 = ^1 = 
then from equation 54 the volumetric flow of air through the machine 
is constant, and C2 = Ci = C- The weight flow of air G Ib/min 
changes, however, because of the change in specific weight. Thus 


(72 = -- (58) 

7oi 

The volumetric flow Q against which the performance data are 
plotted is in reality a weight flow because it is based on 70 = con- 
stant. Hence changing the value of 70 is equivalent to changing 
the value of Q for a fixed speed and fixed intake conditions. Chang- 
ing 7o has the effect, therefore, of changing the value of the original 
reference volumetric air flow, which is denoted by Qri. The new ref- 
erence volumetric air flow is given by 


Qr2 = Qrl -- (59) 

7oi 

Since only a change in the specific weight of the entering air is 
being considered, all other factors are constant. Hence the static 
head is unchanged. The discharge pressure is changed, however, 
since = yH, The change in 70 changes the horsepower required to 
drive the compressor because the horsepower is proportional to the 
product of the head and the weight flow G. Thus 


hhp2 = hhpi 



(60) 


The actual volumetric flow of ambient free air Q is unaffected by 
a change in 70 since N is constant. This means that, for a fixed 
rpm, changing 70 does not alter the value of Q/N^ and the efficiency 
ijc is unaffected. But 

Po 


Hence 

7o2 P02 Toi 


701 ;^oi To2 

In general, the weight flow of air through a centrifugal compressor 
is given by 


■* 




P02 

Poi 


I2I 

To2 


m 
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Similarly the required brake horsepower is given by 

^ . Zii . 

Pn r„2 \nJ 

bhp , . hhp, 


p02 

l2i 

■iw1 

( 62 ) 

Poi 

To2 

\Ni/ 

P02 

Q2 

Zc2 

( 63 ) 


— 

Poi 

~Qi ’ 

^cl 


The pressure ratio can be determined from the general equation 
for Zc and 

/N2\^ Toi 

Example. A centrifugal compressor delivers 2000 cfm of free air at a speed of 
20,000 rpm. The initial conditions are pa = 14.7 and /q = 68 F. The pressure 
ratio is 2.0 and r}c = 0.72. Find the operating conditions at 18,000 rpm. 

Ni * 20,000, po ^ 14.7, /o = 68, p 4 = 29.4 psia, vc = 0.72, Qi = 2000 
Initial Conditions. 

Pq = 14.7 X 144 = 2117 psf Tq - 460 + 68 = 528 R 
RTq 53.35 X 528 

“--sr — ^75--“ 


2000 

Q = 2,51 Ib/sec 

13.3 X 60 ' 


Static head at design point 


Rro(2®-283 _ 1) 53.35 X 528 


X 0.21672 = 21,550 ft of air 


Pavn 2117 X 13.3 

^ X 0,21672 = — X 0.21672 = 21,580 ft of air 

0.283 0.283 

, GHi 2.51 X 21,550 ^ 

Air horsepower = ahp = = 115 ahp 

^ 550 550 

• ahp 115 ^ , 

Bhp required = = = 159 bhp 

17 c 0.72 

Effect of Speed Change, 

.... ^2 18 „„ __ 


Speed ratio 


Ni 20 


(t) — ^ (i) -»■> 


Air flow, Qt = 0.9 X 2000 =• 1800 cfm. 

Static head, Ht = (iVj/iVi)*. = 0.81 X 21,550 - 17,450 ft of air. 

„ . ^2 17,450 

Pressure rat.o, Z., - “ Wiioo “ ® 

From Table 4*5, (r ^2 « 1.^153. 

Discharge pressure, (pdi ** 14.7 X 1.953 « 28.8 psia. 

Brake horsepower (bhp )2 « (bhp)i X ■* 159 X 0.729 «« 116 bhp. 

The efBciency of the compressor remains constant at no 0.72. 
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B. The Axial-Flow Compressor 

IB. Introduction 

The axial-flow compressor is in its essential features a reaction 
turbine operated as an air pump. Figure 14 is a cross section of this 
type of compressor. It consists of a rotor equipped with several rows 
of airfoil-shaped blades and a stator with rows of stationary blades 
which are interposed between the rows of rotating blades. As the 
air flows through the rotating blades its static pressure and kinetic 


Outlet 



Fig. 14. Cross section through an axial-flow compressor. (Reproduced from 

W. J. King, loc. cit,) 

energy are both increased. Each row of stationary blades acts both 
as a diffuser for converting the kinetic energy of the air leaving the 
preceding rotating row into pressure and as the nozzles for guiding 
the air into the next row of rotating blades. The flow path through 
an axial compressor is illustrated in Fig. 15. 

The axial-flow compressor has attracted the attention of gas tur- 
bine and turbojet designers because its efficiency is generally higher 
than that of the centrifugal compressor. Another attractive feature 
is its ability to handle the same air flows with a much smaller frontal 
area. Its disadvantages are its greater length and its larger weight 
when compared with a centrifugal compressor furnishing the same 
pressure ratio. Because the pressure ratio per stage is approxi- 
mately 1.2:1, several stages are needed to attain reasonable pressure 
ratios. Figure 16 illustrates the application of the axial-flow com- 
pressor to a gas turbine-propeller engine. The performance of an 
axial compressor stage is the result of the action of the stresses in the 



Fig. 15. Velocity diagrams for an axial-fiow compressor stage. 


friction) arise from the viscosity effects of the flow within the bound- 
ary layer and, as pointed out in Chapter 1, are the source of the fluid 
friction losses. The shearing stresses are the ones that affect the stage 
efficiency.” , An exact theory of the axial-flow compressor must be 
based on the accurate determination of the flow characteristics 
around each blade and tiie related for<»s. The aerodynamic prd}lem 
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involved is the flow through lattices, and it must take into account 
the three-dimensional nature of the flow and the effects of viscosity 
and of compressibility. The theory is as yet incomplete, and the 
development of the most suitable profiles for the blades has to be 
based on experimental aerodynamic data.^ 

Although the more complex aerodynamic theories of the axial 
compressor are beyond the scope of this book, it is constructive to 

Combustion 



Fig. 16. Schematic arrangement of a gas turbine-propeller engine (turboprop 
engine) employing an axial -flow compressor. (Reproduced from Western Flying, 

December 1945.) 


consider certain aspects of the simpler two-dimensional theory based 
on the incompressibility of the fluid. The basic ideas have already 
been discussed in Chapter 2, Section 8, and in Chapter 6, Section 7. 

2B, Notation for Part B 
h = chord length. 
b/t ^ solidity ratio. 

c = absolute velocity. 

Cd = drag coefficient. 

Cl = lift coefficient. 

D = drag component of resultant force. 
dT =» tangential force on blade element = pCaTg dr, 
dS « normal force in blade element « dr, 

dR a= resultant force on blade element = dL/cos €, 

Api = ideal pressure rise = pT^Wf^n/t* 

Api “ p 2 — pi — ideal pressure rise. 

Ap » actual pressure rise « dS/t-dr, 

dL a* lift force acting on blade element = iCLf>w„^% dr. 
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dD = drag force acting on blade element = ^CDPwJ^b dr. 

ACu = {Ciu ^2u)» 

p = Static pressure. 
p2 = ideal final pressure. 

R = resultant force per unit radial length of blade. 
f = radius. 
t == lirr/z = pitch. 

M == peripheral velocity. 
w = relative velocity. 

X = force component per unit length of blade in direction of 
axis of cascade. 

Y == force component per unit length of blade perpendicular 
to lattice axis. 
z = number of blades. 

Subscripts 

1 inlet condition. 

2 outlet conditions. 

u in direction of tangential velocity. 
a in axial direction. 
z a single blade. 
m mean geometric value. 

Greek Symbols 

= angle between w and u. 

Pp == angle of profile section. 
firn = effective pitch angle, 
p = density. 

7 = specific weight. 

<t> = angle between chord and lattice axis. 

6 = angle of attack = 0 — 

6 = Cd/Cl- 

= circulation for a single blade = t{ciu — C 2 u) 

= t{wiu — ^2u)* 

fji, = blading efficiency == Ap/Api. 

3B. Two-Dimensional Incompressible Flow through a Rotating Blade 
Lattice 

Figure 17 illustrates the basic dimensions of an arbitrary blade 
of a lattice set at the pitch angle 0 with respect to the axis of the 
lattice. Consider an element of the blade of length dr located at the 
distance r from the axis of rotation, as illustrated in Fig. 18. If 
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the bounding cylindrical surfaces passing through all the blades are 

developed into two parallel planes the lattice illustrated in Fig. 19 

is obtained, the length of each 

blade perpendicular to the plane 

of the paper being dr. The dis- 

tance between neighboring % 

blades, called the pitch /, is 

given by /// / 

Ity ' 

^ = — (65) f/jL^ 

If h is the chord length of the — 

blade, the solidity ratio for the r* ^ ^ 

lattice is ^// == bz/^itr. Pig. 17. Basic dimensions of an arbi- 

The aerodynamic forces acting trary blade of a lattice, 

on the blades arise from the 

change in momentum of the air flowing through the blade passages as 
demonstrated in Chapter 2, Section 8. From Fig. 15 it is seen that 
the air leaves the stator with the absolute velocity C\, and owing to 

energy imparted to it by the 
rotor, the air leaves the rotor 
with the larger absolute veloc- 
ity C 2 . Since it is assumed 
that the density of the air p 
remains constant, from con- 
tinuity, Cia = C 2 a = == 

= Ca- Because of the con- 
stancy of the axial-flow com- 
ponent, as pointed out in 
Chapter 2, Section 10, there is 
no change in momentum in the 
axial direction; there is, how- 
ever, a change in momentum 
in the tangential direction, i.e., 
in the direction of the lattice 
axis. Let x and y denote the 

Fig. 18. An element of a blade at an arbi- directions parallel and perpen- 
trary distance from the axis of rotation. dicular to the lattice axis and 

dT and dS the forces acting in 
X and y directions respectively. These forces acting on the blade 
element are illustrated in Fig. 20. 

The force dT corresponds to dQ in Fig. 6*11 and is the force re- 



Fig. 18. An element of a blade at an arbi- 
trary distance from the axis of rotation. 
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quired to overcome the resistance to motion of the blade element. 
The force dS is the pressure force arising from the change in the 
kinetic energy of the air passing through the passage of area t-dr. 

It follows immediately from the results derived in Chapter 2, 
Section 10, that the magnitude of the force dT is obtained from 
equation 2-60 by multiplying that equation by the blade length dr. 



Fig. 19. Development of the blade lattice in the parallel planes. 


Similarly, the force dS is obtained by multiplying equation 2 • 59 by 
dr. Hence 

dT = pcatdr(wiu — W2u) (66) 


and 


^ + «^2u) , . 

dS ^ pt dr (wiu - W 2 u) 


These forces can be expressed in terms of the peripheral compo- 
nents of the absolute velocities Ci and C 2 by noting that Cm = — u 

and C 2 u — ^ 2 u — u, so that 

Wiu — W2u - Ciu — C2u ( 68 ) 

For a unit length of blade, it follows from equation 2*61, that 
the product t(wiu — W 2 J) is the circulation around the blade and is 
draoted by r„ then 


dT * pC«r,*df 


m 







Chap. 91 


AIR COAAPRESSORS 


393 


and 


where 



(Wla + W2«) ^ ^ 

dS => p r, • dr 

2 


T, = t(Wiu - W2u) = t(Clu - C2«) 


Equations 69 and 67 show that the tangential force dT is propor- 
tional to the axial velocity component Ca, and that the pressure force 
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dS is proportional to ^{wiu + w^ 2 u)* The resultant force, denoted by 
dLj is perpendicular to the geometrical mean velocity Wm, which is the 
geometrical sum of 2 (^iu + ^ 2 u)» and Ca as illustrated in Fig. 20. 
The geometric mean relative velocity Wm characterizes the direction 
of the flow toward the blade lattice.^® The angle fim which Wm makes 
with the X direction is (see Fig. 20) given by 


where 



(71) 

(72) 


The magnitude of the resultant force is the vector sum of dT and 
dS and is given by 

dL = pWmt dr{wiu — W2u) 


or 


dL = pWml'z dr 


(73) 


If p 2 is the final pressure in the ideal case, the normal force ex- 
pressed in terms of the ideal pressure change across the lattice is 

dS = (p/ - pi)t‘dr (74) 

From Fig. 20 it is seen that dS = dL cos Substituting this last 
expression into equation 74 and solving for Api == {P2' — pi) 

(p2 — Pi)i dr = dL cos = pWmTgdr cos (75) 


From Fig. 20 it is seen that 

Wm cos = W + — 
2 

Hence equation 75 becomes 

r, / 

^Pi = p2 - Pi ^ y + 



(76) 

(77) 


Equation 77 gives the increase in static pressure due to the energy 
transfer. 

It was shown in Chapters 5 and 6 that because of the viscosity of 
the air there are surface friction and eddies which cause the blade 
element tq experience a drag force dD in addition to the lift force dL. 
The accompanying energy losses depend upon the magnitude of the 
relative velocity and the blade profile. As for the propeller discussed 
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in Chapter 6, Section 7, the efficiency of the entire blade is calculated 
from the efficiencies of the individual blade elements at each radius r. 
The overall efficiency is then the mean value obtained by integrating 
the efficiency curve plotted as a function of the radius. 




Fig. 21. Lift and drag forces acting on a blade element. 

The blade element theory discussed in Chapter 6, Section 7, is 
applicable to the element of Fig. 21. Consequently, the results of 
Chapter 6, Section 7, can be applied directly. The lift force is given 
by equation 6-31 and the drag force by equation 6*32. Thus, if 
Cl and Cd are the lift and drag coefficients for the blade element, then 

dL = \CLPWm^b'dr (78) 

and 

dD ~ ^CDPwJ^b^dr (79) 

Figure 21 illustrates the resolution of the forces acting on the blade 
element. The ratio € = Cb/Cl = reciprocal of lift/drag ratio for 
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the blade profile is a characteristic of the aerodynamic performance 
of the blade profile. The resultant force on the blade element dR 
in terms of the lift is given by equation 6*34, thus 


dR = 


dL 


cos 7 


(80) 


In terms of the normal force dS it follows from geometry or from 
equation 6 *34 

dS 

dR = 


cos + y) 

In terms of the tangential force, dR is given by 

dT 


dR = 


sin {Prn + y) 

Hence from equations 80 and 81 

dL cos (j 3 m + 7 ) 


dS = dR cos (fim + 7 ) = 


cos 7 


(81) 


(82) 


(83) 


Expanding the cosine term and noting that dD/dL = tan e gives 

dS = dL cos firn dD sin (84) 

The actual pressure rise is accordingly 

dS 


Ap = 


tdr 


(85) 


Substituting for dL and dD in terms of their coefficients and substi- 
tuting for dS from equation 84, the pressure-rise equation becomes 


1 _ h 

Ap ^ - pwy^ cos jSm * - • C’l( 1 - € tan /S^) 
** t 


( 86 ) 


The ideal pressure rise is given by the change in the kinetic energy 
of the air. Thus, since the air enters with the velocity ci and leaves 
with the velocity c,, the ideal pressure rise A/>i is 

^Pi “ - W) (87) 

From Fig. 21, Wt^ “ and wg® = + wa»®, so that 

(wi« + 

Api » p(Wi„ - Wgu) — - p(Wi« - 


2 
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Hence 


^mu — cot fifn 


( 88 ) 


^Pi = pCaiWiu ~ W 2 u) cot firn 


(89) 


But t^pi't'dr is the force acting in the direction of dS and must be 
equal to the rate of change in momentum in that direction. The 
change in momentum is given by 


pCa,i‘dr{wiu — W2u) 


The corresponding force is 


Hence 


dT = dL sin + dD cos 
1 

pCai^Xu ^2u) ~ {dL sin “f~ dL cos 

t^dr 


(90) 


Substituting for dL and dD in terms of their respective coefficients 
Cl and C^, from equations 78 and 79, respectively, gives 

1 . b 

pCaiWiu ~ W2u) = - pWm sin ' - Cl (1 + C COt ( 91 ) 

2 / 


Substituting this last expression into equation 89, 


^Pi 


1 


■ P'^m cos • Cx(l “f" € COt ^m) 


(92) 


The ratio £ip/Api is defined as the blading efficiency and denoted 
by Tib- Hence from equations 86 and 92 


I - etanffrn 
1 + c cot 


(93) 


If equation 93 is differentiated with respect to assuming that 
€ is constant, and the result is equated to zero it is seen that the 
blade element has its maximum efficiency when 0 is close to 45®. 
This same result was obtained for the propeller blade element in 
Chapter 6, Section 7. 


4B. The Multistege Axial Compressor 
A multistage compressor is formed by combining several alternat- 
ing rows of rotating and stationary blades. Since the blading effi- 
ciency has its maximum value when Wm is at 45® to the lattice axis, 
a stage arranged to give this result for both the stator and rotor 
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blades gives symmetrical velocity diagrams and is called a symmet- 
rical stage. A multistage compressor is usually built of symmetrical 
stages having identical blade profiles. For such a stage Wi = C2 and 

W2 = Cl. 

The pressure rise for the stage, neglecting radial flow, is determined 
by the Euler theorem of Chapter 2 , assuming that «i = U2 == u. 
Hence, the centrifugal force term (w2^ "" ^1^) = 0 and 

■^P = - W) + {ci - Ci^)] ( 94 ) 


In the axial compressor the reaction effect is given by \piwi — W2^) 
and is smaller than it is for the centrifugal type. The term 



Q, cubic feet per minute 


2P(^2^ “ is the kinetic 
energy to be transformed into 
pressure in the stator blades, 
which functions as a diffuser. 

Equation 94 , as shown in 
Part A of this chapter, can 
also be written in the form 

A/> = ipu(ciu - C 2 u) = ipuACu 

( 95 ) 


■I- 


The change in whirl ACu in 

the usual construction is much 
smaller than it is for the cen- 
trifugal compressor, with the 
result that the pressure rise 
per stage is lower. The whirl 
can be increased in any rotat- 
ing machine only by increas- 
ing the deflection of the fluid 
passing through it. Thus, if 
0 800 1600 2400 the Stator blades are curved so 

Q, cubic feet per minute that the air leaves in the axial 

Fig. 22. Performance characteristics of a direction (ci = ^la), then 

six-stage axial-flow (Repro- ^ q. Further, if the rotor 

duoed from if. 1073.) j j j 

blades are curved, as pointed 

out in reference 8 , so that W2 ~ ^20 “ <^2a» then the exit velocity C2 
is equal to «, since C2 ~ ^2 + u, and C2u * u. Then the energy 
transfer is u^/g, which is the same as for a centrifugal compressor. 

The factors affecting the boost per stage are the effect of the 
angle of attack a =« 0 — on the lift and drag coefficients and the 


Fig. 22. 
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compressibility effects due to the local acoustic velocity being 
reached at the blade tips. If the air is deflected too greatly, losses 
due to flow separation, eddies, and the like are introduced. 

It was pointed out in the preceding section that should be close 
to 45°. Further, the pressure distribution along the blade should be 
kept uniform. Since the pressure distribution depends directly upon 
uACu the blading should be designed to keep this product constant 
along the blade length. Because « ife smaller at the root than it is 



Fig. 23. Typical axial -flow-corn pressor performance chart. (Reproduced from 
J. K. Salisbury, Mechanical Engineerings June 1944.) 

at the tip, ACu should be inversely proportional to the radius to each 
element of the blade. Since Ca is substantially constant along the 
blade, Wm does not make the angle jflm == 45° at each blade point. 

If the rotor speed is constant and the flow is decreased from the 
design value, the axial velocity Ca is reduced and the angle of attack 
of the air is increased. It will be recalled from Chapters 5 and 6 that 
increasing the angle of attack increases both the lift and drag co- 
eflScients. Increasing the angle of attack too much causes the blades 
to become ''stalled*'; the lift coefficient decreases rapidly while the 
the drag coefficient increases, as illustrated for an airfoil in Fig. 6-12. 
The stall phenomenon leads to rather peaked efficiency curves as a 
function of flow rate at any given speed. The same remarks are 
applicable to the pressure ratio delivered, since this ratio depends 
upon the same factors. Figure 22, taken from reference 14, presents 



400 


PRfNCIPLES OF JCT PROPULSION 


[Chap. 9 


the performance characteristics of a six-stage axial compressor for 
supercharging. A typical axial-flow-compressor performance chart, 



Teat data for the British B-11 axial-flow compressor, 

Fig. 24, Reproduced from H. Roxbee Cox, J, Aero, Set,, February 1946. 


taken from reference 19, is illustrated in Fig. 23, and Fig. 24 presents 
the actual performance diaracteristics of the British B-10 axial com* 
pressor.** , 
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C. The Lysholm Compressor 

1C. Introduction 

This compressor was invented by Alf Lysholm, Chief Engineer, 
Aktiebolaget, Angturbin, Sweden. Its American development is due 
to the Elliott Company, Jeannette, Pennsylvania, and the drawings 
presented here were furnished through the courtesy of that company. 

The principal objective of this development w^as to produce an air 
compressor of high efficiency which is not subject to the stability 
limitations of either the centrifugal or axial-flow types. The mate- 
rial presented here is taken from references 22, 23, and 24. 

2C. Description of Lysholm Compressor 

Figure 25 is a sectional view through one of the 10,000-cfm Elliott- 
Lysholm compressors used in the Elliott gas turbine for marine pro- 
pulsion. For a description of this turbine consult the references 
presented at the end of Chapter 7. 

The geometry of the rotors is illustrated in Fig. 26. The helical 
lobes of the male and female rotors are so designed that their coaction 
compresses the air between a pair of lobes as it is transported diag- 
onally from the inlet to the exit port. The cooperating parts do not 
touch but are separated by a small clearance. Each charge of air 
confined between a pair of lobes is separated from the preceding and 
succeeding charges so that different pressures exist in adjacent 
charges. This is the distinguishing feature of this compressor accord- 
ing to its inventor. It produces the type of compression obtained 
in a reciprocating compressor, the compression of successive trapped 
charges. This feature results in substantially high adiabatic effi- 
ciencies over a wide range of pressure ratios for a fixed rotation speed. 
The effect of speed is related mainly to its influence upon the rate 
of leakage through the clearances. Consequently, the volumetric 
efficiency of the compressor at a fixed speed decreases with in- 
creased pressure ratios, owing to the higher pressures causing leakage 
flow through the clearances, and increases at a fixed pressure ratio 
with increase in the sp)eed of rotation. To keep the internal leakage 
at a minimum the mechanical clearances between the rotor profiles, 
the rotors, and the casing must be small. 

Another factor affecting the performance is the ‘Hamming'' effect 
of the air entering the inlet port. In the air induction process the 
rotor lobes are moving apart, thereby increasing the space between 
them until a maximum volume for the particular design is formed 
by the rotor and casing surfaces. Compression then b^ins. The 
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Fig. 25. Cross section through a Lysholm compressor. (Courtesy, Elliott Company, Jeannette, Pa.) 
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rotors in compressing the charge tend to push some of it out through 
the inlet port, but because of the high axial velocity of the air an 
“inertia'’ supercharging occurs and the air entrapped by the rotors 
is at a somewhat higher pressure than the inlet pressure. This ram- 


(t 4. Female—^ 



Pitch dia. ‘ 

L Center J 

Female Rotor distance 

Fig. 26. Male and female rotor lobe forms of a Lysholm compressor. (Courtesy, 
Elliott Company, Jeannette, Pa.) 

ming effect is influential in raising the volumetric efficiency of the 
compressor. The inlet port must be designed correctly to take ad- 
vantage of this phenomenon. 

In addition to the losses due to leakage, fluid friction, and induction 
there are the losses due to bearing, gear, and seal friction. These 
losses are largely a function of the speed of operation. 

The combined effects of the fluid losses and the mechanical losses 
affect the performance characteristics of the compressor. The fluid- 
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leakage losses increase in their absolute value with the pressure ratio, 
but on a percentage basis they decrease with the speed. The mechan- 



1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4 2.6 2.8 3.0 

P, pressure ratio 

Fig. 27. Efficiency vs. pressure ratio for a Lysholm compressor with 2.15 built-in 
pressure ratio. (Courtesy, Elliott Company, Jeannette, Pa.) 


ical and fluid-friction losses, however, increase with the speed and 
on a percentage basis decrease with increasing pressure ratio. The 
resultant effect of the losses is to give the overlapping performance 



1.0 1.2 1.4 1.6 1.8 2.0 22 2.4 ^6 2.8 3.0 

P, pressure ratio 

Fig. 28. Efficiency vs. pressure ratio for a Lysholm compressor with 1.95 built-in 
pressure ratio. (Courtesy, Elliott Company, Jeannette, Pa.) 

characteristics illustrated in Figs. 27 and 28. These figures are for 
two compressors of the same capacity but having '‘built-in’* pressure 
ratios of 2.15 and 1.9S respectively. 




Chap. 9] 


AIR COMPRESSORS 


405 


REFERENCES 

1. D. F. Warner and E. L. Auyer, * ‘Contemporary Jet- Propulsion Gas Tur- 

bines for Aircraft,*’ Mech. Eng., November, 1945, pp. 707-714. 

2. P. R. SiDLER, Trans. A.S.M.E., July, 1944, p. 367. 

3. E. W. F. Feller, Air Compressors, McGraw-Hill Book Co., New York, 1944. 

4. S. A. Moss, C. W. Smith, and W. R. Foote, ‘Energy Transfer between a 

Fluid and a Rotor for Pump and Turbine Machinery,” Trans. A.S.M.E. 
August, 1942, pp. 567-597. 

5. R. Eksergian, Trans, A.S.M.E., August 1942, p. 590. 

6. Eck-Kearton, Turbo-gehldse und Kompressoren, Julius Springer, Berlin. 

7. K. Campbell and J. E. Talbert, “Some Advantages and Limitations of 

Centrifugal and Axial Aircraft Compressors,” J.S.A.E., October, 1945, 
pp. 607-620. 

8. W. J. King, “Axial vs. Centrifugal Superchargers,” J.S.A.E., December, 

1945, pp. 736-741. 

9. A. H. Church, Centrifugal Pumps and Blowers, John Wiley & Sons, New York, 

1944. 

10. A. Stodola (L. Loewenstein), Steam and Gas Turbines, McGraw-Hill Book 

Co., New York, Vol. 2, 1927. 

11. B. E. Del Mar, “Presentation of Centrifugal-Compressor Performance in 

Terms of Nondimensional Relationships,” Trans. A.S.MEl., August, 1936, 
pp. 483-490. 

12. R. S. Hall, “Aircraft Gas Turbines with Centrifugal Compressors,” S.A.E. 

National Aeronautic Meeting, New York, April 3-5, 1946. 

13. W. R. Hawthorne, “Factors Affecting the Design of Jet Turbines,” S.A.E. 

Annual Meeting, Detroit, Mich., Jan. 7-11, 1946. 

14. A. Betz, “Axial Superchargers,” N.A.C.A. Tech. Memo 1073, 1944. 

15. E. Struve, “Theoretical Determination of Axial Fan Performance,” N,A.C.A. 

Tech. Memo 1042, 1943. 

16. P. Ruden, “Investigation of Single-Stage Axial Fans,” NA.C.A. Tech. Memo 

1062, 1944. 

17. A. Betz, “Diagrams for Calculation of Airfoil Lattices,” N.A.C.A. Tech. Memo 

1022, 1942. 

18. C, Keller and L. S. Marks, The Theory and Performance of Axial Flow Fans, 

McGraw-Hill Book Co., New York, 1937. 

19. J. K. Salisbury, “The Basic Gas Turbine Plant and Some of Its Variants,” 

Mech. Eng., June, 1944, pp. 373-383. 

20. J. R. Weske, “Investigation of Blade Characteristics,” Trans. A.S.M.E., 

July, 1944, pp. 413-420. 

21. H. Roxbee Cox, “British Aircraft Gas Turbines,” J. Aero. Sci., February, 

1946, pp. 53-87. 

22. A. Lysholm, R. B. Smith, and W. A. Wilson, “The ElHott-Lysholm Super- 

charger,” S.A.E. Annual Meeting, Detroit, Mich., Jan. 11-15, 1943. 

23. W. A. Wilson and J. W. Crocker, “Fundamentals of the Elliott Lysholm 

ComiMessor,” A.S.M.E. Annual Meeting, New York, Nov. 26-29, 1945. 

24. A. Lyshouc, “A New Rotary Compressor,” Inst. Mech. Eng. J. and Proc., 

Vol. ISO, No. 1. November, 1943, p. 11. 



Chapter Ten 


TURBINE CHARACTERISTICS 


1. Introduction 

The turbine is a major component common to the gas turbine- 
propeller engine, discussed in Chapter 7, and to the thermal jet 
engine, discussed in Chapter 8. In’ the gas turbine-propeller engine 
the turbine must develop the shaft power for driving the air com- 
pressor, propeller, and the auxiliaries. In the thermal jet engine, 
however, it is required to furnish only sufficient power to drive the 
air compressor and the auxiliaries. It should be noted that, in gen- 
eral, gas turbine-propeller engines are designed to deliver auxiliary 
jet thrust from the exhaust gases in addition to the propeller thrust, 
the usual proportions being 80 per cent propeller thrust and 20 per 
cent auxiliary jet thrust. 

The general characteristics of turbines are well understood, and 
a wealth of information concerning them has been gathered during 
the past decades. Particularly helpful to the development of turbines 
which operate with highly heated gases are the experiences gathered 
in the development of turbo-superchargers and also steam turbines 
for high-pressure and high-temperature applications. In many re- 
spects the turbine for gas turbine-propeller engines or turbojet 
engines is quite similar to the conventional steam turbine, the major 
difference being in the metallurgy, the means provided for cooling 
the bearings and highly stressed parts, and in the constructional 
features to safeguard against thermal distortion. The basic theory 
underlying their design and the evaluation of their operating char- 
acteristics is identical with that for steam turbines and is discussed 
in detail in the works pf A. Stodola^® and G. Fltigel.^^ The major 
difference is that the gas laws can be applied, with account taken of 
the variation in specific heat, in computing the enthalpy changes. 
Furthermore, the problem of moisture condensation in the low-pres- 
sure stages of the turbine is absent. 
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2. Principal Types of Turbines 

As explained in Chapter 2, Section 8, turbines may be segregated 
into two broad classes: axial-flow and radial-flow machines. In this 
country, except for hydraulic machinery, which does not enter into 
the discussions, axial-flow turbines are used exclusively. The dis- 
cussions of this chapter are, therefore, restricted to that class of 
turbine. 

Axial-flow turbines are segregated into two basic types: impulse 
turbines and reaction turbines. In a pure impulse turbine the total 
isentropic heat drop experienced by the fluid flowing through a 
stage, and also the stage pressure drop, occurs in one or more sta- 
tionary nozzles that dischargci into the blades attached to the rotor. 
A portion of the thermal energy of the fluid is transformed into kinetic 
energy by virtue of its expansion in the nozzles. Further, the fluid is 
deflected as it flows through the blades, and the accompanying change 
in momentum produces the force, termed the impulse force, for rotat- 
ing the turbine wheel (rotor). Theoretically, no change in pressure 
is experienced by the fluid as it flows through the blades, the pressure 
at the exit section of a blade passage being equal to that at the inlet 
section. Pure impulse stages, therefore, are also called equal-pressure 
stages; a stage consists of one set of stationary nozzles and one set of 
coacting moving blades, or it is the space between two planes perpen- 
dicular to the shaft and located at the entrance sections of two con- 
secutive rows of nozzles. The selection of the pressure drop for the 
nozzle is determined by the allowable peripheral velocity for the 
moving blades. An impulse stage consisting of one set of nozzles, or 
a single nozzle, discharging into a single moving row of blades is 
called a Rateau stage. As will be seen later, the ratio of the peripheral 
or tangential speed of the blades to the spouting velocity of the jet, 
called the velocity ratio, has a decisive influence on the efficiency of 
the turbine. 

It is frequently necessary to utilize such a large pressure drop in 
the stationary nozzles of an impulse turbine that the tangential 
velocity of the blades would exceed the permissible value if operated 
at the velocity ratio for maximum efficiency with a single row of 
blades. In such cases a double-velocity impulse stage, called a Curtis 
stage, is used. The Curtis stage consists of a single row of stationary 
nozzles followed by a wheel equipped with two rows of blades. The 
blades are so spaced that an intermediate stationary row of blades 
can be inserted between them. For a Curtis stage to operate as a 
pure impulse machine, there can be no change in the pressure of the 
fluid as it flows through the blade rows. The stationary intermediate 
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blades serve merely as a guide passage for deflecting the fluid into the 
second row of moving blades. In practice both the Rateau and Curtis 
stages are designed to operate with a slight degree of reaction because 
a slight reaction benefits the efficiency of the blades. Impulse tur- 
bines operate with either partial or full admission depending upon the 
weight of fluid flowing through the turbine and the required flow area. 

The reaction stage differs from the Rateau and the Curtis stage in 
that the enthalpy drop per stage is divided between the stationary 
row of blades and the moving ones. Consequently, the fluid flowing 
through the moving blades is not only deflected, as in impulse tur- 
bines, but in addition the fluid is expanded. The conversion of ther- 
mal energy into mechanical ehergy in the moving blade row causes 
the moving blade row to experience a reaction force, because of the 
increased velocity of the fluid, in addition to the impulse force result- 
ing from deflecting it. The degree of reaction, denoted by r, is de- 
fined by the ratio 

Hr Hr 

r = = — (1) 

Hs + Hr H 

where //« = isentropk heat drop for stationary blade row, Btu/lb. 

Hr = isen tropic heat drop for rotating blade row, Btu/lb. 

H Ha + Hr ^ available energy for the stage, Btu/lb. 

If the blades of the stationary and moving rows have identical 
cross sections, called the blade section, then the expansion process, 
in the ideal case at least, is the same in each row of blades. A reac- 
tion stage of this type is said to have symmetrical blading and to 
operate with SO per cent reaction (r = 0.5). In such a turbine stage 
the enthalpy changes in each row are equal. Consequently, the 
velocity triangles for an ideal 50 per cent reaction stage are similar 
for the stationary and moving blade rows. 

Reaction stages operate with full admission. Consequently, the 
rotors of small power output reaction turbines have to be of small 
diameter in order to obtain reasonable blade heights for the low rates 
of fluid flow involved. In general, the total enthalpy drop for a reac- 
tion stage is much smaller than it is for an impulse stage of like output 
operating with partial admission. Because of the small enthalpy 
drop in each row of blades, the reaction turbine blade rows operate 
with less than the critical pressure ratio. A critical pressure drop may 
occur, however, in the low-pressure stages of reaction steam turbines. 

The manner in which the pressure of the working fluid varies as it 
flows through a Rateau, a Curtis, and a reaction stage is illustrated 
sdiematically in Fig. L 
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The turbines for turbojet engines have been mainly single-stage 
Ratcau machines because of their lower weight. For turboprop 
engines and stationary or for marine plants either multistage reaction 
turbines or multistage impulse machines and their combination are 
applicable. 



Rateau eiament 


Stationary nozzles 





Curtis element 


Nozzles 
1st row 

Stationary 

intermediate 

2nd row 


({{({{ 


(b) Curtis two- row stage 


Pressure 




Stationary row 

Moving row ^ ^ 


(c) Reaction stage 



Fig. 1. Blade arrangement and pressure changes in Rateau, Curtis, and reaction 

stages. 


3. Basic Requirements 

The basic requirements for the turbine are the same for either type 
of engine. Although the remarks which follow apply specifically to 
the turbine for a turbojet engine, it should be understood that they 
apply equally well to the turbines for turboprop engines. The prin- 
cipal requirements are: (a) light weight; (ft) small frontal area; 
(c) high effidaicy; (d) ability to operate for sustained periods at 
high temperature; and (s) reliability and serviceability. 
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Light weight is secured by operating the turbine rotor with the 
highest permissible rim speed, using small-diameter rotors. Since 
the stresses in a given turbine disk increase approximately as the 
square of the rim speed, the maximum rim speed is limited by strength 
considerations, which are governed by the stress characteristics of 
the disk and blade materials at the operating temperature. Although 
low rim speeds are desirable from a stress standpoint, there is a lower 
limit to the rim speed imposed by the dictates of high efficiency which, 
in general, improves with rim speed. According to reference 3 the 
lower limit of the rim speed in feet per second, which is dictated by 
flow conditions, must be larger than 100 a/a 7 /4.5, where AT" is the 
temperature drop through the turbine in degrees Fahrenheit. Since 
the turbine efficiency improves, in general, with increasing rim speed 
and permits using lower bucket temperatures for the same power 
output, the choice of rim speed is a compromise between allowable 
stress and turbine efficiency. The rim speeds of most turbojet 
turbines range from 820 to 1000 fps. 

The general design of the turbine passages is based primarily on 
considerations which are mainly fluid dynamical. The flow condi- 
tions must be so designed that, for the required thrust output and 
mass flow of gas, the acoustic velocity (unity Mach number) is not 
reached at the outlet from the buckets (or in the ducting down- 
stream leading the exhaust gases away from the turbine, or in the 
exhaust nozzle), for, as pointed out in Chapter 3, choking of the 
flow occurs if the Mach number in these flow passages attains the 
value unity. The critical Mach number is based on the axial velocity 
of the gas in the exit annulus from the turbine.® The possibility of 
attaining unity Mach number in the outlet from the turbine buckets 
is a consideration to be investigated in Rateau stage turbines, for 
the reasons presented in Section 2. 

Disk and rim failures in turbojet turbines did occur in the early 
development stages of this propulsion engine. They have now been 
overcome by the application of such methods as improved gas seals, 
the incorporation of methods for cooling the disk, and improved 
metallurgy. As pointed out by reference 4, one of the major factors 
has been a better understanding of the metallurgical problem. Re- 
search has shown that if the disk operates with high temperatures or 
steep temperature gradients it is likely to develop plastic deformation. 
If this occurs the stress distribution can no longer be based on con- 
ventional elastic theory, and when the disk cools off after operating 
it is subjected to large residual stresses. As a consequence of the 
residual stresses there is a change in the natural vibration frequencies, 
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which are functions of the stress conditions.^ Furthermore, successive 
periods of plastic strain, cooling, and then heating again modify the 
stress-strain characteristics of the disk material and may lead to 
changes in its crystal structure. By applying the remedies men- 
tioned above these difficulties can be avoided. 

In turbojet engines employing a centrifugal compressor, the turbine 
imposes no problem in the securing of small frontal area. The frontal 
area of the turbine is much smaller taaii that of the compressor and 
combustion chamber assembly and has little influence upon the 
overall size in that type of application. Where the turbine drives 
an axial-flow compressor the frontal areas of the turbine and com- 
pressor become more nearly equal, as can be seen from the published 
illustrations of the German BMW 003 and the Westinghouse 19-B 
Yankee Turbojet. ® 

The turbine blades may be either solid or hollow, the type of con- 
struction being influenced by the material selected for their manu- 
facture. The hollow blade offers the advantages of being adapted 
to cooling by flowing cold air through its interior and of reducing 
weight."^ The walls of the blade are UvSually tapered so that the outer 
extremity, where the stress vanishes, is quite thin. As pointed out 
in reference 6 the greatest benefit derived from cooling is at the root 
of the blade where the stresses are high ; the outer edge, because of 
its small stress, may be allowed to run hot. In most designs the 
blades are twisted to maintain a favorable angle of attack for the 
fluid throughout its length (see Chapter 6). In the early develop- 
ment of the turbojet, blading failures did occur, but according to 
reference 4, which discusses British experience, they are now a rarity. 
The difficulties were overcome by increased accuracy in the manu- 
facture of the blades, avoidance of small radii at root junctions, better 
analysis of vibration problems, and improved metallurgy. 

Since improving turbine efficiency and output are related to ability 
to operate with higher temperatures, developments aimed at raising 
the permissible operating temperature of the turbine are of great 
importance. Some of these have been mentioned in Chapter 7. One 
promising approach is the application of ceramic coatings on the tur- 
bine blades to take the impact of the hot gases. The problem here 
is to develop a ceramic coating of high melting point which will 
bond to the metal and will have a coefficient of expansion close enough 
to that of the metal to prevent the coating from cracking or flaking 
off. Another approach proposes to let cooling liquid flow through a 
passage in the root of the blades.^® 

Tables 10- 1 and 10-2, taken from reference 9, present data on 
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German practice in the development of turbojet engines. For de- 
tailed information on British practice the reader is referred to refer- 
ences 3 , 4 , and 5 . 

TABLE 10-2 

Comparison of BMW 003 and JUMO 004 Production Turbojets 

BMW JUMO 

Model 109-003A-2 109-004B-4 


Static thrust 

lb 

1764 

1984 

Specific fuel consumption 

Ib/lb-hr 

1.47 

1.48 

Turbine speed 

rom 

9500 

8700 

Weight 

lb 

1345 

1543 

Specific weight 

Ib/lb thrust 

0.76 

0.78 

Length 

in. 

143 

163 

Diameter 

in. 

27.2 

28.7 

Air flow 

Ib/sec 

41.9 

46.3 

Compressor tip diameter 

in. 

21.65 

21.46 (stage 1) 

Compressor diameter ratio 


0.725 

0.645 

No. compression stages 


7 

8 

Turbine tip diameter 

in. 

24.70 

27.48 

Turbine diameter ratio 


0.71 

0.68 

Burner temperature 

op 

1382 

1390 

No. of burners 


16 

6 

Combustion chambers 


1 annular 

6 individual 


4 . Notation 

a = area of blade cross section in.^ 
a = acoustic velocity, fps. 

A = flow area in general, or flow area denoted by subscript, ft^. 
b = width of blade, in. 
c == absolute velocity, fps, 

Cq = y/lgJH = isentropic velocity, fps. 

Cl = absolute velocity of jet leaving nozzles or stationary 
blades, fps. 

ciu = tangential component of Ci, fps. 

C2 = absolute velocity of fluid leaving moving blades, fps. 

C2u =“ tangential component of C2, fps. 

C2v = carry-over velocity from preceding stage, fps. 

ACu =* Ciu C2u = whirl velocity, fps. 

D = diameter of wheel, units specified in text. 

Dp « pitch diameter, units specified in text. 

«o =* carry-over function corresponding to design flow, Gq, 
ei == carry-over function corresponding to new flow Gi, 
e « admission fraction or carry-over function as specified in 
text. 
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fc = centrifugal force acting on a blade, lb. 

F == force, lb. 

Fu = force acting in direction of tangential velocity w, lb. 
g = acceleration due to gravity. 

G = weight rate of flow, Ib/sec. 

Go = design weight rate of flow, Ib/sec. 

Gi = weight rate of flow for a condition other than the design 
value, Ib/sec. 

h = enthalpy of fluid, Btu/lb. 

ho = enthalpy of fluid at entrance to a row of stationary blades 
or nozzles, Btu/lb. 

h\ = enthalpy at the entrance to a moving row of blades, 
Btu/lb. 

A2 == enthalpy at the exit from a moving row of blades, Btu/lb. 
A/j = enthalpy change with friction, Btu/lb. 

Ah' = isentropic enthalpy change, Btu/lb. 

H = available energy for a stage or a complete turbine as 
specified in text, Btu/lb. 

Hr = available energy for a moving row of blades, Btu/lb. 

IIs = available energy for a stationary row of blades (or noz- 
zles), Btu/lb. 

Hw = internal output of a stage or turbine, the work done on 
the rotor periphery, Btu/lb. 

H' = total energy supplied stage or turbine, Btu/lb. 

J = mechanical equivalent of heat = 778 ft-lb/Btu. 
k = Cp/Cv = specific heat ratio. 

I = length of blade, in. 
l\ = length of blade at entrance, in. 

I2 = length of blade at exit, in. 

L = energy transfer or external work, ft-lb/lb. 

Lt == energy transferred from a fluid to a rotor, ft-lb/lb. 

Lr ~ rotation loss, ft-lb/lb or kw as specified in text. 

M = momentum, slug-ft/sec. 

M = mass, slug. 

tn ^ G/g ^ mass rate of flow, slug/sec. 

n = exponent in pv'^ = constant, or rpm, as specified in text. 
p = pressure, psfa. 

po = pressure at entrance to nozzles or stationary blades, psfa. 
pi = pressure at exit from nozzles or stationary blades, psfa. 
p2 pressure at exit from moving blades, psf. 
p2v *= exit pressure of preceding stage. 

P = power denoted by subscript, ft-lb/sec. 
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Pi = power developed at periphery of rotor, ft-lb/sec. 

Ps = stage power output, ft-lb/sec. 
r = Ilr/H = degree of reaction. 

(R = energy expended in overcoming friction, ft-lb/lb. 

R = gas constant or resultant force in lb as specified in text. 
R\ == radius to entrance of flow passage, ft. 

R2 = radius to exit from flow passage, ft. 

(Rs = friction and thermal losies in stationary blades or noz- 
zles, ft-Ib/Ib. 

(Rr = friction and thermal losses in moving blades, ft-lb/lb. 
u — tangential velocity, fps. 

V = 1/7 == specific volume, ft^/lb. 

w = relative velocity of fluid with respect to moving blades, 
fps. 

z = number of blade passages. 

Greek Syrnbols 

a = angle between the direction of the absolute velocity of 
the fluid c and the direction of the peripheral velocity u, 
= angle between the direction of the relative velocity of 
the fluid w and the peripheral velocity u. 

0) = angular velocity. 
vq = u/co = isen tropic velocity ratio. 
p = uje = velocity ratio. 

<P\ = velocity coefficient for stationary blades or nozzles. 
iP2v = carry-over coefficient for stationary blades or nozzles. 

= carry-over coefficient for moving blades. 

^2 = velocity coefficient for moving blades. 

^ = ^1^2 = blading coefficient for moving blades. 

€ = V cos ai — = diagram factor. 

X = loss coefficient for residual energy, or gauging of reaction 
blades, as specified in text. 

= loss coefficient for carry-over energy. 

P = y/s = density. 
cr = stress. 

If = efficiency. 

7 = specific weight. 

Subscripts 

0 at entrance to nozzle, or isentropic, as specified in text. 

1 at entrance to flow passage. 

2 at exit from flow passage. 

2 v from preceding stage. 
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a axial. 
b blading. 

i internal (at wheel periphery) or ideal as indicated in text. 
n nozzle. 

nb nozzle and blading. 
s stage. 

/ turbine. 
u peripheral. 

Superscript 

Prime denotes isen tropic process. 

A general thermodynamic treatment can be applied to both im- 
pulse and reaction stages by considering an intermediate stage of a 
multistage reaction turbine ; the intermediate stage typifies the gen- 
eral case of a turbine stage. In such a stage the stationary blade 
row is the counterpart of the nozzle of an impulse stage. 

S. Energy Transfer Equations for Turbine 

Figure 2 represents the flow passage formed by an arbitrary selected 
pair of moving blades attached to a turbine rotor. These may be 

either impulse or reaction blades. 
The fluid enters the passage with 
the absolute velocity Ci and after 
being deflected by the blades leaves 
with the absolute velocity C 2 - The 
pressure of the fluid and also its 
specific weight may change as a 
consequence of the flow through 
the passage, which is accompanied 
by a transfer of energy from the 
fluid to the rotor. The relation- 
ships derived in Chapter 2, Section 
8, for the transfer of energy from a 
fluid to a rofer are applicable if it 
is assumed that (1) the flow is 
steady and is uniform at the en- 
trance and exit sections of the 
passage (see Chapter 3) ; (2) the rotor to which the blades are at- 
tached rotates with a uniform angular velocity; (3) the losses due to 
fluid by-passing the blading and to friction of the fluid on the sides 
of the rotor may be n^lected. 


\ 
yvPx \ 



Fig. 2. Conditions at entrance and 
exit for a moving blade passage. 
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The significance of the first two assumptions has been pointed 
out in Chapter 2 and will not be repeated here. In axial-flow tur- 
bines the inlet and exit reference stations are assumed to lie on the 
pitch circle for the rotor. 

The performance of a turbine stage is due to the interaction of the 
fluid and the blade surfaces. As pointed out in reference 15 it is 
related to the stress in the fluid working on these surfaces. From 
Chapters 5 and 6 it is apparent that each blade acts as an airfoil 
immersed in a flowing fluid, with the consequence that it experiences 
lift and drag forces. The drag will consist of the pressure drag and 
the skin friction due to shearing stresses in the boundary layer. The 
torque component of the resultant of the lift and drag forces, as in 
the blade element of an axial-flow compressor, contributes to the 
peripheral force for rotating the turbine wheel. Owing to the inter- 
ference effects of neighboring blades and the radial flow component 
it is difficult to analyze turbine performance by the application of 
airfoil theory. Consequently the momentum theory discussed in 
Chapter 2 is most generally used in obtaining the turbine charac- 
teristics. 

In an actual blade passage the velocity and pressure distributions 
are not uniform and are usually different from those existing over the 
entrance and exit sections. Because of the complex flow conditions 
within the passage the average relative velocity of the fluid leaving 
the passage generally deviates in its direction from that corresponding 
to the geometric blade angle, 
blade angle, termed slip, is 
aggravated as the number of 
blades is decreased. In theory, 
if the rotor is equipped with 
an infinite number of blades of 
infinitesimal thickness the slip 
would be zero and the theory 
exact. 

The disk friction and blade 
windage losses, the losses re- 
sulting from fluid by-passing 
the blade passage, and the 
gland leakage losses can be 
taken into consideration by properly modifying the final equations 
for the power developed by the rotor. The equations derived in this 
chapter are, therefore, applicable to the fluid which actually flows 
through the blade passages. 


The departure from the geometric 




velocity velocity 

diagram diagram 

Fig. 3. Entrance and exit velocity dia- 
grams for a moving blade passage of an 
axial-flow turbine. 
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Figure 3 presents the general velocity diagrams for a fluid entering 
and leaving a moving blade passage. The angle fix is that between 



Fig, 4. Velocity diagrams for impulse and reaction stages. 

the relative velocity wi and peripheral velocity u. Similarly the 
angle P 2 is that between the relative velocity W 2 and the tangential 
velocity. As pointed out in Chapter 2, Section 8, these angles are 
not in a strict sense the geometric angles of the blading but may be 
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regarded as being the blade angles required to give the fluid shockless 
entrance and the minimum exit loss. The velocity diagrams for the 
Rateau, Curtis, and reaction stages are illustrated in Fig. 4. 

The relationships between the vectors of the velocity diagrams 
have been developed in Chapter 2, Section 8. 

Since the exit whirl is less than the entrance whirl, the torque 
exerted on the rotor per pound of fluid per second is 

1 

^2^2u) ( 2 ) 

g 

and the energy transfer is given by 

Lt = — — C 2 ^) + — Wi^)] ft-lb/lb (3a) 

2g 

Equation 3a can be expressed in terms of the angles ai and p 2 i thus 

Lt — - [uiCi cos ai — + U 2 W 2 cos ^ 2 ] ftdb/lb (3b) 

g 

For an axial-flow machine, it can be assumed that the fluid leaves 
and enters at the same radius, w = == z /2 and i? = = i^ 2 » so 
that the torque and energy transfer equations per pound of fluid 


become 

R 

R 



— — (Ciu C2 m) — 

<0 

<1 

1 

(4) 


S 

g 

and 

1 0 , 




Lt = — [(<^1^ - C2^) + {W - 

0 

■ Wi)] = - ACu 

(5) 


2g 

g 

where ACu 

= Ciu — C 2 u* In terms of the angles ai, /3i, and P 2 



Lt — — (ci cos Oil + W 2 cos /32 ““ w) ~ (^1 cos Pi + W 2 cos P 2 ) (6) 

g g 

It is seen from equation 6 that to obtain the maximum energy 
transfer the exit velocity C 2 should be as small as possible, unless the 
kinetic energy associated with it can be used effectively in the next 
stage of the turbine. When C 2 is the absolute exit velocity for the 
last stage of a multistage machine or for a single-stage machine, its 
equivalent in kinetic energy is termed the leaving loss. 

It is apparent from equation 6 that the nozzle angle ai should be 
as small as possible to obtain the greatest energy transfer. 
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6. Power Output 

If the fluid flows through the blade passages of the turbine rotor 
at the rate of G Ib/sec, the power developed at the periphery of the 
turbine wheel is given by 

G G 

Pi — ^ (^3 

g g 

The power output denoted by Pi is that done on the blading of 
the rotor and may be termed the internal power output. The stage 
output is less than this power because not all the energy transferred 
to the rotor is available at the turbine shaft, and there are losses due 
to fluid leakage and to fluid by-passing the blades. Some energy is 
also consumed in overcoming the rotation loss of the stage. Thus, if 
the rotation loss in horsepower is denoted by hpr, the stage power 
output in horsepower is 

G 

hp, = (w ^Cu) - hpr (8) 

550g 

The rotation loss comprises the losses due to disk friction hp^/ 
and the blade windage loss hp^^ due to operation with partial 
admission. The rotation loss in horsepower can be calculated from 
Kerr’s formula 

, _ / u Dp 

hp. = IKiD + nK2{l - e)/'-®} (—) — (9) 

\ 100 / V 

where Dp = mean diameter of pitch circle, ft. 

I = effective blade height, in. 
u = mean tangential velocity of blades, fps. 

V = specific volume of fluid surrounding rotor, ft^/lb. 

Ki - 0.0607 ;JR:2 = 0.458. 

e = admission fraction, nozzle arc to total circumference, 
n = 1 for wheels with 1 row of blades. 

= 1.2 for wheels with 2 rows of blades. 

7. Analysis of the Fluid Flow Path 

The thermodynamic processes for an impulse and a reaction stage 
can be generalized. The physical arrangements under consideration 
are illustrated schematically in Fig. 5. If an expansion takes place 
from an initial pressure po to the back pressure p 2 * the pressure po 
is that upstream to the nozade for a Rateau stage> whereas for a reac** 
tion stage it is the pressure upstream to the stationary blading. The 
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pressure pi refers to pressure at the entrance to the moving blades 
of a reaction stage ; in a pure impulse stage, pi = p2. 

From the foregoing it follows that the pressure drop in the sta- 
tionary blade row of a reaction stage is the difference po — pi. 

In subsequent discussions the terms nozzle and stationary blades 
will be used interchangeably. A nozzle is any stationary passage 
wherein the working fluid expands before flowing through the blades 
attached to the turbine rotor. To calculate the relationships for 
determining the performance of a turbine stage the state of the 



Impulse stage Reaction stage 

Hr^O Hr^hi-^hz 

Fig. 5. Flow conditions for impulse and reaction stages. 

working fluid at each significant point in its flow path must be deter- 
mined. For determining the state points it is convenient to represent 
the flow process on the enthalpy-entropy h-$ plane, as illustrated in 
Fig. 6. 

In Fig. 6 the state point A corresponds to the state of the fluid at 
its entrance to the nozzles. The enthalpy of the fluid at A is Hq 
Btu/lb. The fluid may arrive at the nozzle entrance with the ap- 
proach velocity C2v called the carry-over velocity. In the first stage of 
a multistage turbine, impulse or reaction, the carry-over velocity C2v 
is so small that it may be neglected, and the fluid may be assumed 
to start from rest. In an intermediate stage of a multistage turbine 
the exit velocity C2 of the fluid leaving the moving blades of the pre- 
ceding stage, if properly guided, can be utilized in the nozzles or 
stationary blades. Consequently, the fluid at B cortesponds to the 
state at the exit of a moving row of blades; its corresponding enthalpy 
is A2» and its velocity is C2- 

The flow process in the nozzles is accompanied by both frictional 
and thermal energy losses. These losses, expressed in heat units, are 
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denoted by (R/J. The fluid is discharged from the nozzles with its 
kinetic energy increased, and at the entrance section of the moving 
blades its relative velocity is Wi, The kinetic energy corresponding 
to Wi is available for energy transfer in the moving blade row. This 
kinetic energy can be represented on the h^s plane as an isen tropic 
increase in the enthalpy of the fluid above that corresponding to 
static conditions at the pressure px. 



Fig. 6. Representation on the h-s plane of expansion of the working fluid in an 
intermediate stage of a group of stages. 

The frictional and thermal energy losses in the moving row of 
blades are denoted by Gi/J Btu/lb. In addition to the aforementioned 
losses there are others due to disk friction and windage. These pro- 
duce a heating of the fluid and a corresponding increase in its final 
enthalpy denoted by AAx Btu/lb. 

The effect of the carry-over velocity C 2 v is taken into account in 
the same way as the effect of the relative velocity Wi, The velocity 
corresponds to an isentropic change in enthalpy from a fictitious 
state A* to the actual initial state A, This enthalpy change, measured 
in Btu per pound, is C2v^l2gJ^ 
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The absolute exit velocity of the fluid leaving the moving row of 
blades is C 2 and is identical with the approach velocity C 2 v for the 
next row of stationary blades in a multistage turbine. If the stage 
under consideration is assumed to be the last stage of the turbine 
the kinetic energy corresponding to is lost. 

Referring to Fig. 6, it is seen that the enthalpy of the fluid corre- 
sponding to the back pressure p 2 for the stage is given by 

1 

^2 = Ao ^ ~ i^d "F ^r) 

The fluid approaching the stationary blades with the velocity C 2 v 
has the kinetic energy — C 2 v^ ft-lb/lb. Consequently, the final 
enthalpy 7/2 can be stated in terms of the velocities. Thus 

^2 = ho (Ci^ + W2 — C2v — 

2gj 

The enthalpy of the fluid immediately upstream to the moving 
blades is hi Btu/lb. 

^ ho- Ih + ho - ~ {ci^ - C2v^) (10) 

J 2gJ 

The velocity corresponding to the conversion of the available 
energy II into kinetic energy by an isentropic expansion is denoted 
by Cof where 

Co = VzgJII (11) 

The velocity Cq is called the isentropic velocity, 

8. Flow through Turbine Blades 

Consider an arbitrary pair of moving blades, as illustrated in Fig. 
2. The entrance conditions will be denoted by the subscript 1 and 
the exit conditions by the subscript 2. The blades move with the 
tangential velocity u and deliver to the turbine shaft Lt ft-lb/lb of 
working fluid. The flow process may be assumed to be adiabatic. 
Hence, the energy equation for the flow through the passage formed 
by the blades is 

Ci^ — 

0 = J{hi ^^ 2 ) “F Tit 

2g 
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It has been shown that the energy transferred to the rotor by the 
1 lb of fluid is given by 


u u 

Lit ~ ~ (^lu ^2u) (12) 

g g 

It should be realized that Cxu and C 2 uj being velocity components, 
are vector quantities. Hence, expressing these velocity components 
in terms of their absolute magnitudes. 


u u 

Lt — - ACu = - (ci cos ai + ^2 cos ^ 2 ) 
g g 

u 

= - (ci cos ai — u + W 2 cos P 2 ) (13) 

g 

If the blade passage is for an axial-flow turbine, the only type 
considered here, the energy transfer is 


Lt = 


W2^ — Wi^ C2 — 


2g 


2g 


(14) 


The energy equation for the rotating blade passage can be written 
in terms of the enthalpy change. Thus 


0 = J I dh {w2^ — Wi^) 

2g 


(15) 


The flov/ is adiabatic but accompanied by friction. Hence, if 
dEp is the work expended in overcoming friction, then 

- - r. dp +j^^dEF (16) 


For this process the available energy H is given by 


H - V = 




dp 


(17) 


For convenience let the available energy in medianical units be 
defined by 

Co 


m 


2g 


(18) 
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Combining equations 16, 17, and 18 gives 


V 

== hi — k2 = — I — dp = 

Ji J 


W2 — Wi 


It is convenient to conceive the losses in the blade passage as being 
composed of two distinct parts, regardless of their character: those 
associated with the energy of the fluid at the entrance to the passage, 
and those occurring within the passage itself. The aforementioned 
losses can be expressed in terms of the kinetic energies associated 
with the fluid at entrance and at exit sections of the passage by the 
introduction of appropriate loss coefiicients. 


Let pR\ 


energy loss at the entrance to passage. 


P/22 = energy loss in the passage itself. 

The total loss of energy for the flow passage is given by the term 


dEp, Hence 


^ Wi W2 

dEp = pRi h p/22 “T” 

2g 2g 


Substituting the above expression forj dEp into equation (19) 

y- 2 nd..2 2 0(11 2 o*. 2 


SO that 
or 


Cq^ 

= JH 

W2^ — 


2g 

2gJ 2g 

Co" 


Wi^ 


— — 

(1 + P/ 22 ) H — r 

- {.PRX - 1) 

2g 

2g 

2g 


^^2^(1 + P/22) = Cq" + ■" P/2l) 

“'2** = -T-r ^0* + (1 - 


“'2" * r-; — (24) 

1 + AS2 

To simplify equation 24 it is convenient to introduce the blading 
coefficients, and p 2 i which are defined by 


* 1 — pRl 

(a) 

1 ^ 2 "=®. 

(ft) 

1 + P «2 
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Substituting from equations (a) and (b) into equation 24 gives 

W2 = (25) 

A similar expression can be derived for the discharge velocity 
from a stationary blade passage. In this case, however, the work 
delivered externally is zero. 

Let C 2 v == the discharge absolute velocity from the preceding ro- 
tating blade passage, called the carry-over velocity, fps. 

_ _ stationary blade velocity coefficient. 

1 + Psl 

(p 2 o^ = I “ Ps 2 = stationary blade carry-over coefficient. 
Hence for the stationary blades 

Cl = <Pl^ (p2v^(^2v^ (26) 

The foregoing equations for W 2 and Ci present the exit velocities 
from the rotating blades and the stationary blades as functions of 
the available energy H == /IgJ for the passage and two blading 
coefficients. The introduction of two coefficients may appear to be 
arbitrary and a needless complication of the equations, but further 
consideration of the flow problem will reveal the usefulness of these 
expressions. 

The discharge velocity from a blade passage will depend on the 
available energy on the kinetic energy made available to the 
passage, and possibly on the ratio of the exit and entrance velocities. 
In the interests of a rational analysis of the losses in the flow passage 
at least two coefficients are required. 

For the present state of knowledge of the problem of flow through 
blades, it is sufficient if a distinction can be made between the char- 
acteristics of the losses occurring between the exit of one row of 
blades and the entrance to the next, and those in the flow passage 
itself. The first-mentioned loss is characterized by the values of the 
coefficients and ^ 1 . Thus these coefficients determine the effi- 
ciency with which the energy from one passage is ''carried over*' to 
the next. This energy is for brevity called the "carry-over,*' and 
the coefficient or ^1 determines the effectiveness in making the 
carry-over available for useful work in the subsequent blade passage. 
The efficiency with which the carry-over actually supplied the blade 
passage, and the efficiency of utilization of the available energy //, 
may be conceived to be measured by <^1 and ^ 2 - 

To illustrate, consider first the nozzle of an impulse turbine stage. 
Here the carry-over to the nozzle is zero; what little approach velocity 
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there is in the approach piping can be assumed to be converted into 
useful work without loss. For this type of nozzle, the coefficient 
(t>2v = 1*0, and the nozzle discharge velocity may be represented by 

Cl — (pi \^ + <P2v^^2v“ ~ + C2v^ (27) 

Thus one coefficient may be used for describing the performance 
of an impulse turbine nozzle. 

When turbine blades are tested statically, and the apparatus ar- 
ranged so that the fluid enters the blading without shock, the condi- 
tions are similar to those of an impulse element nozzle. In this case 
only (pi is measured, and its magnitude determines the characteristic 
loss for the blade passage. 

In a pure impulse blade the enthalpy change from entrance to exit 
is zero, consequently Cq^ = 0, 
and the discharge velocity is 

W2 = (28) 

Thus, though there are 
special solutions to the veloc- 
ity equations for certain cases, 
the real advantage of express- 
ing them in the form used is 
that they are perfectly gen- 
eral. They can be applied 
with equal facility to the 
Rateau, impulse, and reaction 
stages, or to nozzle flow. 

9. The Single-Stage Rateau 
Turbine 

In a single-stage Rateau 
turbine, owing to losses in the 
blading, the exit relative ve- 
locity is smaller than the en- 
trance value, and the approach velocity for the nozzles is zero. The 
exit relative velocity W 2 is from equation 28 

W2 =» (29) 

The coefficient ^ is termed the blading coefficient. Substituting for 
W 2 from equation 29 into equation 13 




Fig. 7. Flow conditions for impulse blades. 
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Equation 30 shows that in the interest of a large energy transfer to 
the rotor the nozzle angle ai should be as small as possible. Fairly 
small angles are practicable, and in actual turbines the values of ai 
range between 12® and 15®. 

Expressing Wi in terms of ai, w, and 


Cl cos Ofi — w 

Wi = (31) 

cos Pi 

Substituting the above into equation 30 gives the following equa- 
tion for the energy transfer 

cos ^ 2 ^ 


u 

g - 


Cl cos ai — u + ^{ci cos ai — u) 


cos jSi- 


Rearranging 


Li — {ci cos ai 
g 


^ ( COSi52\ 

-^/)(l + ^ — -) 
\ cos/3i/ 


cos /3i> 

Rearranging and introducing the velocity ratio vi = u/ci 


(32) 

(33) 


/cos ai \ / cos fi 2 \ . . 

L, = -( i)(i (34) 

g \ Pi / \ cos/3i/ 


(a) Blading Efficiency. The ratio of the energy transfer Lt to 
the kinetic energy of the jet is denoted by tji, and is termed the 
blading efficiency. Dividing equation 34 by the jet kinetic energy 

/ « V 

/ cos P 2 \ 

2 M -f ^ — j cos ai — vi^) (35) 

\ cos/^i/ 


Vh 


The above is the equation of a parabola. It is seen that the blad- 
ing efficiency depends on the blade angles fii and P 21 and on the 
velocity ratio vi. If ai, and the ratio cos ^ 2 /^ 0 ^ Pi are held con- 
stant, then 7ih is a function vi alone. The value of vi which gives the 
maximum value for 176 is obtained by differentiating equation 35 
and setting the result equal to zero. 


Hence 


drib 

dvi 


. 2(1 


cos Pi 

cos ai = 2 vi 
and the value of vi for (177,) max. is 

cos 

n *= — r — 


cos p2\ 

^ T" ) (^^® ““ ® 


(36) 

(37) 

(38) 
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Substituting the above value of Pi into equation 35 gives the 
following equation for the maximum blading efficiency (vb)max. 


(Vb)v 


( cos fi2\ 

1 “) 

cos Bi/ 


cos fi 2 \ cos^ ai 


(39) 


It is apparent from equation 35 that the energy transfer depends 
upon the velocity ratio and the angles jSi and I32- In a single-stage 
Rateau turbine of conventional design the blading is unsymmetrical ; 
the exit angle is usually smaller than the entrance angle. This con- 
struction improves the efficiency. 

The inlet angle fix is usually made from 28° to 32°, and the exit 
angle ^2 ranges from 19° to 23°. The smaller exit angles are used 
with the narrower blade sections, and the smaller entrance angles 
with the wider sections. 

Usually the difference between the blading angles is so small that 
Wi and W 2 can be assumed to make the same angle with u. If it is 
assumed that jSi = /32 = fit then the maximum energy transfer results 
when 


U cos ai 



(40) 


and the maximum efficiency of the blading is 

cos^ ai 

{Vb)max. == (1 + ^) 


(41) 


The entrance and exit velocity diagrams for an impulse blade pas- 
sage, with flow losses, are illustrated in Fig. 7. 

(d) Nozzle and Blading Efficiency. This efficiency takes into ac- 
count that the jet velocity of the gases leaving the nozzle ci is smaller 
than the ideal value Cq. If rin is the efficiency of the nozzle and rtnb 
the nozzle and blading efficiency then in general 

Vnh = * Vi (42) 

The nozzle efficiency is defined, in general, as the ratio of the in- 
crease in the kinetic energy of the fluid produced by the nozzle, to 
the available energy for the stage. In a Rateau stage the approach 
velocity for the fluid entering the nozzle may be neglected, and if 
is the velocity coefficient for the nozzle then as shown in Chapter 3, 
Section 13, Vn ** and ci *» ^ico. 
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Multiplying equation 35 by noting that Cq = ci/^i, and 

letting vq = u/cq = isentropic velocity ratio ^ then 

( cos ^ 2 \ 

1 ^ T" ) (^1 (43) 

cos /3i/ 

It is seen from equation 43 that the nozzle and blading efficiency, 
which will be called the internal efficiency is a function of pq^ ^ 2 > 
tpi and the ratio cos 02 /cos 0 i, The entrance angle 0 i is selected to 
give shockless entrance of the fluid at the most important operating 
condition. The exit angle 02 is based on the continuity require- 
ments for the blade passage. It is preferable to make 02 somewhat 
smaller than that obtained by applying the continuity equation to 
the exit area of the blade passage. The effect of reducing the value 
of 02 is to cause the blades to operate with a slight reaction, which is 
beneficial from the standpoint of blade efficiency, as explained in 
Section 15. 

For equiangular blades equation 43 reduces to 

Vi = Vnb = 2po(1 + ^)(^i cos ai — Vq) (44) 

The usefulness of equations 43 and 44 is somewhat limited since 
their application requires that ^ and (pi be known functions of pq- 
Furthermore, an actual Rateau stage usually operates with a small 
amount of reaction. Because of the foregoing rji = Vnb is determined 
experimentally, and the energy transfer to the rotor is calculated 
from the available energy H for the stage. 

Lt = VnbJU = TliJII (45) 

For a given turbine all the terms except pq may be considered to be 
constants. Hence equation 44 can be written in the form 

Vi = CiPo - C2Vo^ (46) 

where Ci and C 2 are constants. 

This last expression is the equation of a parabola. Hence the 
internal efficiency is a parabolic function of the isentropic velocity 
ratio. 

In some cases it is of more advantage to plot the efficiency as a 
function of the reciprocal of the isentropic velocity ratio, called the 
velocity number. 

Referring to equation 44, it is seen that increasing ai and decreas- 
ing the ratio cos 02 /co 8 0i reduces the efficiency. However, very 
small values of ai should not be used, because then the long inclined 
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cut-off of the nozzle produces an increase in its surface friction de- 
creasing the value of the loss coefficient (pi and the efficiency. 

Although the preceding was derived for an impulse stage the 
parabolic law applies also to the internal efficiency of a reaction 
stage as a function of pq = h/cq. 

According to reference 11 the highest efficiency values for impulse 
stages are attained when l/j'o = 2.1, corresponding to which 
(^i)max. = 0.80 to 0.84. In a symmetrical reaction stage (r = 0.5) 
the highest efficiency is attained when \/vo = 1.55, for which 
(^Omax. ~ 0.80 to 0.88. 

It can be said, in general, that the stage efficiency attains its max- 
imum value if the fluid is discharged perpendicularly to the wheel, 
that is, when the value of C 2 is a minimum, and the exit fluid contains 
a minimum of energy. However, this rule should not be taken too 
absolutely because several other factors are influential. 

10. The Reaction Stage 

The blade profiles employed in reaction turbines are different from 
impulse blading. The exit angle of the reaction blade is smaller, 
in the neighborhood of 15°, and the trailing edge is made as thin as 
practicable. In recent years there has been a development of the 
shape of the reaction blade, concerned mainly with the profile for 
the inlet edge. 

The older reaction blade sections had a sharp, hooked inlet edge 
quite similar to that of impulse blades. In modern designs the hooked 
inlet has been replaced by a blunt, rounded entrance similar to the 
leading edge of an airfoil. This blading is what might be termed 
airfoil blading. For this type of blading it is difficult to define the 
inlet angle accurately, but, in general, it is such that the inlet rela- 
tive velocity makes an angle of 80° to 90° with the tangential velocity. 
The efficiency of the rounded entrance blading is higher than that 
of the earlier types, and shockless entrance of the fluid can be ob- 
tained over a wider range of velocity ratios. 

Consider an intermediate stage of a reaction turbine, and assume 
that the blades of the stationary blade row have identical sections. 
Similarly, assume that the blades in the moving row have identical 
sections, but not necessarily the same sections as the stationary 
blades. The fluid enters each stationary blade row except the first 
with a kinetic energy corresponding to the exit velocity C 2 for the 
preceding row of moving blades. The exit velocity for a preceding 
row of moving blades C 2 will be denoted by where C 2 v is the carry- 
over velocity and is equal to C 2 . It has been mentioned, see Chap- 
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ter 3, that the kinetic energy associated with C 2 v is not wholly 
available because of inlet losses in the stationary blades. The actual 
carry-over energy available to the stage is (t> 2 v^C 2 v^ /2gJ Btu/lb, 
where <t> 2 v < 1 is the carry-over coefficient. Hence, the kinetic 
energy gained in the stationary blades is {ci^ — <t>2v^C2v^)/2gJ Btu/lb. 
Let the isentropic velocity Co, corresponding to the available energy 
for the stage H = Us + //r, be defined by 

Co^ = 2gJH (47) 


Since (p 2 v^C 2 ^ represents the carry-over actually used in the sta- 
tionary blades, the gain in kinetic energy is at the expense of the 
enthalpy decrease in the blade row. Let denote the nozzle coef- 
ficient for the stationary blades; then the energy equation is 


C\ 


2 


2gJ 


2 2 
<P2v C2v 

2gJ 


= - r)H 


(48) 


For the rotating blades the exit relative velocity Wz is accordingly 
defined by 

W = 4>2^rco^ + (49) 

where and ^2 are loss coefficients for the rotating blades. 

The change in the whirl velocities is from Fig. 7 


ACtt = (^iw — C 2 u) = Cl cos ai — w + w /2 cos ^2 (50) 

The energy transfer from the fluid to the rotor per pound of fluid is 
as before 

L, = - hcu (51) 

g 

Substituting for from equation 50 


Lt = - (ci cos ai u + W 2 cos P 2 ) 
g 

Letting Pi = u/ci and V 2 == u/w 2 t 


(52) 


Le — - cos ai — Ci^i^ + cos ^ 2 ) 
g 

The nozzle and blading efficiency is 


U/J 


(S3) 


Vnb ** Vi 


H,+Hr 


( 54 ) 
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Owing to leakage of fluid through the clearances between the ro- 
tating blades and the cylinder, and between the stationary blades 
and the rotor, the actual efficiency of the stage is reduced. The 
foregoing equations apply only to the fluid which actually flows 
through the blades. 


11. Symmetrical Reaction Stage 

An ideal reaction stage with identical blade sections for the blades 
in the stationary and moving rows has equal enthalpy drops in the 
two rows. Consequently the entrance and exit velocity triangles 
for the moving blades are identical. If is the loss coefficient, and 
11 the available energy for the stage, then the enthalpy drop in each 
row is 

In a symmetrical reaction stage, also called a 50 per cent reaction 
stage, 

Cl = W2 Wi = C2 ai == p2 ^2 ~ Pi 

(55) 

<^i = \[/2 and <p 2 v = 

Hence, substituting for W 2 = Ci and P 2 = in equation 52 gives 
the following expression for the energy transferred to useful work 


Lt = - (2ci cos ai ~ u) ft-lb/lb 

g 

In terms of the velocity ratio n = w/n = u/w 2 , 

ci^ 

Lt — — (2vi cos ai — vi) 
g 

The nozzle and blading efficiency 17 * is accordingly 


Vi = 


Cl 

gJH 


(2pt cos ai — vi^) 


(56) 


(57) 


(58) 


From equations 47 and 48, noting that for the symmetrical reaction 
stage r = 0.5, 

2 2 g 2g 

so that 


JH 


g>l>i 




(59) 

(60) 


Substituting for JH in equation 58 from equation 60, 


m = 4>i 


2vi cos «! — VI 

1 “ ^**(C2»Vci^) 


(61) 
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Since C 2 = C 2 vi it follows from the velocity triangles for a symmetrical 
stage that (see Fig. 7) 

C 2 v^ = == ^ 2 ^ + *“ 2 uw 2 cos ^2 (^) 

but for the symmetrical stage W 2 = and ^2 = «i* Hence 

C2v^ = ~ 2tCCi cos QTi (b) 


and 


^2v o ^ 

— — = 1 + vi — 2vi cos ai 

ci' 


= 1 — (2vi cos ai — vi^) 


( 62 ) 


Introducing the diagram factor €, which is defined by 

€ = 21^1 cos ai — vi^ (63) 


The equation for the nozzle and blading efficiency can be written in 
the form 


Vi = </>i^ 


€ 

1 - <t>2v\l - e) 


(64) 


It is seen from equation 64 that rji for a symmetrical stage depends 
upon the diagram factor and the blading coefficients. Since the 
diagram factor is a function of the velocity ratio vi = u/ci and of the 
angle ai, these factors influence the efficiency. If for a given stage 
ai, <t>i, and ip 2 v are assumed to be substantially constant, which is 
approximately correct, then the efficiency is a function only of the 
velocity ratio vi. 

Equation 64 can be written in the form 


Vi = 




1 <P2v 


+ V?2v^ 


(65) 


Since <t>i and <p 2 v niay be assumed to be constant for a given stage, 
the maximum value of rji = (vi)max, occurs when e = cmax.- Differ- 
entiating equation 65 with respect to vi, and setting the result equal 
to zero, gives the value of vi corresponding to and {vi)max.- 

de 

— == 2 cos ai — 2vi = 0 

dvi 

and the value of vi corresponding to Cmax, is 


vi = cos ai 


( 66 ) 
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The corresponding values of and (i7»)max. are 


and 


€max. = 2 COS^ — COS^ = COS^ ai 


(67) 


iVi) 


max. 


= <t>l^ 


cos^ ai 

1 “ ^2/(1 — cos^ ai) 


( 68 ) 


The actual efficiency of the stage will be smaller than that given 
by equation 68 because of leakage 01 fluid through the clearances 
between the moving blade tips and the casing, and the stationary 
blade tips and the rotor. In addition there are the losses due to disk 
friction, gland leakage, and bearing friction. 


12. Enthalpy Drop for Impulse and Reaction Stages 

It has been demonstrated in the preccMding sections that the velocity 
ratio for best efficiency is Pi = cos ai/2 for the Rateau stage and 
Pi = cos ai for the ideal reaction stage. It can be shown by similar 
methods that the optimum velocity ratio for an ideal Curtis stage is 
Pi = cos ai/4. Figure 8 presents the internal efficiency T}i as a func- 
tion of the velocity ratio for the Rateau, Curtis, and reaction stages. 



Velocity ratio, 

Fig. 8. Comparison of nozzle and blading efficiencies of Rateau, Curtis, and 

reaction stages. 

As pointed out in the preceding, the efficiencies presented in Fig. 
8 are not the overall efficiencies for the stage, because the only losses 
considered in the foregoing were those associated with the transforma- 
tion of thermal energy into kinetic energy in the nozzle or stationary 
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blades and accompanying the energy transfer to the rotor. To calcu- 
late the overall efficiency of the stage, called the stage efficiency i;,, 
the effects of disk friction, blade windage, reheat, leakage, blade 
losses, etc., must be taken into account. 

From the optimum velocity ratio for the three types of stages the 
heat-absorbing capacity of each stage is readily determined. The 
enthalpy drop corresponding to the fluid velocity cisUh = c^/50,000 
Btu/lb. 

Assuming that the peripheral velocity of a given turbine stage is 
limited by stress considerations to 500 fps, the enthalpy drop for 
each of the three stages is determined as follows. 


(a) Rateau Stage. For maximum efficiency, assuming ii » 0.48, 


u 


Cl = - 

VI 


500 

0.48 


= 1042 


fps 




(1042)2 
50,000 ““ 50,000 


21.7 Btu/lb (per stage) 


(6) Curtis Stage. For maximum efficiency, assuming vi = 0.28, 

" 500 , 

= 1785 fps 

VI 0.28 

(1785)2 

“ cnnnn “ ^ Btu/lb (per stage) 
oU,UUU 


(c) Reaction Stage. For maximum efficiency, assuming vi 

500 
0.85 
(590)2 


0.85, 


Cl 


Ahr 


= 590 fps 

= 6.95 Btu/lb (per row) 


50,000 

for the stage Ah, = 2Ahr = 13.90 Btu/lb. 

The enthalpy drop per stage can be expressed in terms of the wheel 
diameter D in inches and n the rpm. Thus 
2 

Ah, 


Cl 


50,000 


(~) (“~) ) (69) 

\yi/ \50,000/ V720i^i/ V50,000/ 


From the above it is apparent that the enthalpy drop varies as 
the square of the turbine wheel diameter. Consequently, in the 
interest of reducing the number of stages the wheel diameter must 
be large, but if the diameter is increased the fluid velocity must be 
raised in the same proportion to maintain a constant velocity ratio. 
For a full admission turbine the nozzle discharge area is proportional 
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to the product of the wheel diameter and the nozzle height. Simi- 
larly the blade height varies inversely as the square of the wheel 
diameter. If the wheel diameter is too large the nozzle and blade 
proportions will be such that efficiency is impaired. In impulse tur- 
bines, this consideration can be overcome by using partial admission, 
thereby making it possible to utilize practical dimensions for the 
nozzle and blade heights. 

It should be noted that the fluid-lriction losses increase as the 
square of the fluid velocity, whereas the leakage losses, due to flow 
around the blading and through the clearances between the station- 
ary and moving members of the machine, increase with the pressure 
drop across the blading. Consequently, the fluid friction losses are 
likely to be smaller in a reaction stage than in an impulse stage, but 
the leakage losses tend to be smaller in an impulse stage. The leakage 
losses are a function of the bucket flow area and the area of the clear- 
ance space. 

For aircraft gas turbines or turbojet engines the single-stage Rateau 
turbine when applicable has the advantage of low weight and per- 
mits operation at a somewhat higher temperature at the entrance to 
the nozzles. The expansion of the gases in the nozzles reduces their 
temperature before they enter the blading, so that only stationary 
elements are exposed to the highest temperatures. This tends to 
compensate for the lower efficiency of the single-stage machine. 

13. Blading Coefficients 

It has been shown that the absolute velocity for the fluid leaving 
the stationary blade row (or nozzles) Ci is given by equation 48, and 
the relative velocity for the fluid leaving the moving blades W 2 is 
given by equation 49. These equations apply to the fluid which 
actually flows through the blade passages. The final results can be 
corrected for the leakage losses. 

For a constant-pressure stage (impulse stage) the reaction is zero. 
Substituting r = 0 in equations 25 and 26 gives the following equa- 
tions for the absolute velocity of the fluid leaving the nozzles c\, 

and for «; 2 , then, 

C\ == 4" (70) 

and 

W2 = == (71) 

Let 

^ » ^1^2 (72) 

W2 *» fwi (73) 


Then 
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With good average dimensions, that is, blades having lengths of 
1.5 in. to 2 in. and small clearances and shrouds, the blading coeffi- 
cients will have the following values: V’l = ^2 — 0.95; = 

0.95 — 0.08r; = v? 2 v = 0.8 for the intermediate stages of impulse 

turbines with r = 0 to r = 0.5; and = <p2v = 0.9 for the inter- 
mediate stages of reaction turbines with r = O.S. 

According to G. Fliigel {Die Dampjiurhinen, pp. 73 and 74), the 
coefficients attain the following values under the most favorable 
conditions: = ^2 = 0.97 and ^2 = == 0.95. Many ex- 

periments have been conducted, with both stationary and rotating 
blades, to determine the effect of fluid velocity upon tp and The 
results, however, are still too inconclusive to support any generaliza- 
tions. For further discussion of this see references 1 1 and 14. 


14. Stage Efficienof Equation 

It has been shown that the internal efficiency of a turbine stage 
7ji is defined, in general, by 


Work done in the stage 
Energy supplied to the stage 


(74) 


Equation 74 is also applicable to a complete multistage machine. 
The internal efficiency for a multistage turbine will be denoted by 
Tjit to distinguish it from the efficiency of a single stage r)i. Hence, 
for either a multistage or a single-stage turbine, the following general 
equation can be written : 


Lt 


Vi 


Vit = 


JH' 


(75) 


In equation 75 the term Lu or its equivalent is the internal 
output of either a single-stage or a complete turbine. Similarly 
//' is the energy supplied to either a single-stage or a complete 
turbine. In practice is determined from the output measured 
with some form of dynamometer by correcting the measured output 
for losses. The energy supplied is calculated from measurements 
of the state properties of the fluid entering and leaving the stage or 
the turbine as the case may be. 

In a multistage turbine the carry-over energy can be utilized in 
all stages except the last one. In the ideal turbine all the carry-over 
energy is utilized, but in an actual one only a portion of the carry- 
over energy does useful work. Hence, the usable carry-over energy 
is where is the carry-over coefficient for an ideal stage. 
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Similarly the usable exit energy can be expressed \C 2 /IgJ, where X 
is the residual energy coefficient for an ideal stage. Hence, the total 
useful energy supplied to any arbitrary stage of an ideal multistage 
turbine, which is denoted by //', is given by 

ir ^ 11+ K — C2v^ -\ — C2^ (76) 

In the ideal case the energy coefficients and X can have either of 
two values: unity when the carry-over energy is fully utilized, and 
zero when it cannot be utilized. Hence, equation 76 gives the total 
useful energy furnished to any arbitrary selected stage. The stage 
internal output IIvj is given by 

1 u 

Hy, = -Lt ==~Acu (77) 

J gJ 

The general form of the efficiency equation is 

" i/' ~ H+ - W) ^ 

If the losses due to friction, etc. are neglected 


Hy} — Ao ^2 + ~ — 1 {<P2v^(^2v^ ““ ^2^) (79) 

UJ 

Hence, equation 78 can be written in the form 

^ Ao — ^2 + {^l2gJ){Kp2vC2v — C 2 ) 

" H + (l/2g/)(X^2/ _ ^^^2) ( 

Equation 80 is applicable to either a reaction or an impulse stage, 
and to any arbitrary selected stage of a multistage machine. 

Case A. Single-Stage ImpxUse Turbine. In this case the approach 
velocity of the fluid entering the nozzles C 2 v is so small that it may 
be assumed that C 2 v = 0. Furthermore, the residual energy C 2 /IgJ 
Btu/lb cannot be utilized. Hence, X,, = X = 0, and the efficiency 
equation becomes 

(Ao - Aa) - (l/2g/)c2* 

»K. == ;;r (»1) 


The efficiency has been denoted by i,,-, to indicate that it is the in- 
ternal efficiency of a single-stage machine. The energy relationships 
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for a single-stage impulse turbine are illustrated graphically in 
Fig. 9. 



Fig. 9. Representation of stage expansion with negligible velocity of approach. 


Case B. First Stage in a Group of Stages. In this case, too, the 
approach velocity for the nozzles c^v is negligible. The residual 
energy /2gJ is made available, however, for utilization in the next 
stage. Hence = 0, and X « 1, so that the stage efficiency is 
given by 

— ~ ““ 

H - {ci^/lgj) 


The internal efficiency is denoted by rjn to indicate that it applies 
to the first stage of a multistage machine. The energy conditions 
are illustrated in Fig. 10. 



Fig. 10. Representation on the h^s plane of the first stage expansion for a group 

of stages. 
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Case C. Last Stage of a Group. In this case the carry-over energy 
is available to the stage and = 1. The residual energy c^llgJ 
cannot be utilized ; it is the leaving loss, so that X = 0, The efficiency 
equation becomes 


ho - hi + (l/2gJ)(y2A2/ - C2^) 

II + (C2,.V2g/) 


(83) 


This case is illustrated in Fig. 11. 



Fig. 11. Representation on the h-s plane of the last stage expansion for a group 

of stages. 

Case D. Intermediate Stage of a Group. Both the carry-over and 
residual kinetic energies are utilizable, so that X^ = X = 1. Further- 
more, the approach velocity c^v is not very much different from the 
exit velocity ^ 2 . Assuming that c^v = 


Vi == 



(84) 


This is the general case for the reaction stage illustrated in Fig. 6. 


IS. Effect of Reaction in Impulse Blading 

The equations of Section 10 will be now applied to a single-stage 
Rateau turbine, and it will be assumed that the rotating blading 
operates with some degree of reaction. The degree of reaction is 
governed by the ratio of the exit area of the nozzle to the exit area 
of the moving-blade passages. 

The approach velocity in the nozzle chamber C 2 v is so small com- 
pared to the velocity of the jet leaving the nozzle that it may be 
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neglected. Hence, the jet velocity for the impulse turbine is given 
by equation 48, which reduces to 

Cl = <piV(l - r)co^ (85) 

If the rotating blades operate with reaction, the relative velocity 
ZV 2 is given by equation 49, so that 


W2 




( 86 ) 


The values of the coefficients and ^2 depend on the design of 
the blading, and for a given design their values are fixed. The effect 
of reaction will be investigated upon the aforementioned basis. 

It was shown in Section 13 that, if the blading operates without 
reaction, equations 72 and 73 give the relationship between the 
velocities and the blading coefficients. The efficiency of the blade 
passage 776 is the ratio of the energies leaving and entering it and is 
given by 


W2 4^2 Yi m 


Vb = 


Wi 


Wi 


= 4'iW = 


(87) 


If the blading operates with considerable reaction so that r is close 
to unity, it follows from equation 86 that, since Wi is small compared 
to Cof the exit relative velocity is approximately 

W2 ~ ^2^0 v7 « i2Co (88) 

For W 2 = >l^ 2 ^o the efficiency is 

«’2^ 2 

« ^2^* (89) 

Since and ^2 are fractions 

< 4 ^ 2 ^ (90) 


Comparing the two efficiency equations 87 and 89 with equation 90 
it is apparent that if the rotating blades operate with some reaction 
there is an improvement in the blade efficiency. This is borne out 
in practice. 

The efficiency of reaction blades lies between the extremes of 
equations 87 and 89 since the efficiency of reaction blades is dependent 
upon the effectiveness with which the carry-over energy from the 
preceding stage is utilized. A properly shaped reaction blade may 
be expected to have a lower efficiency than a nozzle but a higher 
efficiency than that for impulse blades. 
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16. Flow Area and Blade Height 

The flow areas for the nozzles and rotating blades are determined 
by applying the continuity equation to the area under consideration. 

The function of the nozzle is to increase the velocity of the fluid 
stream and give it a definite direction of flow. When the turbine is 
designed for full admission, the cross sections of the discharge area 
are rectangular and the walls between the individual nozzles are 
made quite thin. Figure 12 illustrates the geometry of such a nozzle 
for an impulse turbine. In reaction turbines the stationary blades 
perform the functions of the nozzles. 



Fig. 12. Cross section through an impulse turbine nozzle. 

In an impulse-turbine nozzle the walls forming the flow path 
usually have a flat surface corresponding to AB in Fig. 12. The angle 
made by this surface with the plane perpendicular to the axis of 
rotation, denoted by a in the figure, is termed the nozzle angle. The 
angle of the velocity of the fluid stream is usually slightly different 
from the nozzle angle. 

The effective flow area for one nozzle passage is in general 

^ = W (91) 

where b is the mean width of the passage and / its height. If S is 
the mean pitch for the passage, t the edge thickness of the passage 
wall, and a the nozzle angle, then from Fig. 12 

^ = 6/ = (5 sin a — t)l = US sin a (92) 

where b is the edge thickness factor and is given by 

5 sin a — / 

b = 


S sin a 


( 93 ) 
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If the turbine operates with full admission, the number of nozzles 
required is s = ^Dp/S, where Dp is the diameter of the pitch circle. 
The total nozzle area for full admission, z nozzles, is 


Az = irDplb sin a 


(94) 


The ratio of the actual nozzle flow area to the annulus irDpl is 
the admission factor e. 

For reaction blading it is difficult to define the nozzle angle, as 
explained earlier. The setting of the blades is defined by a factor 
called the gauging which is denoted by \. The area of a single flow 
passage is 

A ^\Sl (95) 

Since the reaction stage operates with full admission the complete 
flow area for a stage is given by 


Az \TrDU 


(96) 


The gauging usually has a value ranging from 0.30 to 0.40. Hence, 
for a row of stationary reaction blades, 

G = XwDplciyi (97) 

and for a row of rotating reaction blades, 

G = \7rDplw2y2 (98) 

If Dp and I are in inches, then for the stationary blades 

lUGvi 

where Vi is the specific volume at the blade exit. 

Similarly for the rotating blades 

14AGv2 

Ir = — — (100) 

ATrDpW2 

It is convenient to express the blade length in terms of the velocity 
ratio and wheel speed. Thus consider the rotating row and let 
P 2 *= u/w 2 ; then 


Ir 


1446^2^2 

\vDpU 


(101) 


Let Ra = If/b be the aspect ratio of the blading, and w the rotative 
speed in radians per second ; then 

144G^2’'2 
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The weight rate of flow through the blading is accordingly 


XTcDptibR-A. 

1442 ^ 2*^2 


Ib/sec 


(103) 


17. Effect of Changing Operating Conditions 

A turbine is designed basically for a single set of operating condi- 
tions, such as flow and pressure ratio. When the flow conditions 
differ from the design values the pressure ratio must adjust itself 
to the new flow. 

Case A. Critical Velocity in Passages. It follows from Chapter 3 
that, where the velocity in the narrowest passage is equal to the 
critical velocity, the maximum flow in pounds per second is given 
by equation 3-122, which can be written in the form 

Gmax. == Ib/scc (104) 

- \k + 1/ ^ Vi 

where Am = minimum flow area. 

m = critical pressure ratio. 

C/> = discharge coefficient, 
or 

yjj (-^) ( 105 ) 

If the subscript 1 refers to the new operating condition and the 
subscript 0 to the design condition, then, assuming Cu constant, the 
relationship between the weight flow and the upstream pressure to 
the turbine stage under critical flow conditions is given by 


This equation is applicable to a single stage of the turbine or several 
stages in series, and it assumes that there is no change in the flow- 
path cross sections with change in operating conditions. Obviously, 
this equation is inapplicable to stages where a regulating valve con- 
trols the flow-passage area. 

A small change in the temperature of the working fluid has a 
minor effect upon the weight flow because its absolute temperature 
enters the equation to the one-half power. Consequently, the weight 
flow depends primarily upon the admission pressure pi and is prac- 
tically proportional to it. 


Gi Pii 


PlO ^11 


4 


Pn ^0 
PlO ^11 


(106) 
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Example. A De Laval nozzle is designed for initial conditions of pi — 200 psia 
and T\ = 1600 R. The initial conditions are changed to 100 psia and 1400 R. 
What will be the ratio of the new flow to the design flow? 


/>io = 200 Tio = 1600 R flow is critical 


Pii = 100 
Go PiQ 'Sl Til 


Til = 1400 R flow is critical 
/1600 

= 0.5 X 1.065 = 0.533 


Case B. Subcritical Velocities. This condition applies principally 
to reaction turbines. Assume that the flow area is A and the clear- 
ance losses are too small to influence the problem. Then the con- 
tinuity equation for any reaction blading row is 


G = \/co^ + C2v^ = Co 


Vi + 


(107) 


In equation 107 the factor e is defined by the relationship 


e = 


C2v^ ^ (1 “ 

Co 1 — fp^(l -- 6o) 


(108) 


where as before eo is the diagram factor and is defined here by 

Co = 2 po cos ai — (109) 

Squaring both sides of equation 107, rearranging, expressing G in 
terms of the flow for perfect gases, and noting that c^ /IgJ = A/^o', 
then 

1 1 

= AV (110) 


For brevity let 


14 -^ IpJ 


A<t> = 


1 


1 


(1 4- e)A^CD^ IgJ 


( 111 ) 


Then, assuming Cd constant, for a given set of blading equation 110 
becomes 

GV(A4>) = AAo' (112) 

For a turbine containing several stages, the last expression can be 
written in differential form, thus 


= -dh 

J ^ 


(113) 


the negative sign denoting that the enthalpy decreases as the fluid 
expands through the turbine. 
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For a polytropic expansion having an efficiency rjt, the character- 
istic equation is pv*^ = constant, and from equation 3-71 the relation 
between ky and n is, for small pressure ratios, 


1 

- = 1 — TJi 

n 



(114) 


Integrating equation 113 and assuming the expansion to be poly tropic 


<Vi/ 

where n is defined by equation 114 and 


If the blades are nearly similar and there are z rows of blades, then 




(117) 


The value of e is determined from the average value of vq for the 
complete turbine. 

Comparing two different flows for the turbine 


Go" ■ 




(118) 


where pxo 
Pii 

VlQ 

Vii 

p2(^ 

p2l 

eo 

ei 


= initial pressure corresponding to the weight flow Cq. 
= initial pressure corresponding to flow Gi. 

= initial specific volume corresponding to flow Go. 

= initial specific volume corresponding to flow Gi, 

= back pressure corresponding to Gq. 

== back pressure corresponding to Gi. 

== carry-over function corresponding to flow Gq. 

= the value of eo corresponding to flow Gi. 


Equation 
tures, thus 


118 can be expressed in terms of pressures and tempera- 
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The quantity (1 + + ^o) is a speed correction factor which 

enters because of the variation in the amount of carry-over energy 
between the stages, with changes in speed. 

For approximation purposes it can be assumed that n = 2. Fur- 
ther, the speed correction factor V^(l + + cq) can be assumed 

to be unity. 

For approximate purposes the flow relationship becomes 



18. Wheel Diameter and Blade Stress 

The wheel diameter can be related to the blade stress in the follow- 
ing manner. Let 

M = mass of one blade, slug. 
a = area of blade section, in.^ 

D = diameter to center of gravity of blade, in. 
u = peripheral speed of blade, fps. 
fc = centrifugal force acting on one blade, lb. 

<r = blade stress, psi. 

V == velocity ratio u/cx or u/w^- 

Q) == angular velocity of blade, rad/sec. 
p = density of blade material, slug/in.® 

V = specific volume, ft^/lb. 

X = gauging. 


Then the centrifugal force due to the inertia of one blade at radius 
D/2 in. is given by 


/c - M- 


D/24: 

The stress on the blade is given by 


24M— lb 
D 


fl22) 


fc 

<r «s — 

d 


24 

— M — psi 
a D 


azi) 
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The mass of a blade of length /, assuming constant cross-sectional 
area throughout its length, is given by 


M = pal 


(124) 


Hence, substituting for I in terms of the blade width b and its 
aspect ratio Ra^ equation 123, becomes 


<r = 24p/ 

Solving for the aspect ratio 
Ra = 


D 


cD 


24pRa ™ b 


'24<r 


24pbu^ pbJ^D 

Hence from equation 125 the blade length is given by 

14:^Gvv 24<r 


(125) 


(126) 


I ^hRA^ 


or 


X7rZ)2(^/24) poi^D 

144Gvt^po) = \TaD 

Hence, the wheel diameter is given by 

144po3PvG 

D in. 

TTtrX 

Example. Inlet conditions to a gas turbine wheel are 

G = 30 Ib/sec. Inlet temperature T\ = 1660 R. 


(127) 


(128) 


30 Ib/sec. 

. = 0.85. 

CP — 380 rad/sec. 

X - 0.35. 

<T = 4000 psi (design stress), 
p = 8.8 X 10”® slug/in.® (alloy steel). 
b = blade width = in. 


Inlet pressure pi = 90 psia. 


Find the wheel diameter and blade height. 

RT 53.3 X loou 
" ~ p ~ 90 X 144 


= 6.82 ft*/lb 


Using equation 128 


D 

Using equation 126 


(144)(8.8 X 10”®)(380)(0.85)(6.82)(30) 


Ra 


(7r)(4000)(0.35) 
24 X 4000 


= 19.0 in. 


5.32 


Hence 


(8.8 X 10”®)(0.75)(380)2(19) 

Im^hRA-- 0.75 X 5.32 - 3.98 in. (say, 4 in.) 
Wheel diameter -* 19.0 — 4.0 « 15.0 in. 
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THE COMBUSTION CHAMBER 


1. Introduction 

The function of the combustion chamber is the same in either the 
gas-turbine power plant or the turbojet engine. It is the component 
wherein fuel is introduced and burned to raise the temperature of 
the working fluid to the desired value. The fuel is burned in a pri- 
mary air stream, where the air-fuel ratio is close enough to the 
stoichiometric ratio to initiate combustion, and finally the products 
of complete combustion are cooled by mixing them with the balance 
of the air flow ; there is, therefore, the problem of securing an intimate 
mixture of the cool and hot stream in addition to the combustion 
problem. Since the maximum allowable temperature of the final 
mixture is dictated by the permissible operating temperature for 
the turbine blading it is important that the final mixture be of uni- 
form temperature throughout. 

The principal requirements for the combustion chamber are: {a) 
low weight and small frontal area; {b) low pressure loss; {c) stable 
and efficient combustion over the operating flight altitudes and 
speeds; {d) reliability, serviceability, and reasonable life; and {e) 
thorough mixing of the hot and cold fluid streams to give a uniform 
temperature distribution throughout the final mixture arriving at 
the inlet to the turbine. 

Since some of these requirements call for conflicting design features 
the final design is a compromise to obtain the most satisfactory over- 
all result. To illustrate, it has been pointed out in Chapter 7 that 
low pressure loss is extremely desirable from the point of view of 
plant efficiency. To secure the lowest pressure loss the ducts should 
be large and the velocities small. This, however, is in direct conflict 
with the requirements of low weight, low frontal area, and thorough 
mixing. Furthermore, since all the processes involve such phenomena 
as turbulence, chemical reaction rates, and energy transfer which 
have not been harmonized into a single coordinated theory of com- 
bustion, the design of combustion chambers has to be based on exper- 
imental data. Nevertheless, many of the individual processes in- 
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volved are well understood from research in other fields, and the 
available knowledge is helpful in guiding experimental work and in 
making preliminary judgments. These will be discussed briefly. 

2. Combustion Process 

The combustion problem differs from that encountered in sta- 
tionary plants and internal-combustion engines in that the fuel must 
be burned in a rapidly moving body of air, and the overall air-fuel 
ratio greatly exceeds the stoichiometric ratio. In general, the fuels 
employed are liquid hydrocarbons. It is worth mentioning here 
that considerable experimentation is being conducted both here and 
abroad with coal-burning combustion chambers for use in stationary 
gas-turbine plants and locomotive gas turbines. The reported results 
appear encouraging.^ For the purposes at hand, the discussions 
which follow are limited to combustion chambers for liquid hydro- 
carbon fuels. 

The fuel may be introduced into the combustion chamber in the 
form of a fine spray, it may be vaporized outside the combustion 
chamber, or it may be vaporized inside the combustion chamber. 
Investigations by the British indicate that external vaporization has 
not been as satisfactory as liquid-spray injection.^® Internal vapori- 
zation when properly developed has given good results. Irrespective 
of the means employed for introducing the fuel the objectives sought 
are identical : to prepare the fuel so that it will unite readily with the 
oxygen in the air and ignite rapidly. 

The problem of burning atomized liquid fuel has received con- 
siderable study in its applications to stationary oil burners and quite 
intensive study in its application to internal-combustion engines. 
Since the observations made in these two fields give an insight into 
the problems encountered in burning liquid fuels in turbojet-engine 
combustion chambers they will be reviewed briefly. 

It was pointed out by H. Ricardo ^ that there are three distinct 
stages in the combustion of a liquid fuel in a diesel engine. These 
three stages are related to three distinct processes which must take 
place from the instant a fuel droplet finds itself in the combustion 
air and finally bursts into flame. The first stage is a slow vaporiza- 
tion of the fuel particle accompanied by a catalytic oxidation at low 
temperature; the second is a slow oxidation of the fuel vapor; and 
the third is the ignition of the fuel and combustion. 

The time required to complete the first process is a function of the 
fineness of atomization of the fuel, its boiling point, the predominate 
ing temperature, and the turbulence in die combustion chamber. 
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The fact that this low-temperature vap)orization process can and 
actually does take place in diesel engines and the factors influencing 
it are reported in reference 5 and discussed in reference 6. 

During the second process the hydrocarbon fuel goes through a 
series of reactions which produce partly oxidized compounds such as 
aldehydes. Then the third process occurs, which is the thermal 
decomposition of the fuel, followed by the combustion of the partly 
oxidized products.’* * 

Of the three processes, the slow oxidization in the vapor phase 
appears to be the most important since it is related directly to what 
is termed ‘'ignition lag.’* This process is speeded up if the tempera- 
ture is increased or if ignition promoters are added to the fuel to 
assist in the formation of compounds which reduce the time for slow 
oxidation. If the time that the fuel stays in the combustion chamber 
is insufficient to permit the combustion process to complete itself 
no ignition will take place. Consequently, the. maximum velocity of 
the air flowing through the combustion chamber is limited by the 
aforementioned considerations. 

As far as injection of the liquid fuel is concerned, the appropriate 
injection pressures and the design of the atomizing nozzles do not 
appear to be radically different from those for stationary oil burner 
practice. The importance of thorough atomization is apparent 
from the preceding because of its bearing on fuel vaporization and 
the slow oxidation stage which takes place in the vapor phase. In- 
creasing the ease of vaporization promotes the attainment of the 
vapor phase and subsequent ignition. It should be realized, however, 
that complete vaporization of the fuel before ignition is unnecessary 
and actually has not been satisfactory in practice. Sufficient vapori- 
zation is necessary, however, to promote the combustion processes. 
Thereafter the heat developed during combustion completes the 
vaporization of the fuel by radiation and conduction. 

According to reference 9 extremely fine atomization of the fuel 
does not appear to be necessary to secure good combustion. Never- 
theless, there is reason to believe that the requirements for thorough 
mixing of the fuel and air are of great importance, and the accom- 
plishment of that objective is assisted by fine atomization. The 
smaller the fuel particles, the easier it is for the air to carry them. 
The mixing, however, cannot be accomplished by atomization alone. 
It requires, in addition, that the air movement be sufficiently turbu- 
lent. Turbulence can be achieved by so designing the flow passages 
that the Reynolds number of the flowing air will be large enough to 
give fully developed turbulent motion. The amount of turbulence 



454 


PRINCIPLES OF JET PROPULSION 


LChap. 11 


must, however, be limited to conform with the pressure loss that can 
be tolerated. Consequently, one of the major problems in the design 
of the combustion chamber is to produce the maximum turbulence 
with the minimum pressure drop. This problem has to be worked 
out experimentally for each physical arrangement. 

The process of securing a thorough mixing of the cold air with 
the hot products of combustion must be given careful consideration. 
This is one of the major problems with internal vaporizing systems. 
Otherwise, gases which are too hot, and even flame, may enter the 
turbine and cause damage. The objectives should be to secure 
thorough mixing in the shortest length; otherwise the length and 
weight of the combustion chamber may be excessive. The best 
arrangement of parts to accomplish the above will depend on the 
geometry of the combustion chamber and its general design features. 
The final arrangement has to be determined empirically. 

Figure 1 illustrates schematically the basic construction of the 
tubular type of combustion chamber used in certain turbojet engines. 

It consists of a tube with a fuel 
injection nozzle at one end and a 
series of air admission holes dis- 
posed along Its length. The fuel- 
air mixture ratio is richer at the 
injection end, and the fuel spray 
continues to burn as it moves 
through the chamber until it has 
encountered sufficient air to give 
complete combustion. According to 
F. C. Mock ® the velocity of the fuel leaving the nozzle is of the order 
of 100 fps and that of the air at full load is about 120 fps. The length 
of the flame body appears to be a function of the fuel-air ratio and is 
practically independent of the rate of fuel feed. The richer the mix- 
ture, the larger the flame body. Since the combustion chamber is 
ordinarily designed to give a definite maximum body of flame under 
steady operation at full power, and since the maximum outlet tem- 
perature is limited, the flame body decreases in size with the leaner 
fuel-air mixtures at decreased loads. 

Problems, therefore, arise in maintaining stable combustion under 
all operating conditions. There are two important limiting mixture 
ratios: (1) the leanest or flame extinction limit, and (2) the richest 
or ignition limit If the fuel-air ratio is leaner than the first limit; 
flame propagation ceases; if it is richer than the second, combustion 
cannot be initiated. Measurements in an experimental combustion 
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Fig. 1. General operating principle 
of the tubular combustion chamber. 
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chamber indicate that the flame-extinction limit is leaner than the 
ignition limit and that the absolute pressure has no influence on either 
limit. These tests also indicated that increasing the temperature 
improves the ignition limit, while improving the atomization aids 
the flame-extinction limit. Attention must be given, therefore, in 
the development of a combustion chamber to the problem of securing 
stable combustion over the entire range of operation and quick 
ignition. These problems are more difficult to solve in this liquid- 
fuel application than for stationary oil-burning installations because 
of the high air velocities and the absence of radiation surfaces. 



Fig. 2. Examples of graduated air velocity combustion chambers. (Reproduced 
from F. C. Mock, Jour. S.A.R.^ May 1946.) 


The developments in this connection have been described by F. 
C. Mock,® and they appear to be based on controlling the turbulence 
of the air fed to the flame as it progresses through the combustion 
chamber. The tests described indicate that any means which shelters 
the conical fuel spray in the initial ignition stages from the high- 
velocity air currents improves the stability of combustion under 
idling conditions and aids the starting of ignition. There are several 
approaches to securing the desired graduated turbulence required 
for attaining the foregoing objectives. Two methods described by 
Mr. F. C. Mock are illustrated in Fig. 2. The objectives of these 
two arrangements are to produce a shielded central stable flame which 
is fed by relatively gentle reverse air currents, and thereafter to feed 
the supplemental air to the flame with increasing velocities as it 
progresses down the chamber until combustion is completed. 

A factor bearing upon the ignition problem appears to be the 
position of the fuel spray cone with reference to the spark plug. The 
results obtained from the tests of a single burner ® at different air- 

* The use of torch igniters, combination of spark plug and its own injection 
system, is becoming the practice in British designs. 
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flow rates with fixed spark-plug position are illustrated in Fig. 3. 
It is seen that ignition conditions were most favorable when the spray 
cone was slightly outside the spark-plug gap; when the spray cone 
was in the region of the spark-plug points there was no stable ignition. 



Fig. 3. Tests of factors affecting ease of ignition. (Reproduced from F, C. Mock, 

loc, cit,) 

3. Flow Phenomena 

The flow conditions for the combustion chamber can be illustrated 
by considering the duct of constant cross-sectional area illustrated 
in Fig. 4. For simplicity the velocity w is assumed to be uniform 
throughout the entire cross section and the coordinates />, 7 , and T, 
are constant. Further, let Cp be constant, so that k » Cp/c^ is also 
constant. For a constant-weight flow of mixture, Ib/sec, the con- 
tinuity equation (see Chapter 3) is 


Aw 

Gm ** — =* Constant 

V 


( 1 ) 


Hence,, since and A are constant 

dw dv 

0 (2) 

W V 
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Hence 


-JdQ ==dw{\ + 

W \ 


1 



where, as before, Af is the Mach number. 

Rearranging and solving for JdQ gives the following 


JdQ 


i - w 

r • — dw 

(k - 1)M^ g 


(5) 


The effect of adding heat to the working fluid is to increase its 
specific volume. Since the weight rate of flow is presumed constant 
as indicated by equation 1, the fluid velocity is increased by the heat 
addition, and with it the local Mach number. Since the air enters 
the combustion chamber with subsonic velocity, its Mach number 
can increase only until the local acoustic velocity {AI = 1) is reached 
at the outlet of the combustion chamber. This signifies that the 
maximum amount of heat that can be added is that required to 
accelerate the heated gases to the local sonic velocity. According 
to reference 10 this so-called rich mixture or choking limit has never 
been attained in turbojet combustion chambers because of the 
limitations imposed on pressure loss. It can be reached, however, 
in the case of tail pipe burning where fuel is burned upstream to the 
exhaust nozzle to increase thrust. 


4, Pressure Loss in Combustion Chamber 

The total loss in static pressure by the gases flowing through the 
combustion chamber consists of the pressure drop due to friction 
A/>f and the differential pressure {p\ — P 2 ) required to accelerate 
the fluid from its entering velocity to the exit velocity. From 
Chapter 3, the total pressure-change equation for a fluid is 

dp = --pf — dx — pw dw (6) 

2m 

where p = y/g = density of fluid in slugs per cubic foot. 

The friction loss is readily calculated from the gas velocity, friction 
coefficient, diameter, and length. The discussion which follows is 
concerned with evaluating the differential pressure {pi — p 2 )- This 
is most conveniently accomplished by applying the analysis used in 
reference 11. 

The pressure loss of a gas flowing with heat transfer and no fric- 
tion is given by 

dp = --pwdw (7) 
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Since the cross-sectional area of the combustion chamber is con- 
stant pw = constant. Hence, integrating equation 7, 


or 



P 2 - Pl = -P2^2 + (8) 


Substituting for p = p/gRTy from the characteristic equation, anci 
introducing the Mach number = 2 v^/gkRl\ equation 8 becomes 

^kp2M2^ + kpiM,^ (9) 

Rearranging and solving for the pressure loss ratio 


Pl _{1 + kM2^) 
^2 (1 + kMi^) 


( 10 ) 


Equation 10 relates the pressures and Mach numbers for flow with 
heat transfer and constant flow area, and is the equation of a Rayleigh 
line.'O' 11 

It was shown in Chapter 3 that, in flow in a passage of constant 

cross-sectional area Ay since G = for a perfect gas, 

RT 


w RG 
r~pA 


( 11 ) 


The values of w and T can be obtained from Chapter 3; the appro- 
priate equations arc repeated here for convenience; thus 


and 



( 12 ) 


(13) 


where Tt is the stagnation ‘temperature. 

Substituting equations 12 and 13 into equation 11 yields 
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Hence 



Combining equations IS and 10 



Equation 16 relates the entering and exit Mach numbers for flow 
in a constant-area duct with heat transfer and no friction. Since 



Mach number M 


Fig. S. Mach number relationships for heating of a fluid flowing in a constant- 
area duct with no friction. 


the initial Mach number is known and the desired stagnation tem- 
perature ratio is readily calculated, the final Mach number is readily 
determined from Fig. 5; the curve is based on Jfe « 1.38, which is 
reasonably close for the feases flowing through the combustion cham- 
ber. Once the final Mach number has been determined the pressure 
ratio required to accel^te the gases is determined from equation 10. 

If the entering velocity is subsonic, heating causes acceleration of 
the gases. On the other hand, if the entering velocity is supersonic, 
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as in supersonic ramjets, heating causes deceleration of the gases; 
that is, the gases must actually be cooled in order to be accelerated. 
This indicates why sonic velocity at the exit of the combustion 
chamber has not been attained or exceeded. If there is a maximum 
allowable temperature to be reached in the combustion chamber, then 




Fig. 6. Comparison of “return-flow" and “straight-through" combustion systems 
on double-sided impeller engines. (Reproduced from H. R. Cox., /. Inst. Aero Sci., 

February 1946.) 

a maximum temperature may be reached at some location upstream 
to the exit section and thereafter the velocity decreases from the 
acoustic value so that its final Mach number is less than unity. 

The total pressure loss in the combustion chamber is, of course, 
the sum of the losses App + (pi — P2). 

In comparing the pressure-loss performance of combustion cham- 
bers, it is convenient to express the pressure loss in terms of the per- 
centage of the total pressure at the entrance to the combustion 
chamber. 
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5. Combustion-Chamber Arrangements and Operating 
Characteristics 

The general practice is to employ several combustion chambers of 
cylindrical shape symmetrically disposed around the turbine inlet. 
For turbojet engines the length/diameter ratios vary from 2.25 to 
5.0, and the heat releases obtained range from 1.5 to 4.0 X 10® 
Btu/ft^/hr.^*^ In general the constructions which have been used 
may be segregated into three basic types: (a) the return-flow com- 
bustion system, (h) the straight-through combustion system, and {c) 
the annular combustion chamber. Types (a) and {b) are illustrated 
in Fig. 6 taken from reference 2. The advantages and disadvantages 
of systems (a) and (b) as analyzed by reference 10 are presented in 
Table 11-1. It appears that the straight-through system when prop- 
erly developed should have one important advantage, that is, it can 
be designed to operate with a smaller pressure drop for the same 
overall diameter. 


TABLE IM 

Comparison of Return>Flow and Straight-Through Combustion Systems 
(H.R. Cox, J. Inst, Aero, Sci,f February, 1946) 


Return-Flow 
Combustion System 
1 . + 

2. Permits automatic compensa- 4- 

tion of expansion without 
special joints. 

3. Is such that the turbine stator -j- 

and rotor blades are shielded 
from direct high-temperature 
radiation from the flame. 

4. Involves two 180° bends in the — 

path of the gas. 

5 . 


6 . 

7. Allows easier location and in- -f 

spection of burners and easier 
a^mbly and removal of com- 
bustion chambers. 

8 . 


Straight-Through 
Combustion System 

— Requires a longer shaft, involving 

a third bearing and a flexible 
coupling. 

— Requires expansion joints to allow 

differential expansion. 

— Subjects turbine stator and rotor 

blades to direct high-tempera- 
ture radiation from the flame 
with possibly higher metal tem- 
peratures. 

+ Involves no bends and so has the 
lower pressure loss. 

-f- Allows the greater cross-sectional 
area for combustion within a 
given overall diameter. 

-f- Is simpler to manufacture. 


4- Should provide the more even air 
distribution. 
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THE ROCKET MOTOR 


i. Introduction 

The first use of rockets cannot be stated with certainty. An old, 
well-illustrated Chinese manuscript describes the fire arrow used by 
the Chinese against the Mongols in the battle of Pien-King, a.d. 
1232. The rockets were attached to conventional arrows to increase 
their range. It seems probable, however, that the rocket principle 
was known to the Greeks several centuries earlier. Marcus Graecus 
in his Liber ignium, probably written in the eighth century, discusses 
flying fire and the directions for making it.^ 

Since its earliest beginnings the application of the rocket has 
oscillated between its wartime use as a weapon and its peacetime 
application to devices for signaling or pyrotechnic displays. The 
use of the rocket as a weapon was practically eliminated, however, 
during the latter part of the nineteenth century by the advances 
made in the development of artillery with its greater accuracy and 
increased range. In World War I, the rocket was employed but 
little as an offensive weapon. In World War II, however, it reap- 
peared as a major offensive weapon employed by all the warring 
powers, and also as a possible means for propelling aircraft.^ 

The underlying developments which have brought the rocket to 
its present prominence must be credited to the imagination and efforts 
of such pioneers as Ziolkovsky (1903) and Alexander Rynin in Russia; 
H. Oberth, Max Valier, Fritz von Opel, E. Sanger, and others in 
Germany; Robert Esnault Pelterie in France; and the late Dr. R. H. 
Goddard in the United States. These men saw in the rocket its great 
possibilities as a means for attaining extreme altitudes and for space 
travd. Despite many discouragements and even ridicule they per- 
sisted in their efforts to demonstrate to the scientific world that the 
rocket principle had the potentialities for attaining the; aforemen- 
tioned ’ objectives. 

In the above connection the work of Dr. Goddard was pre-eminent. 
Although the basic idea of utilizing the rocket principle to attain 

444 
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extreme altitudes was conceived in the middle of the eighteenth 
century, Dr. Goddard conducted the first scientific experiments, 
and his report, published by the Smithsonian Institution in 1919, 
was the first scientific publication on this subject.^ It was followed 
a few years later by noteworthy publications of others. Thus the 
classic treatise by H. Oberth * was published in 1923. This was 
followed by the work of Dr. W. Hohman,^ the book by Max Valier ® 
in 1925, and the papers of Robert Esnault Pelterie. The excellent 
book by Dr. Eugen Sanger ® appeared in 1933. 

The particular advantages of the rocket are: (1) its thrust is prac- 
tically independent of its environment; (2) it requires no atmospheric 
oxygen for its operation; and (3) it can function in a vacuum. Fur- 
ther, it appears to be the simplest means for converting the thermo- 
chemical energy of a propellant combination (fuel plus oxidizer) into 
the kinetic energy associated with a jet of flowing gases. It will be 
seen later in this chapter, however, that the efficiency of the rocket 
type of jet propulsion, on an energy basis, is satisfactory only at 
extremely high flight speeds, considerably above the speed of sound. 
Consequently, as a sole source of propulsion for aircraft its propellant 
consumption is so enormous that endurance of the rocket airplane is 
limited to flights of a few minutes’ duration. The rocket should not 
be regarded as a competitor of existing means for propelling aircraft 
but as a device which has the potentialities of attaining objectives 
unattainable with other propulsion means. 

World War II saw the development and use of a variety of rocket 
weapons. The incentives for their development were their small 
weight compared to artillery pieces for large-caliber projectiles, the 
freedom of the rocket launcher from recoil, and the need for equipping 
infantrymen and aircraft with light-weight large-caliber weapons. 
Of particular fame are the American, Launcher, Rocket, AT, M-1, 
commonly known as the bazooka^ and the Russian Katusha which 
was employed with particular effectiveness in the defenses of Lenin- 
grad, Moscow, and Stalingrad. (These are described in reference 7 
and in several popular magazines.) Furthermore, the possibilities 
of the rocket as a propulsion plant for long-range pilotless missiles 
have been demonstrated by the German V-2 rocket-propelled missile. 
The Germans also developed a fast intercepter airplane, the ME-163, 
which employed a liquid-propellant rocket power plant for propelling 
it.^ In this country, until recently the application of rocket propul- 
sion to aircraft has been limited to its use as an auxiliary to the air- 
screw for assisting in the take-off of aircraft, principally for flying 
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boats. The British and the Germans have also employed rockets 
for assisted take-off purp)oses. 

Despite its apparent simplicity, the development of a reliable rocket 
jet-propulsion system encounters several perplexing problems. The 
rocket system must be light in weight, and the rocket motor must be 
capable of sustained operation in contact with gases at temperature 
above 5000 F and at appreciable pressures. The problem of materials 
is consequently a major one. Furthermore, owing to the enormous 
energy releases involved, problems of ignition, smooth start-up, 
thrust control, cooling, etc., arise. 

A major obstacle confronting the workers in this field is the develop- 
ment of better propellant combinations for liquid-rocket motors. 
This remark is directed particularly to oxidizers. The selection of 
propellants is governed by such factors as the maximum energy per 
minimum total weight (propellants plus containing vessels) and 
convenience factors such as safety in handling, dependability, cor- 
rosive tendencies, cost, availability, and storage problems. Further- 
more, the effective exhaust velocity of the ejected gases must be as 
high as possible in order to reduce the propellant consumption. E. 
Sanger has listed several promising fuels and oxidizing agents, among 
them liquid hydrogen and liquid ozone. Practical considerations, 
however, react against the use of liquid ozone, and Sanger conducted 
most of his experiments with gasoline and liquid oxygen. This 
particular propellant combination has been used by a great many 
experimenters, but several others have also been tried. In general, 
it can be stated that there is a wide variety of fuels that are satis- 
factory for rocket purposes, but the choice of oxidizers is at present 
distinctly limited. 

For short-duration purposes solid-propellant rockets have been 
used exclusively. They have been of two basic types: (1) unrestricted- 
burning types for projectiles and launching rockets; and (2) restricted- 
burning types for the assisted take-off of aircraft and for propelling 
missiles. In the unrestricted-burning rocket all surfaces of the pro- 
pellant grain except the ends are ignited; in restricted-burning rockets 
only one surface of the propellant is permitted to burn. Several 
types of solid propellants have been used. For unrestricted-burning 
charges they have been largely modified double-base powders; for 
restricted charges the propellant is usually a thorough mixture of a 
solid fuel matrix and a solid oxidizer. Unrestricted-burning grains 
made from the type of propellant employing a resinous base fuel have 
been employed for lai^e- thrust (over 50,000 Ib), short-duration (2 sec 
or less) launching rockets for guided missiles. 
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For more complete information regarding the historical develop- 
ment of the rocket from its earliest beginnings to modern times the 
reader is referred to references 1, 7, 8, and 9. 

This chapter discusses the more important principles underlying 
the operation of the rocket motor. The derivations of many of the 
equations have been presented in Chapter 3, and frequent reference 
will be made to that chapter. 


2. General Principles 

The propelling action of a rocket motor is derived from the gen- 
eration of large quantities of gases by the chemical reaction of suit- 
able propellants within the rocket motor. 




Combustion chamber 


Control J 

/ 

Combustion chamber 

Fuel 

(G/lb/sec) ^ g 

Injector 

„ pressure p, 

^Thrust ^ ‘ 

Oxidizer , . 

Combustion chamber 

valve ^ 

temperature 7^ 


Throat 
(area Ap 
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Fig. 1. Principal elements of a bipropellant uncooled rocket motor. 


Figure 1 illustrates the principal elements of a bipropellant liquid- 
rocket motor. It comprises a combustion chamber, a De Laval type 
of exhaust nozzle, an injection system, and propellant control valves. 
The propellant gases arc prcxluced in the combustion chamber at 
pressures governed by the chemical characteristics of the propellants, 
their rate of consumption, and the cross-sectional area of the nozzle 
throat. The gases are ejected into the atmosphere through the 
nozzle with supersonic velocity. The function of the nozzle is to 
convert the pressure of the propellant gases into kinetic energy. The 
reaction to the discharge of the propellant gases constitutes the thrust 
developed by the rocket motor. 

As pointed out in Section 1, the propellants employed in a rocket 
motor may be a solid, two liquids (fuel plus oxidizer), or materials 
containing an adequate supply of available oxygen in their chemical 
composition (monopropellants). Solid propellants are used for 
rockets which are to operate for relatively brief periods, up to pos- 
sibly 45 sec. Their main application is to projectiles, guided missiles, 
and the assisted take-off aircraft. The shorter-duration units, less 
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than 3 sec, utilize unrestricted-burning charges, and the larger-dura- 
tion units employ restricted-burning charges. 

Figure 2 illustrates one method for constructing a restricted- 
burning solid -propellant rocket motor. To obtain the desired ac- 
tion, the propellant (fuel plus oxidizer) characteristics must be such 
that the propellant burns at a uniform rate at substantially constant 
pressure in layers perpendicular to the motor axis; that is, the burn- 
ing is restricted so that it takes place in only one direction. One 
method for accomplishing this is to bond the propellant charge and 
the steel wall of the motor chamber with a special flexible sealing 



Fig. 2. One type of restricted-burning solid-propellant rocket motor. (Repro- 
duced from M. J. Zucrow, Jour. S.A.E., July 1946.) 

material, or liner, which allows the propellant stick the freedom of 
motion it requires for adapting its shape to the deformations pro- 
duced by the gas pressure, thermal expansion differences, and in- 
ternal stresses. The liner material is selected upon the basis of its 
adherence to the propellant, non-burning characteristics, and elastic 
properties. 

Figure 3 illustrates the essential components for a bipropellant 
liquid-rocket jet-propulsion system. The propellants are removed 
from the supply tanks at the rate of G Ib/sec; the rate of fuel flow 
is Gf Ib/sec, plus the rate of oxidizer flow Go Ib/sec. At section 1 
the pressure of the propellants is raised by some suitable pressur- 
izing means, and at section 2 the propellants are forced into the com- 
bustion chamber against the combustion-chamber pressure. The 
pressurizing means may be an inert gas held in a separate container 
at high pressure or some form of pumping plant operated by a gas 
turbine which obtains its working fluid from the reaction of rocket 
propellants.^’ 

A liquid-rocket jet-propulsion system can be started and stopped 
at will by the remote operation of the propellant control valves. 
This cannot be done with solid-propellant systems; once they have 
been started tiiey can be stopped at will but not restarted. 
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Pressurizing means ^Injection system 

Fig. 3. Elements of liquid-propellant rocket jet propulsion system. 



Fig; 4. Bipropeilant rocket jet propulaxoii eyetem employing a high-preseure inert 
gas to pressurize the propellants. 
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The injection system through which the liquid propellants flow 
into the combustion chamber is usually designed to atomize the 
propellants as they enter or as several pairs of the two liquid streams 
impinge upon each other. To start the operation of the rocket motor 



Fig. 5. Elements of turbo-rocket power plant. 


an electric igniter may be necessary with some propellants, but pro- 
pellants which ignite spontaneously on contact with each other are 
most frequently employed and are preferable. 

Figure 4 illustrates schematically the essential components of a 
rocket jet-propulsion system employing an inert gas under pressure 
for feeding the propellants to the rocket motor. The system consists 
of the oxidizer and fuel tanks, the propellant control valves, the 
rocket motor, and the high-pressure inert-gas storage tank. This 
type of system is satisfactory for operating durations up to possibly 
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45 sec. For longer operating periods the tank weights become exces- 
sive. Developments have been conducted to eliminate the inert high- 
pressure gas and employ gases generated by reacting the propellants 
for pressurizing. In such a system the propellant tanks must be able 
to withstand the expulsion pressure that is required. 

The limitations imposed by gas pressurizing, either stored inert gas 
or gases generated by reacting prDpellants, stimulated the devel- 
opment of pumping systems for feeding propellants to the rocket 
motor. Figure 5 illustrates the principal elements of such a system. 
It should be realized, however, that the design features of an actual 
pumping plant are governed by the specific propellants employed 
and the number of rocket motors to be fed. 

Modern pumping systems utilize a gas turbine to drive the pro- 
pellant pumps; but reciprocating engine-driven pumping systems 
have been investigated experimentally. The high-pressure high- 
temperature gases for driving the turbine are produced in a gas 
generator by reacting suitable propellants. I'hese need not be the 
same propellants that are fed to the rocket motors. If the tempera- 
ture of the combustion-chamber gases is excessive a diluent is mixed 
with them in the gas generator to reduce the gas temperature to a 
safe value. Usually the diluent is a mixture of water and alcohol. 

Turbine-driven pumping units of this type have been built for the 
acid-aniline propellant system, the liquid oxygen-methyl alcohol 
system, the hydrogen peroxide-hydrazine methyl alcohol system, 
and the nitromethane monopropellant system. 

The best-known gas turbine-driven pumping units are the one in 
the German V-2 missile, and the Walter rocket power plant used for 
propelling the ME-163 airplane. In the V-2 unit the gases for the 
turbine are produced by reacting concentrated hydrogen peroxide 

TABLE 12 1 

Weight Breakdown, Walter Power Plant 109-509 A- 1 


Motor 

80.96 lb 

Propellant control valves 

31,9 

Steam generator 

36.96 

Framework 

71.72 

Pumps and turbine 

57.2 

Piping 

32.56 

Motor gear box 

42.46 

Electrical apparatus 

13.86 

Control levers 

0.88 


Total 


368.5 lb 



Values of Functions of k 
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with a solution of calcium permanganate. These two chemicals are 
fed to the gas generator under pressure supplied by nitrogen bottles. 
The advantage of this reaction is that the gases produced, mainly 
steam, are at the low temperature of 790 F so that no diluent is 
required. The pressure of the gases entering the single-stage partial 
admission turbine is approximately 350 psia. The turbine rotates 
at 4000 rpm and develops 500 to 600 hp. The operating-chamber 
pressure for the rocket motor was 300 psia, and the temperature of 
the chamber gases approximately 5400 R. 

The Walter power rocket plant, Model 109-509A-1, used concen- 
trated hydrogen peroxide and a solid catalyst, consisting of stones 
impregnated with calcium or sodium permanganate, to produce the 
gases for operating the turbine; the turbine operated at 16,500 rpm. 
This was the first successful rocket power plant used as the sole 
propulsion means of a piloted airplane. The weight distribution of 
this power plant, which developed approximately 3300 lb thrust, is 
presented in Table 12 1. It is of interest to note in passing that 
ratio of the landing weight (4620 lb) to the take-off weight (9020 lb) 
for the ME- 163 airplane is 0.51. 

The liquid rocket jet-propulsion system can be operated for extended 
periods limited only by the capacity of the propellant supply tanks. 

The operating pressures of liquid-propellant rocket motors are 
lower than those employed with solid-propellant units. Depending 
upon the propellants employed, the chamber pressure will range from 
300 to 750 psia for liquid rocket motors, and from 1500 to 3000 psia 
for solid-propellant rocket motors. 

For the more common propellants the specific heat ratio k has 
values ranging from 1.20 to 1.30; Table 12*2 presents various func- 
tion of k. In the reaction of an excess of liquid hydrogen with liquid 

TABLE 12-3 

Values of the Specific-Heat Ratio for the Combustion Products of 
Oxygen-Hydrogen Mixtures 


0/H Ratio 

(According to H. Oberth) 

Value of 0/H Ratio 

Value of 

by Weight 

k ■* CpfCy 

by Weight 

h Cpj Cv 

0.8 

1.400 

1.5 

1.388 

0.9 

1.398 

1.6 

1.386 

1.0 

1.396 

1.7 

1.385 

1.1 

1.394 

1.8 

1.384 

1.2 

1.393 

1.9 

1.383 

1.3 

1.391 

5.33 

1.33 

1.4 

1.389 
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TABLE 12-4 


Values of 



Values of k 


Pdpe 

1.20 

1.21 

1.22 

1.23 

1.24 

1.25 

1.26 

1.27 

1.28 

1.29 

1 

0.000 

0.000 

0.000 

0.000 

0.000 

0.000 

0.000 

0.000 

0.000 

0.000 

2 

.330 

.337 

,343 

.349 

.354 

.360 

.365 

.370 

.375 

.380 

3 

.409 

.417 

.424 

.431 

.438 

.444 

.450 

.456 

.462 

.468 

4 

.454 

.462 

.470 

.478 

.485 

.492 

.499 

.505 

.511 

.517 

5 

.485 

.494 

.502 

.510 

.517 

.525 

.532 

.538 

.545 

.551 

6 

.508 

.517 

.525 

.534 

.541 

.549 

.556 

.563 

.569 

.576 

7 

.526 

.535 

.544 

.552 

.560 

.568 

.575 

.582 

.589 

.595 

8 

.541 

.550 

.559 

.568 

.576 

.583 

.591 

.598 

.605 

.611 

9 

.554 

.563 

.572 

.580 

.589 

.596 

.604 

.611 

.618 

.624 

10 

.565 

.574 

.583 

.591 

.600 

.607 

.615 

.622 

.629 

.636 

15 

.603 

.612 

,622 1 

.630 

.639 

.647 

.654 

.662 

.669 

.675 

20 

.627 

.637 

.646 

.655 

.663 

.671 

.679 

.686 

.693 

.700 

25 i 

.644 

.654 

.664 

.672 

.681 

.689 

.697 

.704 

.711 

.718 

30 

.658 

.668 

,677 

.686 

.694 

.702 

.710 

.717 

.724 

.731 

35 

.669 ’ 

.679 

.688 

.697 

.705 

.713 

.721 

.728 

.735 

.742 

40 

.678 

.688 

.697 

.706 

.714 

.722 

.730 

.737 

.744 

.751 

45 

.685 

.695 

,705 

.714 

.722 

.730 

.738 

.745 

.752 

.758 

50 

.692 

.702 

.711 

,720 

.729 

.737 

.744 

.751 

.758 

.765 

60 

.703 

.713 

.723 

.731 

.740 

.748 

.755 

.762 

.769 

.776 

70 

.712 

.722 

.732 

.740 

.749 

.757 

.764 

.771 

.778 

.784 

80 

.720 

.730 

.739 

.748 

.756 

.764 

.771 

.779 

.785 

.792 

90 

.726 

.736 

.746 

.754 

.763 

.770 

.778 

.785 

.791 

.798 

100 

.732 

.742 

.751 

.760 

.768 

.776 

.783 

.790 

.797 

.803 

120 

.741 

.751 

.760 

.769 

.777 

.785 

.792 

.799 

.806 

.812 

140 

.749 

.759 

.768 

.777 

.785 

.792 

.800 

.806 

.813 

.819 

160 

.756 

.765 

.774 

.783 

.791 

.799 

.806 

.812 

.819 

.825 

180 

.761 

.771 

,780 

.788 

.796 

.804 

.811 

.818 

.824 

.830 

200 

.766 

.775 

.784 

.793 

.801 

.808 

.815 

.822 

.828 

.834 

400 

.795 

.804 

.813 

.821 

.828 

.836 

.842 

.849 

.855 

.860 
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oxygen, the variation in k is from 1.3 to 1.4. With this propellant 
combination the combustion gases consist of superheated steam and 
hydrogen. Calculations, by H. Oberth, as reported by E. Sanger, of 
the values of k for different ratios of oxygen to hydrogen are presented 
in Table 12 -3. 

TABLE 12-5 


Values of ( ~ 

\pe 


Values of k 


Pc/P€ 

1.10 

1.15 

1.20 

1.21 

1.22 

1.23 

1.24 

1.25 

1.26 

1.27 

1 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

2 

1.879 

1.827 

1.782 

1.773 

1.765 

1.757 

1.749 

1.741 

1.734 

1.726 

3 

2.715 

2.600 

2.498 

2.479 

2.461 

2.443 

2.426 

2.408 

2.392 

2.375 

4 

3.505 

3.339 

3.175 

3.145 

3.115 

3.086 

3.059 

3.032 

3.005 

2.979 

5 

4.320 

4.053 

3.824 

3.782 

3.740 

3.701 

3.662 

3.624 

3.587 

3.552 

6 

5.100 

4.750 

4.447 

4.396 

4.344 

4.292 

4.242 

4.194 

4.146 

4.100 

7 

5.861 

5.431 

5.058 

4.993 

4.929 

4.865 

4.804 

4.743 

4.685 

4.628 

8 

6.620 

6.100 

5.650 

5.577 

5.493 

5.423 

5.349 

5.279 

5.209 

5.141 

9 

7.370 

6.757 

6.240 

6.146 

6.052 

5.968 

5.882 

5.800 

5.719 

5.640 

10 

8.120 

7.416 

6.820 

6.705 

6.602 

6.501 

6.404 

6.310 

6.218 

6.129 

11 

8.845 

8.045 

7.376 

7.256 

7.138 

7.025 

6.915 

6.810 

6.707 

6.607 

12 

9.574 

8.678 

7.931 

7.797 

7.667 

7.540 

7.419 

7.301 

7.187 

7.076 

13 

10.30 

9.303 

8.478 

8.340 

8.185 

8.046 

7.912 

7.782 

7.652 

7.535 

14 

11.01 

9.923 

9.018 

8.856 

8.698 

8.546 

8.400 

8.258 

8.120 

7.989 

15 

11.73 

10.54 

9.551 

9.376 

9.204 

9.040 

8.881 

8.728 

8.578 

8.435 

16 

12.44 

11.14 

10.08 

9.888 

9.704 

9.526 

9.355 

9.190 

9.028 

8.874 

17 

13.14 

11.75 

10.60 

10.40 

10.12 

10.01 

9.823 

9.645 

9.474 

9.308 

18 

13.84 

12.35 

11.12 

10.90 

10.69 

10.49 

10.29 

10.10 

9.914 

9.738 

19 

14.54 

12.94 

11.63 

11.40 

11.17 

10.98 

10.75 

10.54 

10.35 

10.16 

20 

15.23 

13.53 

12.14 

11.89 

11.65 

11.42 

11.20 

10.98 

10.78 

10.58 

21 

15.92 

14.12 

12.64 

12.38 

12.13 

11.88 

11.65 

11.42 ' 

11.21 

10.99 

22 

16.61 

14.70 

13.14 

12.86 

12.60 

12.34 

12.09 

11.86 

11.62 

11.40 

23 

17.30 

15.28 

13.64 

13.35 

13.06 

12.80 

12.53 

12.29 

12.04 

11.81 

24 

17.97 

15.85 

14.13 

13.83 

13.53 

13.25 

1^98 

12.71 

12.46 

12.21 

25 

18.66 

16.43 

14.62 

14.30 

13.99 

13.69 

13.41 

13,13 

12.86 

12.61 


19.34 

17.00 

15.10 

14.77 

14.45 

14.14 

13.84 

13.55 

13.27 

13.01 

27 

20.01 

17.57 

15.59 

15.24 

14.90 

14.58 

14.27 

13.97 

13.68 

13.40 

28 

20.68 

18.13 

16.07 

15.70 

15.35 

15.02 

14.69 

14.35 

14.08 

13.79 

29 

21.35 

18.70 

16.55 

16.17 

15.80 

15.45 

15.11 

14.79 

14.47 

14.17 

30 

22.02 

19.25 

17.02 

16.62 

16.24 

15.88 

15.53 

15.20 

14.87 

14.56 

32 

23.35 

20.36 

17.96 

17.54 

17.13 

16.74 

16.36 

16.00 

15.65 

15.31 

34 

24.68 

21.47 

18.89 

18.44 

18.00 

17.58 

17.18 

16.80 

16.43 

16.07 

36 

25.99 

22.56 

19.81 

19.33 

18.86 

18.42 

17.99 

17.58 

17.19 

16.80 

38 

27.30 

23.64 

20.72 

20.21 

19.72 

19.25 

18.79 

18.36 

17.94 

17.54 
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Table 12*4 presents values of the parameter Vz/(1 + Z) for 

1 

different pressure ratios, and Table 12 -S presents values of {pc/pe)^ 
for different values of k. 


TABLE 12*5 (Continued) 


Vaiues of 



Values of k 


Pc/Pt 

1.28 

1.29 

1.30 

1.35 

1.40 

1.45 

1.50 

1.55 

1.60 

1.65 

1 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

2 

1.719 

1.711 

1.705 

1.671 

1.641 

1.613 

1.587 

1.564 

1.542 

1.522 

3 

2.359 

2,343 

2.330 

2.256 

2.193 

2.133 

2.080 

2.031 

1.987 

1.946 

4 

2.954 

2.929 

2.907 

2.793 

2.692 

2.601 

2.510 

2.446 

2.378 

2.317 

5 

3.517 

3.482 

3.449 

3.295 

3.156 

3.034 

2.924 

2.825 

2.734 

2.652 

6 

4.055 

4.012 

3.970 

3.771 

3.598 

3.441 

3.302 

3.178 

3.065 

2.962 

7 

4.573 

4.520 

4.467 

4.227 

4.012 

3.826 

3.659 

3.509 

3.374 

3.252 

8 

5,076 


4.950 

4.666 

4.415 

4.196 


3.825 

3.668 

3.526 

9 

5,565 

5.491 

5.420 

5.091 


4.551 

4.326 

4.126 

3.948 

3.787 

10 

6.046 

5.960 

5.885 

5.504 

5.188 

4.894 

4.642 

4.418 

4.217 

4.037 

11 

6.510 

6.416 

6.325 

5.907 

5.544 

5.226 

4.946 

4.698 

4.476 

4.278 

12 

6.969 

6.864 

6.763 

6.301 

5.900 

5.550 

5.242 

4.968 

4.726 

4.509 

13 

7.417 

7.303 

7.193 

6.685 

6.247 

5.864 

5.529 

5.232 

4.968 

4.732 

14 

7.860 

7.735 

7.614 

7.063 

6.587 

6.171 

5.807 

5.488 

5.206 

4.950 

15 

8.294 

8.160 

8.030 

7.433 

6.919 


6.082 

5.738 

5.434 

5.162 

16 

8.724 

8.578 

8.438 

7.797 

7.246 


6.349 

5.982 

5.657 

5.367 

17 

9.147 

8.990 

8.841 

8.154 

7.566 

7.057 

6.611 

6.220 

5.875 

5.567 

18 

9.565 

WglTil 

9.238 

8.509 


7.340 

6.868 

6.454 

6.089 

5.765 

19 

9.979 

9.802 

9.631 

8.857 

8.192 

7.619 

7.120 

6.684 

6.299 

5.958 

20 

10.39 

10.20 

10.02 

9.198 

8.498 

7.893 

7.367 

6.908 

6.503 

6.144 

21 

10.79 

10.59 

10.40 

9.538 

8.798 

8.163 

7.611 

7.129 

6.705 

6.329 

22 

11.19 

10.98 

10.78 

9.871 

9.097 

8.430 

7.851 

7.346 

6.903 

6.510 

23 

11.58 

11.37 

11.16 

10.20 

9.389 

8.692 

8.088 

7.560 

7.097 

6.688 

24 

11.95 

11.75 

11.53 

10.53 

9.680 

8.951 

8.321 

7.771 

7.289 

6.863 

25 

12.36 

12.12 

11.89 

10.85 

9.965 

9.205 

8.549 

7.977 

7.476 

7.033 

26 

12.75 

12.50 

12.26 

11.17 

10.25 

9.459 

8.777 

8.182 

7.663 

7.205 

37 

13.13 

12.87 

12.62 

11.49 


9.709 

HoTl 

8.385 

7.845 

7.370 

28 

13.59 

13.24 

12.98 

11.60 


9.955 

9.222 

8.583 

8.026 

7.535 

29 

13.88 

13.60 

13.33 

12.11 

11.08 

10.20 

9,439 

8.780 

8.204 

7.697 

30 

14.26 

13.96 

13.68 

12.42 

11.35 


9.655 

8.973 

8.380 

7.856 

32 

14.99 

14.68 

14.38 

13.03 

11.89 

10.92 

10.08 

9.355 

8.724 

8.170 

34 

15.72 

15,39 

15.06 

13.63 

12.42 

11.38 

10.50 

9.739 

9.062 

8.476 

36 

16.44 

16.09 

15.74 

14.22 

12.93 

11.84 

10.90 


9.390 

8.774 

38 

17.15 

16.78 

16.41 

14.80 

13.44 

12.29 

11.30 

10.45 

9.713 

9.067 
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TABLE 12*5 (Continued) 


Values of 



Values of k 


Pc/Pe 

1.10 

1.15 

1.20 

1.21 

1.22 

1.23 

1.24 

1.25 

1.26 

1.27 

40 

28.60 

24.72 

21.63 

21.09 

20.57 

20.07 

19.59 

19.13 

18.69 

18.26 

42 

29.90 

25.79 

22.53 

21.95 

21.40 

20.88 

20.37 

19.89 

19.45 

18.97 

44 

31.19 

26.86 

23.42 

22.82 

22.24 

21.68 

21.16 

20.64 

20.15 

19.68 

46 

32.48 

27.92 

24.30 

23.67 

23.07 

22.48 

21.93 

21.39 

20.88 

20.39 

48 

33.76 

28.97 

25.12 

24.51 

23.88 

23.27 

22.69 

22.13 

21.59 

21.08 

50 

35.03 

30.02 

26.05 

25.36 

24.69 

24.06 

23.45 

22.87 

22.31 

21.76 

55 

38.21 

32.62 

28.21 

27.43 

26.70 

26.00 

25.32 

24.68 

24.06 

23.46 

60 

41.35 

35.18 

30.33 

29.49 

28.68 

27.91 

27.16 

26.46 

25.78 

25.13 

65 

44.47 

37.71 

32.42 

31.50 

30.62 

29.78 

28.97 

28.21 

27.47 

26.76 

70 

47.57 

40.22 

34.48 

33.49 

32.54 

31.63 

30.76 

29.93 

29.13 

28.37 

75 

50.65 

42.71 

36.52 

35.46 

34.43 

33.46 

32.52 

31.63 

30.77 

29.96 

80 

53.71 

45.17 

38.54 

37.39 

36.30 

35.26 

34.26 

33.31 

32.39 

31.51 

85 

56.76 

47.61 

40.53 

39.31 

38.15 

37.03 

35.97 

34.95 

33.98 

33.05 

90 

59.78 

50.04 

42.51 

41.21 

39.97 

38.80 

37.66 

36.59 

35.56 

34.57 

95 

62.79 

52.45 

44.47 

43.10 

41.79 

40.54 

39.35 

38.21 

37.12 

36.08 

100 

65.80 

54.84 

46.42 

44.97 

43.58 

42.27 

41.01 

39.81 

38.67 

37.57 

no 

71.75 

59.59 

50.25 

48.65 

! 47.14 

45.67 

44.29 

42.96 

41.70 

40.49 

120 

77.66 

64.27 

54.04 

52.28 

50.61 

49.02 

47.51 

46.06 

44.69 

43.37 

130 

83.50 

68.90 

57.75 

55 . 85 

54.04 

52.31 

50.67 

* 49.10 

47.61 

46.19 

140 

89.33 

73.48 

61.43 

59.38 

57.42 

55.56 

53.79 

52.11 

50.50 

48.96 

150 

95.11 

78.02 

65.07 

62.86 

60.77 

58.77 

56.88 

55.06 

53.35 

51.70 

160 

100.90 

82.52 

68.66 

66.31 

64.06 

61.94 

59.91 

57.98 

56.14 

54.39 

170 

106.57 

86.99 

72.23 

69.71 

67.33 

65.06 

62.90 

60.86 

58.91 

57.05 

180 

112.27 

91.45 

75.75 

73,10 

70.57 

68.17 

65.88 

63.72 

61.65 

59.68 

190 

117.93 

95.84 

79.25 

76.43 

73.76 

71.23 

68.82 

66.54 

64.35 

62.28 

200 

123.55 

100.20 

82.70 

79.73 

76.93 

74.26 

71.72 

69.31 

67.01 

64.83 

250 

151.32 

121.86 

99.59 

95.88 

92.34 

89.02 

85.86 

82.85 

80.00 

77.29 

300 

178.60 

142.57 

115.94 

111.48 

107.25 

103.26 

99.47 

95.87 

92.46 

89.21 

350 

205.48 

163.02 

131.84 

126.63 

121.70 

117.05 

112.86 

108.47 

104.50 

100.75 

400 

232.02 

183.08 

147.37 

141.42 

135.80 

130.48 

125.45 

120.69 

116.18 

111.92 

450 

258.24 

202.82 

162.55 

155.86 

149.53 

143.57 

137.93 

132.59 

127.56 

122.78 

500 

284.13 

222.29 

177.48 

170.07 

163.03 

156.43 

150.18 

144.27 

138.70 

133.40 

600 

335.48 

260.51 

206.60 

197.69 

189.31 

181.41 

173.99 

166.95 

160.30 

154.02 

700 

385.86 

297.86 

234.90 

224.56 

214.82 

205.61 

196.97 

188.82 

181.13 

173.89 
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TABLE 12*5 (.Continued) 


Values of 



Values of fe 


Pc/Pt 

1.28 

1.29 

1.30 

1.35 

1.40 

1.45 

1.50 

1.55 

1.60 

1.65 

40 

17.85 

17.46 

17.07 

15.37 

13.94 

12.73 

11.70 

10.80 

10.03 

9.353 

42 

18.54 

18.12 

17.73 

15.94 

14.43 

13.16 

12.08 

11.15 

10.34 

9.633 

44 

19.23 

18.79 

18.37 

16.50 

14.92 

13.60 

12.47 

11.49 

10.65 

9.909 

46 

19.91 

19.45 

19.01 

17.05 

15.41 

14.02 

12.84 

11.82 

10.96 

10.18 

48 

20.58 

20.10 

19.64 

17.59 

15.88 

14.43 

13.21 

12.15 

11.24 

10.45 

so 

21.25 

20.75 

20.27 

18.13 

16.35 

14.85 

13.57 

12.48 

11.53 

10.71 

55 

22.89 

22.34 

21.82 

19.46 

17.50 

15.86 

14.46 

13.27 

12.24 

11.34 

60 

24.50 

23.90 

23.32 

20.76 

18.63 

16.84 

15.33 

14.04 

12.92 

11.96 

65 

26.08 

25.43 

24.80 

22.02 

19.72 

17.80 

16.17 

14.78 

13.59 

12.55 

70 

27.64 

26.93 

26.26 

23.26 

20.79 

18.73 

16.99 

15.50 

14.23 

13.13 

75 

29.17 

28.42 

27.69 

24.49 

21.85 

19.64 

17.79 

16.21 

14.86 

13.63 

80 

30.68 

29.87 

29.10 

25.69 

22.82 

20.53 

18.57 

16.90 

15.47 

14.23 

85 

32.16 

31.31 

30.49 

26.86 

23.83 

21.41 

19.33 

17.57 

16.07 

14.77 

90 

33.63 

32.73 

31.86 

28.02 

24.88 

22.27 

20.08 

18.23 

16.65 

15.29 

95 

35.08 

34.13 

; 33.22 

29.17 

25.86 

23.12 

20.82 

18.87 

17.22 

15.80 

100 

36.52 

35.52 

34.55 

30.31 

26.83 

23.95 

21.54 

19.51 

17.78 

16.30 

110 

39.34 

38.24 

• 37.18 

32.52 

28.71 

25.58 

22.96 

20.75 

18.87 

17.27 

120 

42.11 

40.91 

39.75 

34.68 

30.56 

27.16 

24.33 

21.95 

19.93 

18.20 

130 

44.82 

43.52 

42.28 

36.80 

32.35 

28.70 

25.66 

23.11 

20.95 

19.11 

140 

47.49 

46.09 

44.75 

38.88 

34.11 

30.20 

26.96 

24.24 

21.95 

19.98 

150 

50.16 

48.63 

47.20 

40.92 

35.84 

31.68 

28.23 

25.35 

22.91 

20.84 

160 

52.72 

51.12 

49.60 

42.92 

37.53 

33.12 

29.47 

26.43 

23.85 

21.67 

170 

55.28 

53.57 

51.96 

44.89 

39.19 

34.53 

30.69 

27.48 

24.77 

22.48 

180 

57.81 

56.01 

54.31 

46.83 

40.82 

35.92 

31.88 

28.51 

25.68 

23.37 

190 

60.30 

58.41 

56.62 

48.76 

42.43 

37.29 

33.05 

29.53 

26.56 

24.05 

200 

62.77 

60.77 

58.89 

50.63 

44.01 

38.63 

34.20 

30.52 

27.42 

24.80 

250 

74.71 

72.26 

69.90 

59.73 

51.62 

45,05 

39.68 

35.24 

31.53 

28.40 

300 

86.15 

83.23 

80.43 

68.36 

58.79 

51.09 

44.81 

39.64 

35.33 

31.71 

350 

97.18 

93.79 

90.58 

76.65 

65.64 

56.83 

49.66 

43.79 

38.91 

34.82 

400 

107.87 

104.03 

100.37 

84.62 

72.22 

62.31 

54.29 

47.73 

42.30 

37.76 

450 

118.25 

113.96 

109.88 

92.33 

78.55 

67.58 

58.73 

51.49 

45.53 

40.55 

500 

128.35 

123.67 

119.18 

99,83 

84.69 

72.68 

63.00 

55.11 

48.63 

43.23 

600 

148.06 

142.45 

137.12 

114.27 

96.48 

82.42 

71.14 

62.00 

54.50 

49.41 

700 

167.01 

160.52 

154.37 

128.08 

107.70 

91.65 

78.84 

68.47 

60.00 

53.00 
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3. Notation 

a =* acceleration, ft/sec^. 

a == acoustic velocity, fps. 

Ae — area of nozzle exit section, sq in. 

At = area of nozzle throat section, sq in. 

c == absolute velocity, fps. 

Cb ~ discharge coefficient or drag coefficient as specified in text. 

Cg = G/Atpc == weight flow coefficient. 

Ct = "^/Aipc = thrust coefficient. 

D = drag, lb. 

Rp == thermochemical energy of propellant mixture, Btu/lb. 

g = acceleration due to gravity = 32.174 ft/sec^. 

G = xgmp = weight rate of propellant consumption, Ib/sec. 

Gf = weight rate of fuel flow, Ib/sec. 

Gq = weight rate of oxidizer flow, Ib/sec. 

He == calorific value of fuel, Btu/lb. 

h = altitude attained by rocket system at any time t during 
the power flight, ft. 

hp = altitude attained by rocket at the end of the power flight, 
ft. 

he = altitude traversed by the rocket during coasting after the 
propellants have been consumed, ft. 

hr — hp + he = total altitude attained, ft. 

J ^ 778 ft-lb/Btu = mechanical equivalent of heat. 

k = Cp/c^ == specific heat ratio. 

L = external work, ft-lb/lb. 

mp = propellant mass at beginning of powered flight = 0), 
slugs. 

m = mass of rocket system exclusive of propellants in slugs, 
mass in general, or molecular weight, as indicated in text. 

Afo = w + mp = mass of rocket system at the beginning of the 
powered flight (/ = 0), slugs. 

M = instantaneous mass of rocket system (including the pro- 
pellants) during the powered flight, slugs. 

M = Mach number. 

M = momentum, slug ft/sec. 

Pa = pressure intensity of atmosphere surrounding rocket 
motor, psia. 

pe =» pressure intensity acting on exit area of rocket motor 
nozzle, psia. 

pc « pressure intensity of the gases in the rocket motor com- 
bustion chamber, psia. 
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P = propulsion power, ft-lb/sec. 

Pr == 3^ = thrust power, ft-lb/sec. 

Pl == Gc^/2g == leaving loss, ft-lb/sec. 

^ = Go/Gf = mixture ratio. 
s = distance, ft. 
t = time, sec- 

tp = duration of powered flight, sec. 

3 = thrust, lb. 

Tc = temperature of gases in combustion chamber, R. 

Tt = temperature of gases in nozzle throat section, R. 

Te ~ temperature of gases in nozzle exit section, R. 

V = i/y =E specific volume, ft^/lb. 

w == effective exhaust velocity or relative velocity as indicated 
in text, fps. 

Wt == velocity of gases in throat section, fps. 

We = velocity of gases in exit section, fps. 

Wu = y/ 2gJEp = ultimate velocity, fps. ^ 

Wp = total weight of propellants consumed, lb. 
wp = gmp = initial propellant weight, lb. 

X = fraction of initial propellant mass mp consumed in unit 
time. 

2 = {Pc/Pe)^ - 1 . 

Z/(l + Z) = 1 - {Pe/Pch^^ 


Greek Symbols 

a = divergence angle of nozzle exit. 

X = 1/2 + 1/2 cos a = correction factor for divergence of 
nozzle exit. 

Y = l/r = specific weight, Ib/ft^. 

P = y/g == density, slugs. 
rii = internal efficiency. 
rip = propulsion efficiency. 

_fc±i 


n = Vfe 


’ 2 yc*-!) 
M + 1 / 


= velocity coefficient. 


Thermodynamic Relationships Based on Perfect Gas Laws 
For most rocket motors operating under steady-state conditions 
the equations presented in Chapters 1 and 3 are applicable without 
serious error. For convenience some of the equations derived in 
those chapters are presented below. 
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Assuming that the critical pressure ratio for the nozzle is exceeded, 
the state magnitudes pt, and vt for the gases in the throat section, 
expressed in terms of the conditions in the combustion chamber 
(denoted by the subscript c), are given by 


Jk 



and 

. (^)\, (3) 

The velocity of the gases in the throat section is the local sonic 
velocity at. Its magnitude is calculated from 


Wt 




If the throat pressure pt is plotted as a function of the chamber 

1 

( 2 

pressure pc, the result is a straight line with the slope I — — - 

\« + 1 

The critical pressure is a function only of the specific-heat ratio, 
which depends basically upon the composition of the propellant gases. 
It was shown in Chapter 3 that when the ratio pc/ pa, where pa is 
the external or back pressure, exceeds the critical ratio the velocity 
in the throat is independent of the chamber pressure and the rocket 
motor operates with complete nozzling. 

From Chapter 3, the critical pressure ratio is 





(5) 


Although the critical pressure ratio depends solely upon the value 
of k, it is not greatly affected by the possible range of k values which 
may be encountered with rocket propellants. The lowest value of k 
to be expected is approximately 1.2; the maximum attainable value 
(helium) is 1.67. The critical pressure ratios corresponding to the 
above values of k are 1.77 and 2.12 respectively. This means that 
at sea level the rocket motor will operate with complete nozzling as 
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long as the chamber pressure exceeds 32 psia. Since the chamber 
pressure pc for a rocket motor greatly exceeds this value, a rocket 
motor always operates with complete nozzling. 


Example. Calculate the throat velocity and throat temperature for a rocket 
motor nozzle for which Tc = 5520 R, w = 25.4, pc = 300 psia, pa - 14.4 psia, 
k = 1.25. 

Solution. From Table 12 -2 



0.5549 


Hence 300 X 0.5549 =» 166.5 psia is the critical value for the atmospheric pressure. 
Since 14.4 < 166.5, equation 4 applies. 

\/^ = 14.8; \T^ = 0-74.S4 

\m + 1 

wt = 31.S.3 X 0.74.34 X 14.8 = 3480 fps 

From equation 2 

Tt = == '‘’-''2® = 4910 R 


5. Conditions at Any Section of Nozzle 

The conditions at any section x in the divergent portion of the 
rocket motor nozzle, assuming perfect gases and no discontinuities 
in the flow, are related to the throat conditions by the following 
equations 


Wx 

Wt 




( 6 ) 


k-l 



(7) 

( 8 ) 

(9) 


From equation 
given by 


6 it is seen that the pressure ratio for w, = 0 is 


tl 

Pt 



( 10 ) 
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which is identical with that for the critical pressure ratio for sonic 
velocity in the throat. 


6. Nozzle Area Ratio 

The rocket motor gives its maximum performance when the nozzle 
is designed so that the gases are expanded completely to the pre- 



1.0 I 1 \ I I I ^ I I 

0 4 8 12 16 20 

Pressure ratio /p^ 

Fig. 6. Area ratio of exhaust nozzle vs. pressure ratio for different specific-heat 

ratios. 

dominating back pressure, that is, when pe = Consequently, 
the area ratio Ae/At for the rocket nozzle is of significance. It was 
shown in Chapter 3, in the discussion of the De Laval nozzle, that 
the area ratio for complete expansion is given by 
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20 30 40 50 

Pressure ratio Ip^ 

Fig. 7. Area ratio of exhaust nozzle vs. pressure ratio for different specific-heat 

ratios. 


It is convenient for calculation purposes to express the last equa- 
tion in either of the following forms 

^ ^ _ [2/{k + \)]^KPc/Pe)^ 

At 






or 


dl 

At 


iPdP.Y 




+ z 


( 12 ) 


(13) 
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The advantage of the last equation is that the values of the func- 
tions given in Tables 12 -2 and 12*3 can be used to simplify the cal- 
culation of Ae/Ai, However, for most applications Figs. 6, 7, and 8 
give the values A^/At directly with sufficient accuracy. To each 



50 100 150 200 

Pressure ratio Ip^ 

Fig. 8. Area ratio of exhaust nozzle vs. pressure ratio for different specific-heat 

ratios. 

value of the pressure ratio pc/pe there is one corresponding value of 
the nozzle area ratio AJAt that makes the nozzle exit pressure equal 
to the external pressure. This area ratio is termed optimum area 
ratio. 


. Example. The nozzle for a rocket motor is to be designed so that the exit pres- 
sure is 2 psi lower than the atmospheric pressure, 14.5 psia. The chamber pres- 
sure is 300 Dsia. and k « 1.25. Calculate the nozzle area ratio. 
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(i^r = ■ 


3.000 

p, --pa - 2.0 - 14.5 - 2.0 = 12.5 

pc 300 
- - - 24.0 

Pe 12.5 

y = 241^ = 12.71 


F'rom Table 12-4 


Hence 


Check from Fig. 6 




= 0.6856 


Ac . 12.71 

” 1.602 X 3.000 X 0.6856 


^ = 3.86 
At 


= 3.86 


7. Exit Velocity of Gases 

The linear velocity of the propellant gases crossing the exit section 
of the nozzle, measured with respect to the rocket motor, is called the 
exit velocity. From Chapter 3, assuming one-dimensional gas dy- 
namics and that the velocity of the gases approaching the exhaust 
nozzle is negligible gives for the ideal exit velocity 




k-l 


k 


w/ = . i 

2g- -RT. 

i-(-) 

\ 

k - 1 

\pj J 


Equation 14 may be written in the form 


We' == \2g RTe 

k ~ I 1 

substituting R = 1545/m gives 
We' = 315.3 


+ Z 


m 1 ^i+Z 


(14) 


(15) 


( 16 ) 
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Equation 16 is used for estimating when and m have been cal- 
culated by thermodynamic methods. 

Friction, turbulence, and the fact that the approach velocity is 
not zero cause the actual exit velocity to be smaller than the ideal 
exit velocity. Introducing the velocity coefficient ^ < 1, then 


(17) 

The value of ^ is usually between 0.9 and 1.0; its exact value is ob- 
tainable only by test. When no test data are available, the value 
^ = 0.95 is recommended. 

Calculation of Wc is reduced by using Figs. 9 and 10. 

Example. A liquid-propellant rocket motor operates with 300 psia chamber 
pressure. The propellants are such that Tc = 5520 R, m == 25.4, and k = 1.25. 
The nozzle is designed so that the exit pressure is equal to the local atmospheric 
pressure of 14.4 psia. Calculate the exit velocity. 

Solution, 



From Fig. 9 for pjpe 


Hence 


tl - 

20.8 and k - 1.25 


20.8 




- 475 


= 475 X 0.95 X 14.8 
= 6680 fps 


It is preferable to estimate V^J^/w from experimental data rather 
than from thermodynamic calculations. 

The following equation relates the exit and throat velocities. 


Wt ~ yjk- IL \pe) J 


(18) 


8. Weight Flow and Weight Flow Coefficient 

The weight rate of flow of propellant gases G lb per sec, called the 
rate of propellant consumption, is the same as that for the De Laval 
nozzle discussed in Chapter 3. Let Cd be an empirical correction 
factor called the discharge coefficient; then 
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G = 


iPcGd 




or 


^ yy if) y 


+ z 


( 20 ) 


Since rocket motors always operate with the exit pressure less 
than the critical pressure, the weight flow equation reduces to 


G = Cjj 

For convenience let 


Then 


or 


VrTc \k + 1/ 

(21) 




(22) 


(23) 

G- 0.1443 

y/Tc/m 

(24) 


Values of 12 as a function of k are presented in Table 12*2. Equation 
24 shows that, for a given propellant combination and a fixed tem- 
perature for the combustion-chamber gases, the rate of propellant 
consumption is directly proportional to Atpc- It is convenient, 
therefore, to express G in terms of Atpc and a coefficient Cq called 
the weight flow coefficient. 

G = CoAtPc (25) 

Hence the weight flow coefficient in terms of calculated thermo- 
dynamic data is given by 

Cq = 0.1443 Q (26) 

VTc/m 


The weight flow coefficient Cg is readily calculated from test data. 



( 27 ) 
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When no test data are available Cg can be estimated by using cal- 
culated values of the thermodynamic data Tc, w, and k and equation 
26. 

The experimental values of the weight flow coefficient Co can be 
used to obtain a satisfactory estimate of the parameter 
Since any reasonable erro r in e stimating the value of k has little 
influence on the results, \^Tc/m can be obtained from 

It, qCd 

V-“ = 0.1443 (28) 

^ ni Co 

where Co is calculated from equation 27 and G, At^ and p, are values 
obtained by lest. 


Example. A propellant is to be operated at 300 psia chamber pressure. The 
molecular weight of the combustion gases is 26, and T, = 4000 R. li k - 1.25, 
and Cd — 0.95, what throat diameter is required to give a flow of 5 Ib/sec? 
Solution. 

From Table 12 -2, « = 0.6581. 



From equation 


24, 

Cq = 


0.95 X 0.1443 X 0.6581 

1T3 


0.00733 


From equation 25, 


At - 




0. 00733 X 300 

1. n 


0.7854 


= 2.89 


2.27 sq in. 


d = 1.70 in. 


9 . Thrust of Rocket Motor 

Refer to Fig. 1. The thrust developed by the rocket motor is the 
resultant of the pressure forces acting upon its inner and outer sur- 
faces. Hence, the thrust, denoted by 0, is given by the surface 
integral 

3=fpdAx (28a) 

where dAx is the component of the motor wall area acting in the 
direction of the thrust. 

The above integral actually consists of two parts: one representing 
the integration of the pressure over the inner wall of the motor, and 
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the other the integration over the external surface.^^ Hence 

a = r pdA^ + f pdA^ (29) 

•^ut •'in 

The first integral is evaluated readily. The pressure acting on the 
outer surface is that of the surrounding atmosphere pay which may 
be assumed constant. If the outer bounding surface were a com- 
pletely closed metallic surface, so that there were no nozzle exit, 
then the first integral would have the value zero. Because of the 
exit opening, area Ae, the integral differs from zero by the pressure 
^epalb; this force acts in the opposite direction to the thrust de- 
veloped by the motor. Hence 



(30) 


To evaluate the second integral of equation 29 it is necessary to 
apply the momentum principles, discussed in Chapter 2, to the flow 
of gases through the motor. The gases are bounded at the inner 
wall and by the exit surface A^^, The gas pressure acting on i4e is 
denoted by pet which is not necessarily the same as the external 
pressure (atmospheric) pa^ Hence the x component of the integral 
for the inner surface is 

( pdA^- fpedA^ (31) 

•'in •'« 


The resultant momentum of the gases in the direction of thrust is 
that associated with gases crossing the exit surface Aet and is given 
by the integral 

From the momentum principle 



J l dAx =* I dAx — I pe dAx 

e •'in •'c 

J l P dAx = I Pe dAx + I flWx^ dAa 

in 


Substituting equations 32 and 30 into equation 29 gives 
3 - dAx + ffiWx^ dAx -- A,pa 


(32) 

(33) 
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Under the steady-state conditions assumed in the discussions of 
this chapter, the pressure, density, and velocity of the gases are con- 
stant. Let G denote the weight flow rate in pounds per second; then 
the thrust is given by 

G G 

3 = Aepe - A^Pa + ~ ^ A^ipc ~ />a) + - (34) 

^ g 

In the above equation Wxe I j the average value of the x component 
of the gases crossing Ae. 

Let We denote the exit velocity of the rocket gases, assumed to be 
constant, and let w^e = X We^ Then equation 34 becomes 

G 

3 — pa)Ae + X -- (35) 

g 

The coefficient X is the correction factor for the divergence angle a 
of the exit conical section of the nozzle. According to reference 11, 
if a is the divergence angle of the nozzle wall then 


1 — cos 2a 
4(1 — cos a) 


1 1 

= — h - cos a 
2 2 


Figure 11 is a plot of the coefficient X as a function of a. 


(36) 



0 10 20 30 40 50 60 70 80 90 


a tn degrees 

Fig. 11. Divergence angle correction factor X as a function of the divergence 
angle. (Based on F. J. Malina, J, Franklin Inst,^ October 1940.) 


Equation 35 indicates the manner in which the atmospheric pres- 
sure affects the thrust developed by the rocket motor: the higher 
the atmospheric pressure, assuming all other factors unchanged, the 
^nailer the value of the term ipe — pa)Ae and correspondingly the 
thioist. The maximum thrust would be developed when pa - 0. 
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Hence, the rocket motor develops its maximum thrust when it is operated 
in a vacuum. 

The magnitude of the pressure term {pe — pa)^e can be reduced 
by increasing the exit area until complete expansion to the atmos- 
phere back pressure is obtained. As discussed in Chapter 3, there 
is only one area ratio Ae/At that satisfies this condition. Increasing 
Ae beyond that value makes {pe pa)Ae negative so that the thrust 
is decreased. The effect of changing the area ratio is discussed 

in detail in Section 10. 

Equation 36 shows that the thrust developed by a constant- 
pressure rocket motor consists of two parts: the pressure thrust 
{pc ““ Pa) Ac, and the velocity thrust \{G/g)We. Only the velocity 
thrust is affected by the angle of divergence of the nozzle exit section, 
and, as illustrated in Fig. 11, for the divergences commonly used 
(15® or less) the coefficient X is practically unity. 

Substituting for G in terms of Q from equations 22 and 23 

3 = XCotoe - ■ + {pe Pa)Ae 

VgRTe 

and in terms of Cq 

We 

3 = \Cg — pcAt + {pe - pa) Ae 

g 

Equation 38 may be used for estimating the exit velocity We^ 
Since the main use of the exit velocity is to calculate thrust of the 
rocket motor, it is generally better to estimate We from 


(37) 

(38) 


We 


[3 {pe P<^A^ 

Wg 


(39) 


This equation is not used frequently in experimental work. Never- 
theless, it offers certain advantages in reducing data to a comparable 
basis by eliminating variations in nozzle design. 


Example. A 8olid-prop>eIlant rcx:ket motor of)erates at 2000 psia chamber pres- 
sure. The experimental weight flow coefficient is 0.00872, and k is 1.28. If the 
exit pressure is 14.4 psia and a =* 15°, what is the exit velocity? 

SoltUion. From Table 12*2 for A? = 1.28 

Q « 0.6636 

Hence 



0.1443 X 


0.6636 

0.00872 


11.0 


Pe “ 14.4 


139 
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We 

V’V tjm 


543 


We = 543 X 1.00 X 11.0 
= 5970 fps 

Solution. From Fig. 11, for a — 15°, 

X = 0.983 

Equation 39 

1000 - (12.0 -* 14.4) X 6 

IV 

0,983 X 5.5/32.174 
= 6030 fps 

10. Effect of Area Ratio on Thrust 

Consider a rocket motor operating with a constant chamber pres- 
sure, and suppose that it is possible gradually to increase the exit 
area Ae while maintaining the same divergence angle for the down- 
stream cone. Since the nozzle operates with the critical pressure 
ratio in the throat and supersonic velocities in the exit cone, the 
conditions in the throat section are unaffected by the increase in the 
area of the exit section. 

The velocity of the gases crossing .4 c is increased by the increased 
expansion. The ratio of the exit velocity We to the throat velocity 
Wt is obtained from equation 18. The relationship between the ratio 
of the exit pressure to the nozzle throat pressure pe/pt is given by 
equation 10. 

Figure 12 presents and />« plotted as functions of the area 
ratio Ae/At for a given rocket motor. It is seen that, as .4 c is first 
increased, pe and We increase at a much more rapid rate. As a result, 
although the pressure term {pe — pc^Ae is reduced, the increase in 
the exhaust velocity is such that the thrust is increased. The in- 
crease in thrust continues with the increase in area ratio Ae/At 
until the exit pressure pe becomes equal to the atmospheric pressure 
pa* When this occurs the pressure term {pe — p</)Ae reduces to zero. 
The gases are completely expanded to the atmospheric back pressure 
and attain the velocity corresponding to expansion from the com- 
bustion-chamber pressure to the atmospheric pressure. At this point 
the area ratio is defined by equation 12 and the exhaust velocity by 
equations 16 and 17. 

Until the condition pe * pa is reached a portion of the energy of 
the gases is not converted into kinetic energy and is lost as far as 
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thrust development is concerned. The nozzle functions with under- 
expansion as explained in Chapter 3. 

If the area ratio A^/At is increased beyond the value required to 
make pe == paj then the exit pressure of the gases falls below the 
atmospheric pressure. The pressure term {pe — pa)Ae becomes 



1.0 1.5 2.0 3.0 4.0 6.0 aO 10.0 15.0 20.0 ^ 


Area ratio A^/Ai 

Fig. 12. Effect of area ratio on the thrust developed by a constant-pressure rocket 
motor. (Reproduced from M. J. Zucrow, Jour. S.A,E., July 1946.) 

negative, and, since the exit velocity is practically unaffected, see 
Fig. 12, the thrust is reduced. The nozzle operates with over- 
expansion. If the overexpansion is large enough, shock waves may 
be formed in the nozzle exit cone, and before the overexpanded con- 
dition is reached the jet may separate from the nozzle wall# 

//• Thrust Coefficient (Cjp) 

In testing a rocket motor, the combustion-chamber pressure pc 
and the throat area Ai of the nozzle are two magnitudes that can be 
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measured accurately. It is convenient, therefore, to relate the thrust 
to these two variables. Let 


3 = CrpcAt (40) 

where Ct is called the thrust coefficient. Equating equations 37 and 
40 and solving for Cy 


Ct = XCj[)f2 , — : — =• -f- 
V gRTc 

Substituting for We from Section 7 



(41) 


Cf 




P(\ 
pj At 


(42) 


Equation 42 shows that the thrust coefficient Ct is independent of 
the gas temperature or molecular weight and depends only upon k, 
pc, pa. and Ac! At. 

Where the nozzle is designed for the optimum area ratio, so that 

pe = Pa. then ^ 

flk Z 

Ct = '\/ \/ (43) 


The thrust coefficient may be determined from equation 42 or 
more readily from a chart such as Fig. 13, which was calculated by 
Mr. R. D. Geckler for X = 0.9830 (a = 15®) and for Cd = ^ = 1.0. 



1 2 3456789 10 20 30 40 5060 

Expansion ratio, A« fAt 

FlO. 13. Calculated thrust coefficient va. expansion ratio for different pressure 
ratios (based on ife 1.28, X » 0.9830, Co « ^ 1.0). 
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Equation 40 is one of the basic design formulas for rocket motors. 
The value of Ct as a function of the combustion-chamber pressure 
is determined experimentally for the particular propellants to be 
employed. This is readily accomplished since the thrust, chamber 
pressure, and throat area can be measured accurately. The curve 
of Ct vs. pc gives the data for establishing the basic dimensions of the 
nozzle for any sp)ecified thrust or operating chamber pressure. 


Example. A rocket motor operates with a chamber pressure of 364 psia. The 
atmospheric pressure is 14.7 psia, and the area ratio for the nozzle is 3.0. Calcu- 
late the thrust coefficient if k = 1.28 and the exit half-angle of the nozzle is 15®. 

Solution. For a = 15°, X = 0.9830. From Fig. 6, Ad At = 3.0, pdpe = 20. 
Hence 

364 

= 18.2 psia 


20 


and 


From Table 12 *2, 


(tl 

\pc Pc) At 


18.2 - 14.7 


364 

= 0.029 


X 3 


4 . 


2k 

k - 1 


= 1.414 X 2.138 = 3.02; U = 0.6636 


Frtrni Table 12 *4, 




= 0.6933 


n+z 

Assume Cd = 0.95, and <p = 0.98. By equation 42 

Ct = 1.268 -h 0.029 » 1.297 


12. Effective Exhaust Velocity {w) 

In the test of a rocket motor the variables — the thrust 3, the total 
propellant consumption G At pounds, and the duration At seconds — 
are measured. It is convenient, therefore, to express the thrust by 
the equation. 

G 

3 = — w (44) 

g 

where w is called the effective exhaust velocity. 

It follows from equations 38 and 44 that 


W = Xa>, + - (/>e - pa)A. 

Cr 


( 45 ) 
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Consequently, if the thermodynamic properties of the combustion 
gases are known, so that can be calculated, the effective exhaust 
velocity can be determined by calculation. Otherwise w is deter- 
mined by a test wherein the total propellants Wp = G At consumed 
in At seconds is measured. The tests also give a thrust-duration 
curve such as that illustrated in Fig. 14. From the test data 
G — Wp/ At and 

(«) 

The product 5 A/ is the integral of the thrust vs. duration curve 
(Fig. 14) and is called the impulse I in pound-seconds. Hence, if 
the impulse produced by the consumption of Wp lb of propellant 
is If then 

g 

w = 1 fps (46a) 

Wp 

The effective exhaust velocity is one of the most important cri- 
teria of rocket-motor performance. The objectives of research and 
development are to increase its value continually. 



Fig, 14. Illustration of thrust-duration curve for a constant-pressure rocket motor. 


For given propellants the magnitude of the effective exhaust 
velocity is affected mainly by the conditions within the rocket 
motor. It is practically independent of the surrounding atmosphere. 
This is to be expected from the basic phenomena associated with 
the supersonic flow of gases, according to which the pressure distri- 
bution in the nozzle cannot be affected by conditions beyond its exit. 
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If the area ratio for the nozzle is selected so that the gases are 
expanded to the atmospheric pressure when they reach the exit 
section Ai, then p» •» pa. The thrust equation accordingly becomes 

G 

3 «■ Xw, — (466) 

g 

and for X *• 1 

G G 

3 — — to, — w (46c) 

g g 

Si 

In this case the effective exhaust velocity is identical with 4ie exit 
velocity. 

For a given rocket motor the thrust will vary as the back pi^ssure 
is changed. Consequently, if the motor is to operate at different 
altitudes, the area ratio must be selected so that it is the best com- 
promise for the operating conditions. Usually, the nozzle is designed 
so that it will operate with a slight underexpansion at the most 
significant operating altitude. The effect of altitude on the perform- 
ance of two different motors designed to operate with different degrees 
of underexpansion at sea level is illustrated in Fig. IS. 

For the optimum area ratio the effective exhaust velocity in terms 
of the thermodynamic properties of the propellant gases and their 
expansion ratio is given by 


The above equation shows that the effective exhaust velocity 
increases directly as the square root of the product of the Combustio^^ 
chamber temperature Tc and the gas constant R. It also masses 
with the expansion ratio and with, a decrease in the spectfic-h^t ratio 
for the gases. The two last-mentioned factors ^ert only a i^ndr 
influence, so that for practical purposes it can be as sumed that the 
effective exhaust velocity is proportional to y/XcR. Since ^ g^ 
constant R = 1545 /m, where m is the molecular weight of the gases, 
it foi lows d irectly that the effective exhaust velocity ia proportional 
to y/ Tf/tn. , 

. ':Figum 16 iUuatmtes.the manner in itMch the oomb(|8tiail-chaumber 
•temperature and pccaaore affect the effective exhaust vdodty’. The 
curves were calcalated on the ba^ th^ft the moieaula^ wtsg^t iii 
Ooastant'and'h 1.2. 
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Fig. 15. Thrust vs. attitude curves for two different rocket motors. (Reproduced 
from M. J. Zucrow, loc, cii.) 



velocity (constant value of ^ 1.2). (Reproduced from M. J. Zucrow, he, cU») 
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For the gases generated by the propellants currently being used 
the values of R can be assumed to vary from 60 to 80. The combus- 
tion-chamber temperature will range from 3500 R to 6000 R. 

Example. A rocket motor using liquid propellants is operated at 300 psia cham- 
ber pressure. The nozzle is designed for the optimum area ratio for the sea-level 
atmospheric pressure of 14.7 psia; the throat diameter is 2 in., and the divergence 
angle is 15®. Calculate the effective exhaust velocity and thrust at sea level and 
at 20,000 ft altitude. Assume k = 1.25, V" Tc/m = 14.8, and Cd = 0.95. 

Solution, From Table 12 -2, O = 0.6581. Hence from equation 26 

^ 0.95 X 0.1443 X 0.6581 ^ 

Cq = = 0.0061 

14.8 

From equation 25 

G » 0.00610 X (2)2 X 0.7854 X 300 
= 5.75 Ib/sec 

This rate is independent of the atmospheric pressure. From Fig. 9 the exit velocity 
is obtained as follows; (pdpe) =* 300/14.7 = 20.4. Hence 


Wr 


= 475 


Tc/m 

We = 0.95 X 14.8 X 475 « 6680 ft/sec 
The effective exhaust velocity is obtained from equation 45. From Fig. 11 
X = 0.9830 for a * 15® 

w = 0.9830 X 6680 pa)A, 

G 

At sea level the last term is zero, and 

w “ 6560 fps 

At 20,000 ft. Pa = 6.73 psia and the last term becc«nes 

i 


5.75 


(14.7 - 6.73)^e 


.(4 1 , is determined from Fig. 7 as 11 sq in. Hence 

32.174 


w = 6560 -f 


At sea level: 


5.75 
6560 -f 486 
7046 fps 
5.75 


(8.0)11 


32.174 
1175 lb 
5.75 


X 6560 


32.174 
1260 lb 


X 7046 


kt 20.000 ft: 


Z 
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13. Specific Impulse (lep) 

The performance of a liquid-propellant rocket motor is quite 
generally stated in terms of its effective exhaust velocity. Solid- 
propellant rocket-motor performance is expressed more frequently 
in terms of the impulse delivered per unit weight of propellant con- 
sumption. This is termed the specific impulse of the propellants. 
Thus, r 


I,i p 


Wp 


(48) 


The use of this criterion is becoming more prevalent in all fields of 
rocketry. 

The specific impulse is a thermodynamic property of the propellant 
gases, and its magnitude for a given expansion ratio is independent 
of the motor design. For a given propellant the specific impulse 
depends only upon the nozzle expansion ratio. 

The relationship between the effective exhaust velocity and the spe- 
cific impulse is obtained as follows: 

From equation 44 the effective exhaust velocity is 


w 



(49) 


Comparing equations 48 and 49 it is seen that 

w 

lep ~ "" 
g 


(50) 


In other words the effective exhaust velocity is g times the specific 
impulse. 

From equations 49 and 50 

Wp 

3 = GJ.P = — . hp (51) 

At 

Comparison of equations 25, 40, and 51 furnishes the following 
relationship. ^ 

/.P = TT (52) 


The lap of the propellants can be calculated from thermodynamic 
values of Tc and m by substituting for Cq 


lap = 6.93 





(53) 


The values of Ct can be taken directly from charts or can be calcu- 
lated from equation 42. 
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If the rocket-motor nozzle has the optimum area ratio, then sub- 
stituting for w from equation 47 gives 



This last equation shows that the specific impulse depends pri- 
narily upon the square root of the ratio of the temperature of the 



0 10 20 30 40 50 

Pressure ratio, Ip^ 

Fig. 17. Specific impulse parameter I RTc as a function of pressure ratio 
for different values of specific-heat ratio. 

gases in the combustion chamber to their molecular weight; this fol- 
lows from the preceding discussion of the equation for the effective 
exhaust velocity. 
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The maximum temperature in the combustion chamber is limited 
by dissociation reactions and from a practical standpoint by the 
materials available for constructing rocket motors. Consequently, 
the possibility of increasing the specific impulse by raising the com- 
bustion-chamber temperature is limited until new methods for pro- 
tecting the combustion chamber and nozzle walls are developed. 

The possibility of increasing the specific impulse by reducing the 
molecular weight of the gasej by using fuels rich in hydrogen also 
suffers from certain restrictions. Panels rich in hydrogen have low 
specific weight, so that the average specific weight for the propellants 
is reduced. This makes it necessary to use supply tanks having large 
volumes, thereby increasing the overall weight of the jet-propulsion 
system. Therefore an additional guide to the selection of a propellant 
combination, all other things being equal, is the product: specific 
impulse X specific weight. If stepped rockets are considered, where 
the empty propellant tanks are discarded from the rocket system as 
they are emptied, then the specific impulse is the unique criterion. 

Figure 17 plots the dimensionless ratio Isp/<p^RTc as a function 
of the pressure ratio. This ratio is sometimes called the reduced 
specific impulse; its value depends only upon the specific-heat ratio 
for the combustion-chamber gases. 

14. Specific Propellant Consumption 

The propellant consumption of a rocket motor is usually stated 
in terms of the required flow rate of propellants to produce 1 Ib-scc 
impulse. Let Gsp denote the specific propellant consumption 
(fuel + oxidizer), and G the rate of propellant flow. For a given 
thrust 5, it follows from equation 49 that 

3g 

G == — Ib/sec 

IV 

But Gsp = G/3 = \/Isp \ hence 

G,p = - (55) 

w 

Thus, if the effective exhaust velocity of a rocket motor is 6200 fps, 
its specific propellant consumption is Gap == 32.174/6200 = 0.0052 
Ib/lb-sec. 

The specific propellant consumption, being the reciprocal of the 
spedfic impulse, is affected by the same factors. 
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i5. Characteristic Velocity (c*) 

A useful criterion of rocket-propellant performance is the so-called 
characteristic velocity c* defined by 


w 



Substituting for w and Ct gives 


pcAig At _ g pc^At 

~Wp “ G 


(56) 


(57) 


This is the equation used for determining c* in experimental work, 
and it is evident that the value of c* is independent of thrust 3, 
and no measurement of 3 is required for calculating the value of c*. 
Since G = GgpcAty it follows that 


c* 



(58) 


The characteristic velocity and the weight flow coefficient are evi- 
dently equivalent, and it is a matter of choice which parameter is 
actually used to express the performance of a propellant. Generally, 
c* is more common in studying liquid propellants and Cq is used 
almost exclusively in studying solid propellants. 

Substituting for Cq in equation 58 gives 

c* = 

Cz>Q 

Substituting for R = 1544/w 

llS.oVrJm 

C* = 

Cifil 


(59) 

(60) 


This equation is useful for computing the temperature of the gas in 
the combustion chamber. 

Substituting for w and for Ct in equation 56 and assuming Cp « 1 
for convenience gives the following equation for r*. 
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The numerator is the acoustic velocity corresponding to c\ 
tions in the combustion chamber Hence 



It is seen from equation 62 that the characteristic velocity c* 
depends only upon the operating mixture ratio (oxidizer/fuel) and 
the combustion-chamber pressure and/or temperature. 

For a given ratio of oxidizer to fuel the effect of pressure on the 
combustion -chamber temperature is slight. This is particularly true 
for compounded solid propellants and not significantly incorrect for 
liquid propellants where the temperatures reached do not give appre- 
ciable dissociation. Consequently, it can be assumed without serious 
error that c* is independent of the chamber pressure for a fixed 
mixture ratio. 

In the experimental testing of rocket motors the value of c* is cal- 
culated from equation 57 and the measurements of the total pro- 
pellants consumed Wp^ the duration of the run A/, the combustion- 
chamber pressure pet and the area of the nozzle throat section A^, 

16. Combustion in the Rocket Motor 

The energy developed in the rocket motor for propulsion purposes 
is derived from the thermochemical energy of the propellants. Their 
chemical reaction (combustion) is exothermic and is accompanied by 
the evolution of large quantities of gases at high temperature. Since 
the fuels employed are predominantly hydrocarbons the products of 
the reaction usually contain CO2, CO, and H2O as principal con- 
stituents. Both the temperature attained by the reaction and the 
composition of the reaction products are influenced to some extent 
by the mixture ratio (oxidizer weight/fuel weight) and by the phe- 
nomenon of dissociation. The conditions for chemical equilibrium 
between the reaction products determine the final gas composi- 
tion. 

Because of the high temperature reached, the chemical reaction 
of the propellants does not go to completion. Thus some of the CO2 
present dissociates into CO2 ~ CO + ^62, the water vapor into 
H2O » H2 + IO2* If the temperature is allowed to become suffi- 
ciently high the dissociation results in the further breakdown of 
these products. Thus at 4500 F, approximately, the water vapor 
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dissociates into H + OH, and at 7200 F it dissociates into H + H 
+ O. At temperatures above 9000 F no molecular components are 
present in the reaction products.^® 

As a consequence of the dissociation phenomena the maximum 
temperature which can be reached by the combustion gases is limited. 
The amount of dissociation occurring will depend mainly upon the 
predominating temperature and pressure. In general, it can be said 
that the higher the temperature the greater the dissociation, and the 
higher the pressure the less the dissociation. This is apparent from 
Table 12*6, which presents dissociation data for CO 2 and H 2 O. 


TABLE 12. 6 


Dissociation of H2O and CO2 in Per Cent 
(Marks* Handbook; data of Tizard and Pye, AtUomobile Engineer, 1921) 


Temper- 


Pressure in Atmosphere 


ature 


H 2 O 



0.1 

1.0 

10 

100 

2730 

0.043 

0.02 

0.009 

0.004 

3630 

1.25 

0.58 

0.27 

0.125 

4530 

8.84 

4.21 

1.98 

0.927 

5430 

28.4 

14.4 

7,04 

3.33 


CO2 


0.1 

1.0 

10 

100 

0.104 

0.048 

0.0224 

0.01 

4.35 

2.05 

0.96 

0.445 

33.5 

17.6 

8.63 

4.09 

77.1 

54.8 

32.2 

16.9 


From a practical standpoint, however, any phenomenon which 
aids in limiting the maximum temperature in the combustion chamber 
without affecting the performance too adversely is beneficial because 
of the limitations imposed by the materials and cooling methods 
currently available for constructing rocket motors. 

Dissociation may be conceived as a decomposition of the form^ 
chemical compounds resulting from exposing them to high tempera- 
tures. Because of this phenomenon not all the thermochemical 
energy of the propellants is available to the rocket motor for trans- 
formation into kinetic energ 5 ^ Consequently, the effective exhaust 
velocity attained will be lower than the theoretical value based on 
the thermochemical energy content of the propellants. In addition 
to the unavoidable loss resulting from dissociation there are other 
losses due to such effects as radiation, fluid friction in piping and 
nozzle, and imperfect combustion due to some of the propellants 
being inadequately mixed. 

The effect of the pressure in the combustion chamber upon the 
completeness of reaction is governed by the subsequent reactions 
which can take place between the products of combustion. When the 
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subsequent reaction is such that the volume of the reactants is larger 
than that obtainable from their complete reaction, increasing the 
combustion-chamber pressure favors driving such a chemical reac- 
tion to completion. If the completed chemical reaction does not 
produce a change in volume, pressure has no effect on the reaction. 
On the other hand, if the completed reaction will produce an increase 
in volume, increasing the pressure hinders the progress of that 
chemical reaction. Consequently, the chamber pressure exerts an 
influence upon the final gas composition. Its effect on dissociation is 
to reduce this tendency. In general, a high chamber pressure favors 
improved performance, but the rate of improvement decreases for 
values of pc !argf‘r than 300 psia. 

Table 12-7 presents pertinent thermochemical data on liquid fuels 
which may find usefulness in liquid bipropellant systems. 

TABLE 12*7 

Thurmochemical Data on Liquid Fuels 


Calculated from data in (1) Chem. Eng. Handbook, pp. 272-311; (2) Hougen and 
Watson, Industrial Chemical Calculations, pp. 168-170; (3) Robinson, Thermo- 
dynamics of Firearms, pp. 46-51. 





Heat of 

Heat of 


Chemical 

Molecular Combustion * 

Formation 

Fuel 

Formula 

Weight 

(Btu/lb) 

(Btu/lb) 

Carbon disulfide 

CS2 

76.13 

5,960 

-519 

Methanol 

CHaOH 

32.07 

9,078 

3,462 

Acetylene 

QHj 

26.04 

20,770 

-4,015 

Ethanol 

QUiOH 

46.07 

11,930 

2,619 

Gasoline 

CgHw 

114.23 

19,245 


Ethylene (gas) 

C2H4 

28.05 

20,300 


Hydrogen 

H2 

2.016 

51,608 

0 

Methane 

CH4 

16.04 

21,529 

2,000 

Hydrocarbon oils 

CnH 2 n +2 


22,000 (approx.) 


Propane 

CsHg 

44.09 

19,940 


Benzene 

C#H, 

78.11 

17,190 

-300 


* A method for calculating the heats of combustion of compounds, developed by 
Kharasch and Sher, is reported in Bureau of Standards Journal of Research, Vol. 2, 
pp. 359-430, 1929. If the structural formula of a compound is known, its heat of 
combustion may be calculated by this method with an accuracy that is within 
1 per cent of the experimentally determined value. Values in the table are lower 
heating values. 

IT. Cooling of Rocket Motor 

The adequacy of a rocket motor depends almost entirely upon its 
ability to perform without damage at high temperatures for the 
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operating duration, and the number of runs, to which it is subjected. 
Of the total heat liberated by the reaction of the propellants approxi- 
mately 5 per cent is transferred to the motor and nozzle walls; this 
amounts to 120 to 200 Btu/sec. There are at present four major 
methods for protecting the motor walls from this transferred heat; 

(1) the motor walls and nozzle can be constructed of suitable mate- 
rials, heavy enough to absorb the heat during the operating period ; 

(2) one of the propellants in its passage to the injection system can be 
circulated around the heat-absorbing surfaces to keep them cool — 
this is the regenerative cooling system and decreases the heat losses; 

(3) high -temperature-resistant materials (refractories) can be used for 
lining the heated surfaces; and (4) film cooling can be applied. 

Method 1 employs the principle of supplying a heat reservoir 
capable of receiving the total quantity of heat to be absorbed without 
raising the metal temperatures to dangerous values. The most 
suitable materials for this type of cooling are those for which the 
product (specific heat X thermal conductivity X density) has high 
values. The best material from this standpoint is copper. The fore- 
going criterion is not, however, a unique guide to motor construction, 
since considerations of strength and weight are frequently of greater 
importance. In any case, as the required operating duration for an 
uncooled motor is raised, the requisite motor weight becomes exces- 
sive for practical use. Consequently, this type of motor construction 
is adaptable only to rocket motors which are to be operated for short 
durations and may be operated with high fuel oxidizer ratios to re- 
duce the operating temperature. Satisfactory motors of this type 
have been built for durations up to 35 sec. They weigh more than 
rocket motors of equal thrust output that employ regenerative cool- 
ing. 

Method 2, regenerative cooling, appears currently to be a sound 
approach to the solution of the heat problem. It has the advantage 
that, once the cooling system has been developed correctly, the motor 
can be operated for long durations (several minutes at a time) with- 
out damage. Furthermore, these motors can be made extremely 
light in weight, the thrust-weight ratio increasing markedly with the 
larger thrusts. A large number of successful motors of this type have 
been built. 

Little advance has been made using method 3, but it seems prob- 
able that good results will be obtained by combining it with method 2. 

Method 4, film cooling, appears to offer the ultimate in permitting 
high temperatures to prevail in the combustion chamber. It is baised 
on forming, over the inside walls of the chamber and nmdt, a cbm^ 
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plete film of liquid which by its evaporation keeps these surfaces cool. 
The effectiveness of this form of cooling can be judged by the results 
obtained in the German V-2 rocket motor which used a crude version 
of this form of cooling. By permitting approximately 7 per cent of 
the total fuel (alcohol) consumption to enter the nozzle surfaces to 
give a form of film cooling, temperatures of 5400 R could be with- 
stood without damage in a motor having a thin carbon-steel inner 
wall. True film cooling as discussed above is still in the development 
stage. 


18. Proptdsian Efficiency 

Consider a rocket- jet-propelled body moving at the constant flight 
Speed V prior to the exhaustion of its propellant supply. Assuming 
steady conditions, the rate of propellant consumption G — Go + G/ 
Ib/sec and the effective exhaust velocity w fps are constants. Under 

G 

these conditions the thrust of the rocket motor ^ - w remains con- 
stant. ^ 

The useful work or thrust power Pr is accordingly 


Py, = 5F = 

g 


(63) 


Let c = w — V denote the absolute exit velocity of the propellant 
gases; then the leaving loss Pl is 


2g 2g 

The propulsion power P is given by 

P = Pr + Pi = ^ + 7®) 

The instantaneous propulsion efficiency rip is accordingly 

37 2(7/w/) 

VP = y ~ (F/w)2 + 1 

Letting v = V/w — velocity ratio 


2p 


VP 


+ 1 


(64) 


(65) 


( 66 ) 


(67) 


The propulsion efficiMicy of the rocket motor at any instant is 
seen to be zero when the rocket-jet-propelled system is at rest ;w •= 0. 
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As the flight speed of the system is increased, so that w increases, 
the propulsion efficiency increases until the velocity of the body is 
identical with the effective exhaust velocity of the gases; ztr == 1. 
For the last condition the leaving loss is zero and the ejected gases 
have transformed all their kinetic energy to propulsion work. If 
the flight speed can be increased so that v becomes greater than unity, 
the thrust power is likewise greater. This increase in the useful out- 
put is attained, however, at the expense of the kinetic energy asso- 



I'sa v/w 

Fig. 18. Propulsion efficiency vs. velocity ratio for a constant-pressure rocket 
system. (Reproduced from M. J. Zucrow, loc. cit.) 

ciated with the moving propellants. The result is a decrease in the 
instantaneous propulsion efficiency, because not all the energy of the 
ejected gases is converted into energy of motion. 

Figure 18 presents the instantaneous propulsion efficiency of the 
rocket jet as a function of the velocity ratio. 

The action of the rocket jet differs from that of either the propeller 
or thermal jet in that the thrust depends only upon the effective 
exhaust velocity. For the other two propulsion systems the thrust 
depends upon a difference in velocities. The magnitude of the rocket 
motor thrust is independent of its motion, assuming all other condi- 
tions unchanged. The magnitude of its propulsion efficiency, how- 
ever, is dependent upon both the flight speed V and the effective 
exhaust velocity w. The effect of the exhaust velocity and the flight 
speed is illustrated in Fig. 19. 

‘Because the thrust of the rocket depends only upon the effective 
exhaust velocity, operation at unity velocity ratio or higher is a 
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possibility. However, operation at dose to unity velocity ratio is 
obtainable only if the flight speed is extremely high. Referring to 



Fig. 19. Propulsion efficiency of rocket system as a function of true air 8p)eed for 
different values of the effective exhaust velocity. (Reproduced from M. J. Zucrow, 

loc, ciL) 


Fig. 19 it is apparent that the rocket jet is an inefficient propulsion 
device at speeds comparable to those currently being attained by 
the speediest fighter aircraft. 



Airplane speed, mph 

Fig. 20. Comparison of propulsion efficiencies of propeller, thermal jet, and rocket 
jet at 20,000 ft altitude. (Reproduced from Sir A. H. Roy Fedden, Proc. Royal 
Aero. Soc,, May 25, 1944.) 
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Figure 20 compares the calculated instantaneous propulsion effi- 
ciencies of the propeller, thermal jet, and rocket jet at 20,000 ft 
altitude (Sir A. H. Roy Fedden, Proc. Royal Aero, Soc,, May 25, 1944). 

The principal thrust and power relationships for the propeller, 
thermal-jet, and rocket-jet propulsion are assembled for convenience 
in Table 12*8. 

TABLE 12-8 


Thrust and Power Relationships 


Item 

Prop>eller and Thermal Jet 

Rocket Jet 

Units 

Thrust 

3 

G G 

3 = - («; — F) a= - T£;(l — v) 
i g 

- = - (1 - p) 

G g 

G 

3 =» - w 
g 

3 w 

G g 

lb 

lb 

Ib/sec 

Exit loss 
Pl 

Pl = ^ ^ - Vf 

2g 


ft-lb 

sec 

Thrust 

IX)wer 

Pt 

Pt *= TV — — — p)v 

g 

Pt •‘ZV -m-wV 
g 

as — 

g 

ft-lb 

sec 

1 

Propulsion 

power 

P 

P ^Pt^-Pl^^V^-Pl 

^ _ l/«) ^ ^(1 _ yS) 

P « 3F4-Pl 

1 

ft-lb 

sec 

Ideal 

propulsion 

efficiency 

VP 

2p 

1 V 

2v 



p V/w 

G ^ fluid flow rate, Ib/sec 
V ■■ true air speed, fps 

w » relative exit velocity of propulsion fluid or effective exhaust velocity, fps 


For a purely rocket-propelled body, the main object is usually to 
attain as high a flight speed as possible. Consequently, the flight 
speed V is not constant and at any instant the efficiency of propellant 
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Utilization depends, as is shown in a later section, on the ratio of the 
instantaneous mass of the system to its initial mass when F = 0. 
Consequently, the propulsion efficiency varies throughout the powered 
flight, that is, while the propellants are being consumed. 


19. Ideal Velocity of Rocket System 

The ideal velocity is the speed the rocket system would attain if it 
moved in a frictionless medii m without doing work against gravity. 
Although the results for the above ideal conditions cannot be applied 
directly, they do give an insight into the effect of certain character- 
istics of the rocket system upon the maximum attainable flight speed 
and upon the efficiency of rocket jet propulsion. 

Assume that the rocket motor operates under steady conditions, 
so that the chamber pressure and the effective exhaust velocity do 
not change with time. For the notation used in this section, see 
Section 3. 

At the beginning of the powered flight (when / = 0), the mass of 
the rocket system is Mo = m + mp slugs, where mp is the initial 
propellant mass at / == 0. Let x be the fraction of the total pro- 
pellant mass consumed in unit time; then at any instant t during the 
powered flight the mass of the rocket system is given by 

M = Mq — xmpt slugs (68) 

The rate of decrease in the mass of the system is —dM/dt and is 
equal to the rate of propellant consumption. Hence 

dM , ^ 

= xmp (69) 

dt 

The thrust 3 developed by the rocket motor accelerates the system 
at the rate d V/dL The thrust is given by 

dM 

3 = xmpw = —w (70) 

dt 


the negative sign denoting that the mass of the system is decreasing. 
Hence, since the increase in momentum of the system must equal the 
momentum change for the gases, 


or 

Hence 


MdV = -dM^w 
MdV + w dM =» 0 


dV 


— w- 


dM 

If 


(71) 

( 72 ) 

( 73 ) 
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Integrating and noting that when / = 0, V — 0, M — Mq, and at 
the end of the powered flight t = tp, V = V, and M = Mq — w/>, 
then 

Mq 

V ^ w loge — (74) 

ikZo — mp 

Since ilfo ~ m + mp, where m is the mass of the system exclusive 
of propellants, the ideal velocity V becomes 



The ratio mp/m is called the mass ratio and is a criterion of the 
design of the rocket system. The effect of the mass ratio on the ideal 
velocity, for different effective exhaust velocities, is shown in Table 
12-9. 

TABLE 12-9 


Effect of Mass Ratio and Effective Exhaust Velocity on Ideal Velocity 


Mass Ratio 

w = 5000 

w = 6000 

w = 7000 

w « 8000 

w « 9000 

w - 10,000 

mp/m 

fps 

fps 

fps 

fps 

fps 

fps 

0.2 

910 

1,090 

1,275 

1,460 

1,640 

1,820 

0.4 

1,680 

2,020 

2,350 

2,690 

3,030 

3,370 

0.6 

2,350 

2,820 

3,290 

3,750 

4,220 

4,700 

0.8 

2,940 

3,530 

4,120 

4,700 

5,300 

5,880 

1.0 

3,470 

4,150 

4,850 

5,550 

6,230 

6,930 

1.2 

3,940 

4,740 

5,520 

6,310 

7,100 

7,890 

1.5 

4,580 

5,500 

6,410 

7,320 

8,230 

9,160 

2.0 

5,490 

6,590 

7,690 

8,770 

9,890 

10,990 

2.5 

6,260 

7,530 

8,770 

10,200 

11,260 

12,530 

3.0 

6,930 

8,400 

9,700 

11,050 

12,460 

13,860 

4.0 

8,050 

9,650 

11,250 

12,850 

14,450 

16,090r 

5.0 

8,960 

10,740 

12,520 

14,330 

16,100 

17,920 

10.0 

11,990 

13,800 

16,100 

18,400 

20,700 

23,400 

20.0 

15,230 

18,250 

21,300 

24,400 

27,400 

30,450 


It is seen from Table 12*9 that, for any given effective exhaust 
velocity, the mass ratio must be of the order of 2, if the ideal velocity 
is to be nearly equal to the effective exhaust velpcity. The tabulated 
values neglect the influence of the air resistance, so that the mass 
ratio actually required will be much larger. To illustrate, the German 
V-2 missile weighed approximately 24,000 lb. Of this 18,000 lb were 
propellants and the balance war head, casing, and control mechanism. 
The effective exhaust velocity is estimated to have been 6400 fps, 
and the duration 71 sec. The maximum velocity attained was dose 
to 6000 fps (4000 mph approximately). The trajectory and flight 
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characteristics for this missile according to references 7 and 19 are 
as follows : 


Initial acceleration 

tg 

Duration of powered flight 

71 sec 

Velocity at end of powered flight 

5300 fps 

Height at end of powered flight 

22 mi 

Maximum height reached 

68 mi 

Velocity at top of trajectory 

3900 fps 

Time to reach top <^f trajectory 

193 sec 

Horizontal distance traversed 

200 mi 


The effect of the mass ratio on the overall efficiency of the rocket 
jet-propulsion method can be obtained by means of the following 
argument taken from reference 21. 

In the ideal case the work done by the reaction force of the rocket 
jet is 


‘'0 


^ 'Vdt = xmpw I V dt 


f 


(76) 


But, from equation 75, V = w loge (Mo/m), Hence, noting that 
m = Mo — xmptf the work done is given by 


L == xmpw^J j^loge Mo — I loge Mo + log, 
Expanding the last term into a series 


V Mo Ji . 


xmpt 1 /xmpC^ 1 /xmpt\} 


Mo 2\Mo) 3 


Hence 


( xmpt\ 
ice 

L^xmpvi^l + -( )+- 

Jt-o L Afo 2\Mo / 3 


\Mo) 


/xmptV 
3 KUh ) ^ 


Integrating between the limits / = 0 and / = tp 
r x^mp^tp^ x^mp^tp^ x^mp^tp^ 

^ ^ L 2Mo UMo^ ’ 

But the duration of the powered flight tp is given by 

1 

tp = - 
X 

Hence the work done during the powered flight is 




■ mj»® _ mp® , mp 

.'mo 6 Mo® Tmo' 


r 8 

'o J 


dt (77) 


(77o) 


dt (78) 


(79) 


(80) 


( 81 ) 
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The overall efficiency of the rocket is given by the ratio of the work 
done L to the thermal energy of the propellants consumed JEpGp 
~ JEpgmp, 


JgEpmp 


(82) 


Let Ep denote the thermochemical energy of the propellants in Btu 
per pound, and let tn denote the internal efficiency. Hence 

..2 


w 


Vi = 


2gJEp 


(83) 


so that JEpg = 
tion 82 gives 


Substituting this last expression into equa- 


V == 


lT]iL 

mpv? 


(84) 


Substituting for L from equation 81 the result 


is 


V ^ Vi 


mp 


ntp^ mp^ "I 

+ 7Tri+*** 


(85) 


Since Vi can be assumed constant throughout the flight for reasons 
already discussed, it follows that the overall efficiency rj depends 
upon the mass ratio ntp/Mo, and in the case where there is no fric- 
tional resistance to flight it is of the same order of magnitude as the 
mass ratio. When the body encounters resistance the efficiency will 
be reduced, because of the effects of gravity and of the air resistance. 
These will not affect the thrust of the motor, which, except for the 
small effects produced by altitude changes, can be assumed to be con- 
stant. There are propellants and jet-propulsion systems available 
that justify the assumption that the burning rate can be maintained 
constant. 


ZO. Vertical Flight with No Air Resistance 
This analysis, based on references 20 and 21, should be considered 
to give the optimum performance of the rocket motor in attaining 
extreme altitudes. It will be assumed that the rocket motor operates 
under steady-state conditions so that its thrust and effective exhaust 
velocity are constants.^* ^ 

The equation of motion for the rocket system including air re- 
sistance or drag i>, during the powered flighty while the total pro- 
pellant supply has not been consumed, is given by 

dV 

D Mam ^ ^ lb (86) 

dt dJr 



Chap. 12] 


THE ROCKET MOTOR 


51 ^ 


The assumed constant thrust is given by equation 70. Hence the 
acceleration a of the rocket system at any instant during the powered 
flight is given by 

xmp D ^ 

^ ^ ^ ^ Tr ft/sec^ (87) 


Owing to the constant rate of propellant consumption, the mass of 
the rocket system at any instant during the powered flight is given by 

M = Mq — xmpt slug (88) 


Substituting for M from equation 88 gives the following equation 
for the acceleration. 


a 


xmpw 


D 


Mq — xmpt 


- g- 


Moxmpt 


ft/sec^ 


(89) 


At the beginning of the powered flight the following conditions 
obtain. 

/ = 0, M = Mq, F = 0, = 0, and a = ao (90) 

Hence, the initial acceleration at the time / = 0 is given by 


So that 


xmpw 

a ao — — g 

Mo 

(^0 + g)Mo G 

xmp = = — slug/sec 

w g 


(91) 


Substituting for xmp into equation 89, the acceleration equation 
becomes 

oo + g ^ / 1 \ 

Mo ( , (ao + i)t 


1 - 


(^0 + g )^ 


~ g 


,1 ~ 


(92) 


w 


w 


7 


The drag Z) is a function of the flight speed F, the air density p, 
the largest cross-sectional area 5, and the drag coefficient Cd, as 
explained in Chapter 5. Thus, letting a denote the density ratio and 
Po the sea-level density, 

D = (93) 

If it is assumed that there is no air resistance, then D « 0 and 
equation 92 becomes 

dV ^0 + g 

- g (No drag) (94) 

dt ^ ^ (oq + g)t 
w 
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The velocity at any instant is obtained by integrating equation 94 


dh r (^0 + 

F = — = -t^loge 1 - ^ ^ - g/ + Fo (95) 
dt L w j 

where Fq is the initial velocity of the rocket system. 

The height reached by the rocket system at any instant during the 
powered flight is obtained by integrating equation 95. Thus 

h = ( wA log* (l — ^ ° -j. /(g 

\flo + g / N w / 2 

(96) 

The maximum velocity of the rocket system is attained when the 
acceleration is zero. This occurs at the instant when all the pro- 
pellants are consumed. The time when this occurs, called the dura- 
tion of powered flight, is denoted by tp. From equation 88 the follow- 
ing equation results when t = /p. 


But from equation 91 


Hence 


M = ilfo “ xmptp 


Mq 

xmp = — (ao + g) 
w 


Mo 

mp ^ — (oo + gflp 
w 


(97) 


So that the duration of powered flight is given by 

trip 


tp 


mp ( ^ \ 

Mo Voo + g' 


(98) 


Substituting for t = tp m equation 95 gives the maximum velocity 
Fma*.. Thus 

L flto 4" 5 V Mo/ J 

The height reached by coasting after the propellants are consumed 
is denoted by he, where 


— w 


(99) 




2g 


ft 


( 100 ) 


The maximum height attained is the sum of the height reached 
during the powered flight and that attained by coasting; it is denoted 
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by Amax.- Hence, if hp is the height reached during the powered 
flight, then 

^max. ~ hp h(j (101) 

The magnitude of hp is obtained by substituting for t = tp from 
equation 98 into equation 96. Combining the result with equation 
100 gives an expression for the maximum altitude. Thus 



0 2 4 6 8 10 12 

w X 10"^(ft/sec) — ► 


( 102 ) 


Fig. 21. Altitude attained as a function of effective exhaust velocity, with and 
without air resistance. (Based on F. J. Malina and A. M. O. Smith, J. Inst. Aero. 

Sci.f Match 1938.) 


It is seen from equation 102 that the maximum* height reached by 
the rocket system depends upon the following parameters: ao. 
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fnp/MQy and w. Figure 21 taken from reference 20 illustrates the 
effect of these parameters on the maximum height attained with no 
air resistance. It is seen that the ratio mp/Mo has a great influence 
on the maximum height. The initial acceleration Cq is very important 
until it has the value = 6g. 

The effect of air resistance is to decrease the maximum height 
attained, as is illustrated in Fig. 21, which presents the calculated 
results of Malina and Smith for the cases with and without air 
resistance, and an initial acceleration Co *= 30g. The air resistance 
was assumed to be in accordance with the drag coefficient (C/)) 
curve. Fig. 22. A high speed of flight through the lower reaches of 



0 0.5 1.0 1.5 2.0 2.5 

Mach number JJf- 

Fig. 22. Drag coefficient vs. Mach number. (Reproduced from F. J. Malina and 
A. M. O. Smith, loc, cii.) 

the atmosphere where the air density is high results in a rapid 
consumption of the propellants. Consequently, a great advantage 
is secured by launching the rocket system from an initial altitude. 
The calculations indicate that a sounding rocket having an effective 
exhaust velocity w = 10,000 fps and launched from a station at 
10,000-ft altitude, to avoid the high drag of the lower atmosphere, 
will reach a height of 170 mi. 

21 . Application of Rockets to Assisted Take-Off of Aircraft 
In this country the main application of rockets to aircraft, apart 
from thar use as weapon$, has been to reduce the take-off distance 
and/or time of engine-driven propeller-propelled aircraft. TTie 
majority of applications during the war were to flying boats where 
the added thrust of the jato units Qet amsted take-off) made it 
possible to take off under conditions $uch that without them buccbs^ 
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ful take-off would have been problematical. This increased the use- 
fulness of these aircraft for rescue work in forward combat areas, 
Jato units have also been applied to both carrier and land-based 
aircraft. As was to be expected, reduction in both take-off distance 
and time resulted from their use. For an analysis of the take-off 
problem for seaplanes and flying boats, see reference 22. 

The estimated reduction in the take-off distance for the DC-3 
airplane, if operated under C.A.A. take-off regulations, with a 
1000-Ib jato unit for 14 sec, is from 4600 ft to 3250 ft at sea level and 
from 5800 to 3850 ft at 6000-ft elevation. These are the distances 
required to clear a SO-ft obstacle. 

Two types of units have been applied: those employing liquid 
propellants, and those employing a solid propellant. To the writer’s 
knowledge, the solid-propellant units have found the greater favor, 
owing to the ease of their installation and the fewer logistic problems 
introduced by their use. 

A liquid-propellant rocket system is ordinarily controlled from a 
single electric switch operated by the pilot. The switch actuates 
an electric control valve, thereby causing an inert pressurizing gas 
to communicate with the propellant tanks. The pressurizing gas 
passes through a regulating valve which maintains the gas pressure 
on each propellant tank at a constant value. This gas is also utilized 
for actuating the propellant flow-control valves located upstream 
relative to the injector which introduces the propellants into the 
motor. No ignition system is employed, since the propellants used 
with this unit react spontaneously upon contact with each other. 

Liquid-propellant jato units have been constructed either so that 
they can be mounted as fixed installations in the aircraft or so that 
they can be dropped by parachute after use. Reliable liquid-pro- 
pellant rocket motors have been developed that have operated with- 
out diflSculty for continuous periods of several minutes. These 
motors are light in weight and are cooled by circulating one of the 
propellants around the combustion chamber and nozzle. For ex- 
ample, a rocket motor of this type developing 1500 to 2000 lb thrust 
can be built to weigh less than 45 lb. 

22. Propellants for Rocket MoU>rs 

The ideal rocket propellant is one which satisfies the following 
principal requirements: (1) the calorific value per pound of propellant 
should be as high as possible; (2) the density should be high to keep 
the space requirements for containers at a low value; (3) the propel- 
lant should be easily stored and require no special handling equip- 
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merit; (4) its corrosiveness should be low; (5) its toxicity should be 
low; (6) its performance should not be affected too greatly by am- 
bient temperatures; (7) its ignition should be smooth and reliable; 
(8) it should be stable chemically and not deterioriate appreciably 
over reasonable storage periods; and (9) if a liquid, its viscosity 
change with temperature should be low so that the pumping work at 
low operating temperatures will not be excessive. 

These requirements are not satisfied completely by any of the 
rocket propellants known to the author. 

In general, rocket propellants may be divided into four principal 
groups: (a) monopropellants; (b) compounded propellants; (c) fuels; 
(d) oxidizers. 

(a) Monopropellants. A monopropellant is a substance that re- 
quires no auxiliary material (oxidizer) for bringing about the release 
of its thermochemical energy. To this class of materials belong such 
explosives as nitroglycerin C 3 H 5 ( 0 N 02 ) 3 , picric acid C 6 H 2 (N 02 ) 30 H 
and its derivatives, trinitrotoluene C 6 H 2 (CH 3 )(N 02 ) 3 , ethylene 
glycol dinitrate C2H4(0N02)2» nitrome thane CH 3 NO 2 , and others. 
For thermochemical data on explosives and possible monopropellants 
the reader is referred to reference 15. 

For a liquid to be a satisfactory monopropellant for a liquid-pro- 
pellant rocket motor it must satisfy the practical considerations dis- 
cussed in Section 1. It must be stable under all conditions but must 
decompose completely once it has been introduced into the combus- 
tion chamber. These two requirements are, in general, conflicting 
ones and greatly restrict the choice of materials for possible liquid 
monopropellan ts. 

For solid-propellant rocket motors for short-duration burning, 
especially of the unrestricted type, monopropellants are used exten- 
sively. In these rocket motors the decomposition is started by the 
energy supply released by the igniter — usually black powder or a 
similar material. 

To this same class of materials might be added such future sources 
of energy as that produced by the association of monotomic hy- 
drogen and by atomic energy. The exceedingly high energy releases 
to be expected from atomic disintegration will require extremely 
high flight velocities to obtain a significant propulsion efficiency. 
The association of atomic hydrogen to molecular hydrogen releases 
52,500 kcal/kg according to Bichofsky-Copeland, Journal American 
Chemical Society^ Vol. 50, p. 315, 1928. This would give a theoretical 
effective exhaust velocity of 20,000 meters/sec, which is not too 
large for obtaining a fair propulsion effictency. The solution of ike 
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problem of utilizing this source of energy would be of tremendous 
importance to rocket jet propulsion. 

(b) Compounded Propellants. These are mechanical mixtures of 
a fuel and an oxidizing agent. This type of propellant is used for 
launching rockets and also for relatively long-duration solid-propel- 
lant rocket motors such as those for the assisted take-off of airplanes. 
The fuel is generally a hydrocarbon and the oxidizer, an inorganic 
compound. The homogeneity of the mixture is secured by various 
means, depending upon the physical characteristics desired in the 
propellant. 

(c) Fuels. These are materials which cannot liberate their thermo- 
chemical energy unless reacted with some auxiliary material, usually 
an oxidizer. The energy release is then an exothermic oxidation 
process. 

There are a number of materials which can serve as a liquid rocket 
motor fuel. In the main they are hydrocarbons or hydrocarbon 
derivatives. Those having the lowest carbon to hydrogen ratio (C/H) 
liberate the maximum energy per pound of fuel. Since fuels are 
always used with an oxidizer it is the energy liberation per pound of 
propellant (oxidizer + fuel) that is of importance. Furthermore, 
the less oxidizer required the smaller is the space requirement for 
that auxiliary liquid. 

(d) Oxidizers. For compounded solid propellants inorganic oxi- 
dizers are generally used. These oxidizers, see Table 12 • 10, contain 
a large proportion of non-useful materials in their compositions. 

TABLE 12-10 

Oxidizers for Rocket Motors 
(Sanger, Raketenflugiexhnik, p. 58) 


Name 

Chemical 

Formula 

Per Cent Oxygen 
by Weight 

Potassium perchlorate 

KCIO 4 

46.2 

Potassium nitrate 

KNOs 

48.5 

Perchloric acid 

HCIO 4 

64.0 

Nitrogen pentoxide 

N 2 O 5 

74.2 

Nitric acid 

HNO 3 

76.3 

Hydrogen peroxide (cone.) 

H 2 O 2 

94.2 X cone. 

Liquid ozone 

O 3 

100 

Liquid oxygen 

O 2 

100 


For liquid bipropellant rocket motors the liquid oxidizer should 
contain a large percentage of oxygen. Of course, liquid oxygen and 
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liquid ozone are the best from this point of view. During World 
War II the Germans developed a hydrogen peroxide of high concen- 
tration, reported to be 82 per cent.* Another oxidizer which has been 
tested extensively is concentrated nitric acid, and the reaction be- 
tween aniline and nitric acid has been investigated for some time. 

It should be noted that in any rocket jet-propulsion system it is 
the oxidizer that determines the principal characteristics of the sys- 
tem and largely controls the design. None of the principal oxidizers — 
liquid oxygen, nitric acid, or hydrogen peroxide — satisfies all the 
requirements for an ideal oxidizer. All of them introduce practical 
problems, as will be seen later. It is because of these deficiencies 
that the search for better oxidizers is being prosecuted by all research 
groups. 

Each of the three oxidizers discussed above has been investigated 
with a variety of fuels. The principal oxidizer-fuel combinations are 
presented in Table 12 11. 

TABLE 12- 11 

Liquid Bipropellant Systems 

Nitric Acid Hydrogen Peroxide 
Liquid Oxygen (O2) (HNO3) (H2O2) 

Liquid hydrogen (H2) Aniline (C6H5NH2) Ethanol (C2H6OH) 

Gasoline (CgHig) Furfuryl alcohol Methanol (CHjOH) 

(C4H8OCH2OH) 

Ethanol (C2H6OH) Monoethylaniline Hydrazine (N2H4) 

(C2H6C6H4NH2) 

Methanol (CHsOH) Ethylene diamine 

(C2H4N2H4) 

Hydrazine (N2H4) 

Liquid ammonia (NHa) « 

Calculated values of the thermodynamic properties of the combus- 
tion gases for the liquid oxygen-liquid hydrogen, liquid oxygen- 
gasoline, liquid oxygen-hydrazine, and nitric acid-aniline systems 
are presented in Figs. 23, 24, 25, and 26 respectively. The author 
is indebted to his former colleague Mr. W. Murray for his assistance 
in preparing the aforementioned figures. 

incept for the liquid oxygen-liquid hydrogen combination the 
theoretical specific impulses obtainable from the propellants listed 
in Table 12* 11 range from 200 to 260, at approximately 300 psia 
combustion-chamber pressure, the highest values being for those using 

f The Buffalo Electroqheiiiicai Company has 90 per cent hydrogen peroxide 
in regular prodiu^ion. 
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liquid oxygen. The density specific impulses (specific impulse X spe- 
cific gravity) range from 250 to 300, the nitric acid and hydrogen 
peroxide combinations giving the highest values. It is interesting to 
note that the liquid hydrogen-liquid oxygen combination which gives 
a specific impulse of 353 lb/(lb/sec) has a density impulse of less than 



S 

I 


I 


Fig. 23. Calculated thermodynamic characteristics of the liquid oxygen-liquid 
hydrogen bipropellant system. 


100 lb/(lb/sec), the lowest of all the propellants listed. In general, 
the range of density impulses for the propellants listed in Table 
12*11 is not large enough to favor any particular combination from 
a performance standpoint. Consequently, the choice is usually based 
upon the physical and chemical properties of the materials and the 
familiarity with their handling problems. 

As mentioned above, liquid oxygen was used in the earliest experi- 
ments with rocket motors, and many successful motors of all sizes 
have been developed. For example, the German V-2 missile used 
this oxidizer. Those familiar with its handling problems are advo- 
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cates of its use, despite its disadvantages from other points of view, 
such as storage problems due to its low boiling point ( — 270 F), its 
high vapor pressure at ambient temperature which complicates its 
pumping problems, and its danger to personnel if not handled with 
care. 

Nitric acid was investigated extensively during the war, and so 
were its modifications, such as red fuming nitric acid containing up 



Liquid oxygen /gasoline, weight ratio 

Fig. 24. Calculated thermodynamic characteristics of the liquid oxygen -gasoline 

bipropellant system. 

to 13 per cent nitric oxide, white fuming nitric acid, and mixed acid — 
a mixture of nitric acid with sulfuric acid containing sulfur trioxide. 
Techniques for handling it without danger to personnel have been 
worked out, and consequently this oxidizer has its advocates. 

Nitric acid is less hazardous as far as temperature effect or storage 
is concerned than either liquid oxygen or hydrogen peroxide. Its 
extreme corrosiveness requires that all containers for it be of stainless 
st^l, and it introduces problems of material^ for valve seats, packing, 
etc. Most of these, however, have been solved to the point where 
reliable units using nitric acid are possible. 
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Concentrated hydrogen peroxide, in concentration of 80 to 90 per 
cent, has been used on a large scale by the Germans. The power 
plant for the German rocket jet-propelled intercepter airplane desig- 
nated as the ME- 163 used concentrated hydrogen peroxide as the 
oxidizer and a mixture of hydrazine hydrate plus methyl alcohol as 



Fig. 25. Calculated thermodynamic characteristics for the liquid oxygen-hydra- 
zine bipropellant system. 

the fuel.^® The experience with concentrated hydrogen peroxide in 
this country is quite limited. Data on its properties have been 
published.^ Its more widespread use will naturally be hampered 
by the lack of complete operating data and familiarity with its proper- 
ties. The author’s experience with this oxidizer has been favorable, 
and he feels its application will increase despite the fact that its 
handling and storage may involve certain dangers unless precau- 
tionary methods are instituted. 

The aforementioned oxidizers have an undesirable property in 
common. All are corrosive to some degree and introduce problems 
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of material selection. The most corrosive ones also make it necessarjf 
to replace certain parts at frequent intervals and to service the equip- 
ment at regular periods. These problems, however, are not insur- 
mountable, and they serve as the stimulus for investigating other 
possible propellants. 



Fig. 26, Calculated thermodynamic characteristics for the red fuming nitric acid 
(0.15 weight fraction N 204 }-aniiine bipropellant system. 

23. Conclusions 

The rocket motor has been developed to the stage where it can be 
applied as the power plant for short-duration high-speed military 
airo^t,** such as the German ME-163. Its usefulness as the pro- 
pulsion system for long-range missiles^ such as the German V-2, has 
been established, and no doubt it will find application in the future 
development of pilotless aircraft for high-altitude high-speed flight. 
Other applications where its advantages may be of value are for 
torp^o drive, hydiobombs, sounding rockets, and the assisted 
take-off of aircraft.^^ 
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The high-temperature-, high-pressure-gas-generating capabilities 
of the rocket system should also find fields of application. To give a 
few examples: the gases generated by reacting rocket propellants can 
be utilized as the working fluid for operating auxiliary turbines for 
the short periods required for starting rotating machinery. It can 
be said that, for any service where a temporary source of high- 
pressure gases can be employed for useful purposes, the possibilities 
of satisfying this requirement with a rocket system are worthy of 
investigation. 

In conclusion it can be said that as far as airplane propulsion is 
concerned the rocket cannot compete commercially with conven- 
tional propulsion systems. Nevertheless, the rocket jet and also the 
thermal jet engine have now demonstrated their abilities to attain 
extremely high speeds of flight unattainable with propeller propul- 
sion. 
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Chapter Thirteen 


SOME ASPECTS OF' HIGH-TEMPERATURE 
METAUURGY 

by C, T. Evans, Jr.,* and M. J. Zucrow 
/. Introduction 

It has been pointed out in the preceding chapters that the future 
of the gas-turbine and of jet-propulsion engines is closely related to 
metallurgical developments. Recent years have seen a feverish 
search for new alloys capable of withstanding high dynamic stresses 
at elevated temperatures. The initial incentive for the effort was 
created by the demands related to the development and application 
of the turbo-supercharger to the spark- and the compression-ignition 
internal-combustion engines. Added impetus resulted immediately 
from the introduction of the gas-turbine and jet-propulsion power 
plants, which have created a demand for even better alloys. 

At this time efforts to develop better alloys for service at elevated 
temperatures are being exerted on a vastly expanded scale. Various 
government and private organizations are cooperating; extensive 
research programs have been sponsored, largely by government 
agencies, and the wealth of information that has been assembled is 
being thoroughly coordinated. The progress has surpassed the ex- 
pectations of the most optimistic, and many improved alloys have 
become available. 

In addition, the significant properties of many of the older composi- 
tions have been determined, and, although the newer alloys are 
generally more attractive, availability and economic and fabrication 
Considerations may often still indicate choice of the older materials. 
Cooling schemes and heat-exchanger arrangements may also be em- 
jploy;ed by the designer to reduce metal working temperatures to 
the ranges which can be served by less highly alloyed compositions. 

Metalliirgttit, ElHott Company, Jeannette, Ee.; Member, National 
Adviaory Committee for Aeronautics, Suboonunittee on Heat Resisting Alloys* 
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The properties of the older materials have been treated extensively 
by one of the authors in reference 4. 

Many factors are involved in the selection and specification of 
alloys most suitable for the component parts of high-temperature 
machinery. Inasmuch as the problems are largely metallurgical, a 
brief review of the metallurgical principles involved is presented in 
this chapter. 

The authors acknowledge with thanks the valuable suggestions 
received from their former and present colleagues, including the 
technical staff of the Universal-Cyclops Steel Corporation, and Mr. 
J. Riordan, Metallurgist, Aerojet Engineering Corporation. 

2. Division of Metallurgical Fields 

The study of metals may be divided into (a) ferrous and (b) non- 
ferrous metallurgy. Ferrous metallurgy comprises the study of the 
physical, chemical, and thermal properties of the element iron and of 
alloys containing iron as a major constituent. Non-ferrous metallurgy 
is concerned with the physical, chemical, and thermal properties of 
metals other than iron and alloys not containing iron as the major 
constituent. 

The alloys employed for service at elevated temperatures belong 
in general to the field of ferrous metallurgy. The exceptions are 
nickel-base and cobalt-base alloys. Their physical natures, however, 
are such that they can be best studied from the viewpoint of ferrous 
metallurgy. The discussion which follows is, therefore, limited to 
the principles of ferrous metallurgy. 

3^ Basic Structure of Metals and Alloys 

All material substances are composed of atoms. In metals and 
alloys the atoms are disposed so that they present a definite orderly 
arrangement of crystals. Monatomic metals, such as iron and cobalt, 
have three basic types of crystal structure. Arranged in the order of 
increasing atomic density, these are: [a) the body-centered cubic 
lattice; (&) the face-centered cubic lattice; and (c) the hexagonal 
close-packed lattice. 

The body-centered cubic lattice has two atoms per cubic cell. 
The face-centered cubic lattice possesses four atoms per cubic cell. 
The basic cell of the hexagonal lattice contains two atoms and is 
the prism possessing an equiangular triangle.* 

Common metals classified in accordance with the three simple 
structures discussed above are listed in Table 13 • 1. 
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TABLE 13 1 

Metals Possessing the Three Simple Metallic Lattices 
(F. Seitz, The Physics of Metals, McGraw-Hill) 


Body-Centered 
Cubic 
Lithium (Li) 
Sodium (Na) 
Potassium (K) 
Vanadium (V) 
Tantalum (Ta) 

<x Chromium (Cr) 
Molybdenum (Mo) 
Tungsten (W) 
a Iron (Fe) 

/3 Iron (Fe) 

5 Iron (Fe) 


Face-Centered 

Cubic 

Copper (Cu) 
Silver (Ag) 
Gold (All) 
Aluminum (Al) 
Thorium (Th) 
Lead (Pb) 

7 Iron (Fe) 
a Cobalt (Co) 
Nickel (Ni) 
Rhodium (Rh) 
Palladium (Pd) 
Iridium (Ir) 
Platinum (Pt) 


Hexagonal 
Close-packed 
Beryllium (Be) 
Magnesium (Mg) 
Zinc (Zn) 
Cadmium (Cd) 
Thallium (Tl) 
Titanium (Ti) 
Zirconium (Zr) 
Hafnium (Hf) 
Chromium (Cr) 
Cobalt (Co) 
Ruthenium (Ru) 
Osmium (Os) 


An extensive tabulation of the crystal structures of various ele- 
ments and compounds is presented in reference 2. 

Most pure metals maintain the same atomic arrangement up to the 
melting point. Reference to Table 13 • 1 indicates that this is not true 
of iron. Iron undergoes a change in atomic structure at two definite 
temperatures, known as the temperatures of allotropic or polymorphic 
transformations. 

4. Allotropic Modifications of Iron 

In its normal state, pure iron is extremely ductile and possesses 
magnetic properties, and in that state it is called alpha (a) ferrite, 
or alpha iron. The atomic structure of alpha iron belongs to the 
general class of body-centered cubic lattice. 

Alpha iron is capable of dissolving a few hundredths of 1 per cent 
of carbon, thus forming a solid solution; a solid solution may be re- 
garded as a homogeneous union of two or more substances, in indefi- 
nite proportions, that persists in the solid state. The union of the 
substances in a solid solution is so complete that the individual sub- 
stances cannot be distinguished under the microscope. It should be 
noted that this is a physical union entirely and there is no chemical 
combination; the carbon merely dissolves in the iron, like sugar in 
water. The solid solution of carbon in alpha iron is called ferrite. 
The temperature range over which ferrite can exist in pure iron 
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extends from approximately 910 C (1665 F) down to room tempera- 
ture and lower. 

When alpha iron, that is, pure iron, is heated to a temperature 
somewhat higher than 1400 F, it loses most of its magnetic proper- 
ties and in that condition is known as beta (fi) iron. Further heating 
of the beta iron produces another allotropic form known as gamma 
( 7 ) iron. 

Gamma iron is non-magnetic, and its structure is the face-centered 
cubic arrangement. In this condition the iron is capable of dissolving 
up to 1.7 per cent of carbon. The resulting solid solution is termed 
austenite. Since austenite is a constituent that forms at high tem- 
peratures, it can be decomposed quite readily upon cooling the alloy 
and subsequently tempering the structure. 

The various decomposition products of austenite are called ‘*mar- 
tensite,*’ ''troosite,** '‘sorbite,’' or "pearlite.” Martensite is the first 
decomposition product formed and the hardest. Its presence is 
favored by rapid cooling and low tempering. On the other hand, 
pearlite is the softest decomposition product and is formed on slow 
cooling. 

'Tsothermal quenching,” as developed by Bain, Davenport, and 
others, involves quenching to the tempering heat, instead of room 
temperature, and holding for various periods. Intermediate austenite 
transformation products are formed, called "bainite,” which have 
an unusual combination of strength and toughness. 

Another allotropic form of iron, known as delta (5) iron, exists at 
temperatures above 1400 C (2550 F). The crystalline structure of 
delta iron is similar to that of alpha iron; that is, it belongs to the 
body-centered cubic arrangement of atoms. Because of the similarity 
in crystal structure and in other properties, delta and alpha iron are 
commonly believed to be identical phases. 

When iron and carbon are present together, a certain amount of 
the carbon may unite chemically with the iron to form a carbide, 
FesCt called cementite (Cm). All the carbon and iron in excess of 
that entering into the formation of cementite remains free and un- 
combined. 


Critical Points 

The temperature at which one crystalline form of iron changes into 
anotha*, or at which an allotropic change occursi is called a miicai 
poirnt, and the critical points whkh have been discussed are gfyen { 
definite designaticms. Thus: 
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A4 point. The temperature at which delta iron changes to gamma iron; 

in pure iron it occurs at slightly above 1400 C (2500 F). 

A3 point. The temperature at which gamma iron changes to alpha 
iron; it occurs in pure iron when cooling (or reverse when heat- 
ing) through the temperature 910 C (1665 F). In iron-carbon 
alloys, increasing the carbon content lowers the point, 

A2 point. This is the Curie or magnetic change point which is at 
770 C (1410 F); on being heated through this point magnetic 
alpha iron shows a marked decrease in ferromagnetism but no 
change in crystal structure. 

Ai point. In iron-carbon alloys this represents the eutectoid pointy 
or the point of solid phase equilibrium where austenite begins to 
decompose. 

The above designations for describing iron-carbon alloys are also 
used for describing more complex systems containing other constitu- 
ents. Thus, the austenite of the so-called 18-8 alloys is not a solid 
solution of carbon in gamma iron, but a solid solution of carbon, 
gamma iron, chromium, and nickel. 

6. Methods of Testing for High-Temperature Properties 

The determination of the suitability of an alloy for a particular 
high-temperature application requires the consideration of the fol- 
lowing primary factors: (1) temperature range to be expected; (2) 
type and magnitude of load or stress; (3) allowable strain or deforma- 
tion ; (4) time or desired service life. 

In designing machinery the interest is principally in dynamic 
loading properties rather than static loading. To obtain the desired 
information, test data covering the following information are needed. 


(a) Stress to rupture. 

{h) Creep. 

(c) Creep relaxation. 

((0 Oxidation and/or corrosicxi. 

(«) Effect of temperature fluctuations. 
(/) Effect of stress fluctuations. 

(g) Fatigue. 

(h) Damping capacity. 

(t) Effect of stress concentrations. 

(j) Change of ductility with time, tem- 
peratiire, stress, acid rate of strain. 


(k) Change of shock (impact) resist- 
ance with time, temperature, and 
stress. 

(l) Thermal expansion. 

(m) Thermal conductivity. 

(n) Density. 

(<?) Changes in microstructure 

(p) Changes in hardness. 

(^) Hot hardness. 

(f) ^ort-time tensile, impact, and 
modulus of elasticity. 


It ^ould be noted that the main factors — ^temperature, stress, 
and time— must be considered simultaneously. 
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The more important tests include creep, stress-to-rupture, fatigue, 
modulus of elasticity, oxidation and/or corrosion. On the other hand, 
the short-time tensile test and hot hardness test have shown them- 
selves to be unreliable for evaluating the long-time service capabilities 
of an alloy at elevated temperatures. 

Creep. Creep tests consist of subjecting a specimen to a constant 
stress, at a constant temperature, and plotting the resulting strain 
as a function of testing time. 

During a creep test, three stages are observed as illustrated in 
Fig. 1 : (1) a combination of elastic and plastic deformation with a 



Fig. 1. Typical creep test curve. 


decreasing rate of elongation ; (2) the rate of elongation remains con- 
stant — if the slope of the second stage is zero, the load is insufficient 
to cause creep; (3) the rate of elongation increases rapidly until 
fracture occurs. 

The stresses used for making creep tests are quite low. Most creep 
tests do not stretch the specimen beyond the continuous-flow or 
second stage. When the stresses are increased to produce fracture 
within a reasonably short period of time (2000 hours or less), the 
test comes within the category of the stress- to-ruptu re test. 

Stress-to-Rupture. A set of specimens is held at a given tempera- 
ture with static breaking loads of decreasing magnitude, the purpose 
being to obtain data for a plot of stress vs. rupture in hours. This 
test is illustrated in Fig. 2. The loads used in stress-to-rupture tests 
are usually selected so that the specimen is fractured in 2000 hr or 
less. Ordinarily, the loads are selected to give three or four points 
up to 1000 hr. Any changes in ductility and impact resistance with 
time can be determined from the ruptured specimens. Usually 
periodic strain measurements are made on the specimens subjected 
to tbe smaller loads, for the purpose of obtaining accelerated creep 
data. 
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When the stress-to-rupture time relationship is plotted on log-log 
coordinate paper, a more or less straight line is obtained. This plot 
will have changes in its slope only if some structural or surface in- 
stability of the alloy occurs. Such instability may or may not be 
serious. 



Fig. 2. Typical stress-to-rupture plot. 

Creep Relaxation. This test yields data directly applicable to the 
suitability of a material for high-temperature bolts. A plot of strain 
against time is constructed in which a single specimen of the alloy at 
a given temperature receives a series of loads which are decreased 
every time a predetermined constant strain is reached. This strain 
corresponds to the initial bolting stress to which the stud will be 
'‘pulled up’' at room temperature. Figure 3 illustrates the plot. 



Fig. 3. Typical creep-relaxation plot. 

The purpose of this test is to obtain data from which can be cal- 
culated the residual or relaxation elastic stress which will remain in 
the bolt at any temperature after a given time. 

Damping Capacity. This property appears to be an inherent char- 
acteristic of each material, and it is sometimes referred to as the 
logarithmic decrement. In plain language, it is the ability of an alloy 
to damp out vibration by virtue of its internal molecular friction. 
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Since alternate pulsations, particularly those associated with par- 
tial admission turbines, can build up to very high vibrating stresses, 
the ability of a material to damp out quickly would seem to be of 
considerable importance. 

There are several ways of measuring this property, the most 
popular utilizing a simple tuning fork. The change in modulus with 
temperature can be determined in this same test. 

Oxidation and/or Corrosion. These tests are made by subjecting 
specimens to the same oxidizing and/or corroding conditions that 
exist in actual service. At various intervals the specimens are exam- 
ined to determine what losses, if any, have occurred in weight as the 
result of oxidation and/or corrosion. Metallographic sections should 
also be prejDared to determine whether intergranular penetration has 
taken place. 

7. Alloying Iron for High-Temperature Service 

For applications where the temperatures exceed 1000 F the heat- 
treatable carbon or low-alloy steels can be immediately dismissed 
from consideration. None of these steels possesses the necessary 
strength at temperatures exceeding 1000 F. Furthermore, expe- 
rience has demonstrated that, for satisfactory long-time oxidation 
and/or corrosion resistance at those temperatures, the steel must 
contain a minimum of 12 per cent chromium. 

Data indicate that one significant or critical temperature, as far 
as the hot strength of an alloy is concerned, is the lowest temperature 
of recrystallization (the equicoheswe point). At temperatures below 
that value, materials appear to be capable of withstanding appreciable 
stresses. At temperatures above the equicohesive point measurable 
and continuous creep is obtained even with the smallest loads. 

Since austentic structures have high equicohesive points, it is 
apparent why austenitic alloys (or alloys composed principally of a 
solid solution of the same general type as austenite) are employed 
almost universally for high-temperature service. As pointed out, 
the gamma iron has a higher recrystallization teriiperature and a 
lower recrystallization velocity and, therefore, a greater resistance 
to change of shape than alpha iron. 

From the foregoing, two important axioms pertaining to alloys 
for high-temperature use become apparent: (1) the alloy must have 
a chromium content of at lea^t 12 per cent to resist oxidation and/or 
corrosion; (2) the alloy sfacnrld be austenitic in structure to possess 
strength at high teriiperature. 

It is eyWent why diromium plays an important part in tira de^ 
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velopment of high-temperature alloys. Chromium, however, when 
added to iron is a ferrite former. We find that an alloy containing 
more than 13 per cent chromium cannot be entirely austentic at any 
temperature, but with less than 13 per cent chromium content the 
alloy becomes entirely austenitic only when its temperature is raised 
above 1600 F. The alloy upon being heated through 1600 F under- 
goes a phase change. The chromium-ferrite transforms to chromium- 
austenite, and the reverse takes place upon cooling. To eliminate 
the occurrence of this phase change, the chromium content must 
exceed 16 per cent. The single phase present then is the alpha 
solid solution (ferrite). It should be realized that ferrite, in addition 
to having a relatively low recrystallization temperature, is also sub- 
ject to embrittlement after having been heated at a high tempera- 
ture. It can be concluded, therefore, that, for most high-temperature 
services, the alloy should not consist of iron alloyed with chromium 
alone. 

It becomes necessary to use a third alloying element, which when 
added to chromium-iron alloys containing more than 12 per cent 
chromium will render the gamma phase, or austenite, stable at all 
temperatures up to the melting point of the alloy. Such an element 
is nickel. When 8 to 12 per cent nickel is added to the alloy, it will 
render alloys containing from 16 to 20 per cent chromium austenitic 
at all temperatures. From a strict physiochemical standpoint, the 
austenite so formed is not stable at low temperatures. However, 
because of sluggishness of the transformation from austenite to 
ferrite in these alloys, the austenite formed by adding from 8 to 12 
per cent nickel may be regarded as being stable even at low temper- 
atures. 

The foregoing briefly describes the basis underlying the develop- 
ment of the 18-8 alloys (18 per cent chromium and 8 per cent nickel). 
In the past, the simple 18-8 alloys as well as the 25-12, 25-20, and 
15-35 alloys were used for most high-temperature applications; 
25-20 is still used for many such applications where the critical factor 
is high-temperature oxidation and/or corrosion resistance and not 
strength. Thus, it is a satisfactory material for lining such parts as 
combustion chambers. For a long time the aforementioned alloys 
were superior to any other known alloys, but more recent metallur- 
gical developments have outmoded them. 

Although the 18-8 alloy, as such, is not regularly used for dynamic 
load afl^lications, many of its metallurgical features are common to 
the recently developed so-called superalloys. For this reason it is 
instructive to consider the metallurgy of the 18-8 alloy. 
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8. Metallurgy of 18-8 Alloy 

The predominating phase in the 18-8 alloy is the gamma solid 
solution. This phase is so opposed to transformation that low-carbon 
alloys of this type remain wholly austenitic even upon very slow 
cooling. Thus, for all practical purposes, the 18-8 alloy may be 
regarded as an austenitic material, since it is austenitic after all com- 
mercial treatments. 

In a true physiochemical sense, however, the 18-8 alloy is not in 
a state of equilibrium. Experiments have demonstrated that the 
same reaction characteristic of the iron-carbon or iron-chromium 
alloys, namely, the transformation of gamma to alpha, does assert 
itself in this alloy. 

The metastability of the austenite in the 18-8 alloy, with the accom- 
panying gradual change in its properties as it transforms (as at times 
happens in service), is determined by testing for magnetic properties, 
electrical conductivity, or even by microscopic observations. The 
two methods generally employed are as follows: (1) reheating for a 
long time within a certain temperature range; and (2) cold working 
at room or slightly elevated temperature. 

The physiochemical processes which may occur with the first 
method are complex and beyond the scope of this discussion. The 
fact, however, that magnetic chromium-nickel-ferrite can be pro- 
duced by merely cold working non-magnetic chromium-nickel- 
austenite indicates that the austenitic condition is not the stable 
phase. If the cold-worked alloy is reheated to 500 to 600 C (930 to 
1110 F), a rapid precipitation of carbides occurs. The presence of 
carbides is determined by the effect of corrosive agents upon the cold- 
worked and reheated alloy. The carbides precipitate along the slip 
planes produced by the cold work, provided that the alloy contains 
sufficient carbon. 

The second method of indicating the metastability of the austenite 
in 18-8 steel is to reheat it to a certain temperature, maintain the 
temperature for a prolonged period, cool, and then determine whether 
there is a change in its physical characteristics. If this procedure is 
utilized, a definite and appreciable amount of a magnetic phase 
appears, accompanied by embrittlement. This phenomenon has 
been found to be a process of precipitation from the solid solution, 
generally termed precipitation hardening. In industrial precipitation 
hardening of alloys designed primarily for this characteristic, the 
procedure is first to heat the alloy to a high enough temperature to 
insure complete solubility of the element or elements in the matrix. 
The resulting solid sdution is retained in the supersaturated state 
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by means of quenching. The excess constituent is subsequently 
precipitated by reheating the alloy to a certain low temperature. 

Also, in commercial precipitation hardening, the precipitated con- 
stituent is regularly distributed throughout the grains. The matrix 
within which the precipitation occurs docs not undergo any phase 
change, the phenomenon of precipitation being entirely a matter of 
solid solubility. In austenitic chromium-nickel steels, on the other 
hand, the carbides precipitate predominantly at the grain boundaries, 
and, in addition, ferrite is found to be present around the precipitated 
boundary carbides. 

The above phenomena, the formation of boundary carbides and 
the formation of ferrite around these precipitated carbides, are 
matters of concern whenever austenitic materials are used for high- 
temperature service. The boundary carbides lower the chromium 
content of the metal in their immediate vicinity to a value below 
that necessary for oxidation and/or corrosion resistance. A vulner- 
able path is formed along the grain boundaries where damaging 
oxidation and/or corrosion may take place. 

It should be mentioned, however, that the presence of ferrite in- 
creases the hot ductility of the material under load. It is often a 
vital problem to determine how much ductility under load is really 
required, but the ability to deform, or redistribute stresses, inevitably 
increases the factor of safety in a given construction. Since most 
high-temperature materials without ferrite tend to lose their ductility 
under load quite rapidly, the presence of ferrite may sometimes be 
beneficial. In most alloys, however, ferrite appears to hinder actual 
resistance to deformation. 

To ‘‘stabilize” the alloy and prevent the formation of damaging 
boundary chromium carbides, two methods are employed (frequently 
simultaneously): (1) severely cold working the alloy, thus providing 
sufficient slip planes upon which precipitation can occur to prevent 
large concentrations of chromium carbides at the grain boundaries; 
(2) adding alloying agents such as titanium, columbium, tungsten, 
and molybdenum which have a greater affinity for carbon than does 
chromium. These elements form their respective carbides and leave 
the chromium in solid solution to exert its maximum effect on oxida- 
tion and/or corrosion resistance. 

The deleterious formation of ferrite at the grain boundaries may 
also be eliminated by greater additions of austenite-forming elements 
such as nickel or manganese or by increasing the carbon content. 
At high temperatures, the effects of carbon and nickel on high- 
chromium alloys are remarkably similar; the carbon, however, is 



544 


PRINCIPLES OF JET PROPULSION 


[Chop. 13 


some 30 or 40 times as effective as nickel in stabilizing austenite. 
Carbon, besides inhibiting the formation of high- temperature ferrite, 
is also effective in diminishing the amount of ferrite produced by 
cold work. 

9. Sigma Phase 

Although a detailed treatment is beyond the scope of this review, 
it should be mentioned that still another phenomenon, known as 
sigma phasCf can complicate the metallurgy of the chromium-nickel 
heat-resisting alloys. This phenomenon occurs under conditions 
similar to the carbide precipitation —ferrite formation previously 
described by heating in the temperature range of 650 C-900 C 
(1202 F-16S2 F). In fact, it is difficult to differentiate metallograph- 
ically between chromium-rich ferrite and sigma phase. Sigma, how- 
ever, is non-magnetic, and X-ray diffraction evidence definitely 
points to its being a separate and distinct phase. At room tempera- 
ture, sigma phase is brittle and very hard. 

Sigma formation is accompyanied by severe loss of room-tempera- 
ture corrosion resistance and increased notch sensitivity, as measured 
by the impact test. Very little is known about its effect on high- 
temperature creep and stress-to-rupture characteristics. There is 
evidence that alloys high in sigma have less resistance to deformation 
but tend to retain higher ductility after long times at temperature 
under stress. This last characteristic is the reverse of wilat might 
be predicted from the characteristics of the alloys after cooling to 
room temperature and is a good example of the complete necessity 
for prolonged high-temperature tests in the evaluation of materials 
for high-temperature service. # 

Although the tendency has been to avoid using alloys high in 
sigma, one of the outstanding special valve steels (28 per cent Cr, 
5 per cent Ni, 3 per cent Mo) is almost entirely sigma as treated for 
heavy duty in trucks, busses, and aircraft* There is evidence that 
some of the newer and more successful compositions for gas-turbine 
service are also high in sigma. 

Sigma is not found in ordinary 18-8 but tends to form in nearly all 
modifications of 18-8, such as 25-20, 25-12, 18-8 plus molybdenum, 
and 18-8 plus columbium. Chromium appears to be the basis <rf 
sigma formation, and any alloying elements in addition to chromium 
which tend to form ferrite also tend to form mgtm phase. Since 
virtually all other alloying elements (sudi as nickel atld tiitrogen) 
also tend to form sigma oV^ certain ranges, it is easy tP see Why the 
{Wesence of this constituent is quite eomnidii. Wbm niekd % fin 
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substantial excess over chromium, as in the 15 per cent chromium 
35 per cent nickel alloys so widely used in cast furnace parts, sigma 
phase does not form. 

An extensive study of sigma phase in heat-resisting alloys is re- 
corded in reference 5. 

10. Super High-Temperature Alloys 

It has been stated that the 18-8, 25-12, and 25-20 chromium-nickel- 
austenitic steels are not being generally used today for high-tempera- 
ture applications where the main requirement is high strength. The 
newer alloys are of the general austenitic type, but other alloying 
elements are added in varying amounts to improve the basic iron, 
chromium, nickel, austenitic matrix. These other elements are 
manganese, silicon, tungsten, molybdenum, columbium, titanium, 
aluminum, cobalt, nitrogen, and carbon. 

Manganese, nitrogen, copper, nickel, and carbon are known as 
austenite-forming elements. In other words, when added in any 
amounts to iron, they tend to promote the formation of the gamma 
iron. With the exception of carbon, if added in sufficient quantities 
they completely suppress the alpha form of iron and make gamma 
iron the stable phase at all temperatures. 

Silicon, chromium, tungsten, molybdenum, columbium, titanium, 
and aluminum are called ferrite-forming or gamma-loop-forming 
elements. These elements suppress the gamma form of iron by 
raising the temperature of the critical point ^43 and lowering the A 4 
point to form the so-called gamma loops. Outside of the loop the 
alloy exists in the alpha (ferrite) form up to the melting range. These 
elements also form carbides when carbon is present in sufficient 
amounts. 

Cobalt is an element quite similar to iron and nickel. Like iron 
it has high- and low-temperature allotropic forms. Its high-tempera- 
ture form (above 790 F) is the same as that for iron, the face-centered 
cubic However, its low-temperature allotropic form is hexagonal- 
close-packed, while the low- temperature form for iron is body- 
centered cubic. The high-temperature form of cobalt is also superior 
in hot strength to that of iron, at least over certain temperature 
ranges. Like iron, cobalt forms solid solutions with such alloying 
elements as chromium, nickel, and tungsten. The solid solutions of 
cobalt differ from those with iron, chromium, and other ferrite form- 
ers in that these elements do not seem to form gamma loops with 
cobalt The sluggifhness of the transformation of the high-tempera- 
ture form, face-centered cubic, to the low-temperature form, hex- 
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agonal-close-packed, is much greater in cobalt than in the comparable 
transformation in iron. 

The ultimate aim of alloying additions to high-temperature alloys 
is, first, to stiffen up the matrix itself, and second, to place certain 
‘'keys'’ or “stops” in the body of the matrix in order to inhibit its 
plastic flow at high temperatures. It is believed that most of the 
alloying elements mentioned above act in both ways to improve the 
high-temperature strength. However, it is generally assumed that 
the solid-solution alloys of nickel, cobalt, and manganese act pri- 
marily to stiffen the matrix, whereas the primary function of the 
other elements is to form carbides and/or nitrides which have a 
keying action. It is also true that alloying elements generally elevate 
the lowest temperature of recrystallization. In addition, we must 
keep in mind the many possibilities for intermetallic compounds. 

A word about impurities: zinc, lead, tin, antimony, silver, and other 
elements which may form low-melting eutectics should be strictly 
avoided in heat-resisting alloys. 

11. Factors Affecting **Hot Strength*' 

It has been demonstrated that the hot strength of an alloy is a more 
sensitive property than the room- temperature physical character- 
istics to changes in the material itself. The major factors in influenc- 
ing the hot strength are: 

(a) Composition. This has been discussed previously. One final 
admonition is necessary, however. It should be emphasized that a 
continual increase in the amount of a strengthening element does not 
necessarily result in a continual increase in hot strength. In fact, 
many results indicate that, for any combination of alloying elements, 
certain definite proportions of each must be present for the ma^timum 
hot strength. 

(b) Method of Melting. (1) Electric furnace alloys are superior 
to open-hearth alloys. Induction electric alloys are the best of the 
electric furnace alloys. (2) “Killed” or deoxidized alloys are superior 
to non-deoxidized alloys. 

(c) Effect of Grain Size. At temperatures below about 650 C 
(1202 F) fine-grained materials possess the maximum hot strength. 
At higher temperatures coarse-grained materials are superior. One 
explanation for these findings is believed to be that at the lower 
temperatures the grain boundaries are stronger than the crystals 
and, therefore, the deformation occurs largely within the grains. At 
the higher temperatures, on the other hand, the crystals themselves 
are the stronger and the deformation occurs at the boundaries. The 



Chap. 13] 


HIGH-TEMPERATURE METALLURGY 


547 


relative amounts of the weaker and stronger portions present will, 
therefore, influence the strength as determined by test. This prob- 
ably explains why wrought alloys (grain size small) are superior in 
the lower range of temperatures, and cast alloys (grain size large) 
have better creep resistance in the higher temperature ranges. 

Like most generalities, however, this rule breaks down under 
certain conditions, particularly where high-temperature fatigue may 
be a limiting factor. Wrought materials, with inherently finer grain 
structure, appear to have better fatigue endurance than the alloys 
in cast form, even at very high temperatures. 

(d) RecrystalUzfttioxi Temperature. This has been discussed pre- 
viously. (See Section 7.) 

(e) Heat Treatment. Though conventional hardening heat treat- 
ments are not applicable to these alloys, they are susceptible to 
certain ‘‘solution” and “precipitation” heat treatments. These 
treatments consist of soaking these alloys at some sufficiently high 
temperature to place all the carbides, and other intermetallic com- 
pounds, in solution. This is followed by a rapid quench in order to 
retain these constituents in metastable solution. The compounds 
thus held in solution are projected out in the body of the matrix by 
“precipitation” or “aging” treatment. At least a portion of the 
precipitation treatment is usually first carried out at a temperature 
from 50 to 100 F in excess of the expected service temperature of the 
alloy. This treatment insures that precipitation will not occur in 
service, since such reactions are ordinarily accompanied by distor- 
tion. However, in many of the strongest materials precipitation 
effects are coincident with service temperatures and may never be 
considered complete. 

(f) Processing. The manner in which an alloy is fabricated can 
profoundly influence its high-temperature properties. Actually, this 
factor can overshadow all other variables, including major changes 
in composition. Some basic differences between cast and wrought 
products have been mentioned above. Within the wrought classifi- 
cation, whether an alloy is cold worked, warm worked, hot worked, 
solution treated, aged, or given any combination of these processes 
may make a difference of several hundred per cent in creep and stress- 
to-rupture properties over certain temperature ranges, 

Generally speaking, cold work or warm work is helpful in giving 
high values of stress to rupture up to 1000 hr. One difficulty with 
this method of processing is that it is impractical in large sections, 
and different section sizes tend to give widely varying results unless 
percentage reductions are carefully regulated. Solution treatments 
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and aging are beneficial to long-time creep and stress-to-rupture 
properties. Both types of treatment tend to reduce retention of 
ductility under load at temperature, so that closely controlled hot 
work plus stress relief, or modified aging, may be the best compro- 
mise. Likewise, in cast alloys, the multitude of casting variables 
must be under close control if optimum properties are to be achieved 
and met consistently. 


12. High-Temperature Design Data 

Figures 4, 5, and 6 show the mean high-temperature properties of 
100-hr and 1000-hr stress-to-rupture and stress for secondary creep 
rate of 0.10 per cent per 1000 hr (1 per cent per 10,000 hr) vs. tem- 
perature for eight of the prominent older materials; they also give 
some indications of the improvements which have been obtained 
with four classes of the recently developed alloys. For security 
reasons, the names and exact compositions of the new materials 
cannot be divulged. However, a rough indication of their alloy 
constituents is given in Table 13*2. 


TABLE 13-2 


Material Approximate Composition 


Remarks 


SAE 1015 0.15 C 


5% Cr and Mo 0.12 C, 5 Cr, 0.55 Mo 
(AISI 502) 


12% Cr 0.10 C, 12.5 Cr 

(AISI 410) 


2S% Cr 0.12 C, 26 Cr, 0,125 N 

(AISI 446) 

18-8 (low C) 0.06 C, 18 Cr, 9 Ni 
(AISI 304) 


18-8 Mo 0.07 C, 18 Cr, 13 Ni, 2.5 Mo 

(AISI 316) 


For comparative purposes only. 
Unsatisfactory oxidation re- 
sistance above 1000 F. 

Most widely used oil refinery 
material. Unsatisfactory for 
long-time oxidation resistance 
above 1150 F, 

Highly successful in steam tur- 
bine blading through 975 F. 
Resistant to oxidation through 
1250 F. 

Highly resistant to oxidizing 
conditions through 2000 F. 

Widely used for miscellaneous 
statically stressed parts. With 
coiumbiuni or titanium addi- 
tions, widely used in exhaust 
manifolds. Oxidatkin resist- 
ant through 1650 F. 

Strongest simple 18--8 modifica- 
tion. Successfully applied 
in Bup^baiger nosilebipEei. 
Oxidadon redstant tluPitih 
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Material 

25-20 
(AISI 310) 

Inconel 


Alloy A 


Class B 


Class C 


Class D 


TABLE 13*2 (Coniintied) 


Approximate Composition 
0.12 C, 1.75 Si, 24.5 Cr, 20.5 Ni 

0.08 C, 13 Cr, 79.5 Ni, 6.5 Fe 


18~8 modified with W, Mo, Cb, 
and Ti 


1. Same as Alloy A with higher 
C and Mo. 

2. Same as Alloy A with higher 
C and Mo; Ti replaced with 
Cb and part of Ni replaced 
with Mn 

3. Same as 18-8 Mo with higher 
Ni than Cr, higher Mo, and 
N addition. 

4. Same as Inconel with sub- 
stantial T and/or Cb addi- 
tion 


Higher Ni, Mo, W, and Cb 
additions than Class B and 
usually with part of the Fe 
replaced by Co. N added or 
high C contents. 

'^Stellite'’ (Co, Cr, W) type 
cast alloys with Mo sub- 
stituted for or in addition to 
W. Part of the Co can be 
replaced with Ni. 


Remarks 

Successfully applied in combus- 
tion chambers. Oxidation re- 
sistant through 2000 F. 

Satisfactory for exhaust mani- 
folds, combustion chambers. 
Oxidation resistant through 
2000 F. 

For rotating parts in Allis 
Chalmers Houdry gas tur- 
bines (920 F, 17,000 psi maxi- 
mum stress) ; Elliott diesel 
engine superchargers (1020 F, 
25,000 psi maximum stress); 
Elliott 2500-hp marine prime- 
mover gas turbine (1200 F, 
8000 psi maximum stress). 
Obtains properties by hot 
working and partial aging. 


The Inconel modification ob- 
tains its properties by heat 
treatment. The other alloys 
in this class obtain their high 
short-time-rupture properties 
by carefully controlled warm 
working. 

Obtain properties by solution 
treatment and aging for higher 
part of temperature range and 
by hot work or solution treat- 
ment and aging in lower part 
of temperature range. 

Have good resistance to de- 
formation cast,'' but can 
be improved by solution 
treating and/or aging. 



Stress, psi x 1000 
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13. Selection of Alloy 

The selection of the most appropriate alloy for a specific service 
requires a rigid analysis of the requirements of the particular appli- 
cation. It will be seen from Figures 4, S, and 6 that none of the known 
alloys is a ‘'cure all.” Even the more outstanding compositions can 
be considered superior to other alloys only over a relatively narrow 
temperature range. Also, at a given temperature, one alloy may be 
superior for high stress service and a totally different analysis may 
be outstanding for service where the stress can be kept low. Like- 
wise, the time element is of extreme importance; thus a material 
suitable for 100-hr service life may be totally unsuitable for 1000-, 
10,000-, or 100,000-hr service life. Figures 4, 5, and 6 present curves 
which are of primary interest to designers of equipment where rela- 
tively short life is required, such as in jet propulsion. In considering 
the materials for service in stationary or marine gas turbines for 
10-yr life, lower creep rates and fatigue data would have to be 
examined. 

In the selection of an alloy for a specific application, it is also well 
to determine the availability of the alloy. All these alloys contain 
large percentages of strategic materials, though some contain more 
than others. Thus, a lower-strategic-content alloy should be used 
if, for the particular application, it is equal in properties to a more 
highly alloyed material. Cost may also be a limiting factor. 

Of critical importance is the question of procurement of a particu- 
lar alloy in the form desired. As these materials have high hot 
strengths, it is easily understandable that they are difficult to work 
even in the high-temperature ranges. Working these alloys in normal 
hot-working ranges is roughly the same as working low-alloy steels 
absolutely cold. Indeed, many of the newer alloys are so difficult to 
work that they are usable only in the cast form. 

In any event, the selection of an alloy should be based on a careful 
analysis of all the limiting conditions and upon tests which duplicate 
the service conditions as precisely as is practicable. 
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thrust power, 236 
torque of, 227, 229 
torque coefficient, 288, 249 
torque-speed coefficient, 251 
Propulsion efficiency, 58, 60, 235 
Propulsion power, 57, 195, 234 
Pulse jet engine, 311 

Ram efficiency, 147 
Ram pressure, 147 
Ramjet engine, 310, 311 
Rateau, 259, 359 
Rea, J. B., 357 

Reaction of a fluid to immersed body, 43 
Reaction principle, 38 
Retalliatta, J. T., 258 
Reversible process, 74, 75 
Reynolds number, 1, 9, 144, 202, 203 
Rigidity modulus (shear modulus), ^ 
11, 12 

Riordan, J., 534 

Rocket motor, altitude effect on thrust, 
501 

analysis based on perfect gases, 481 
area ratio, effect on thrust, 495, 496 
assisted take-off (jato), 522, 523 
bazooka, 465 

bipropellant liquid systems, 526 
characteristic velocity, 506, 507 
combustion phenomena, 507 
compounded propellants^ 525 
conditions at any section of exhatmt 
nozzle, 483 

cooling poblems, 509, 110 
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Rocket motor (Conlinued) 
correction for divergence of nozzle, 
493 

critical pressure ratio, 482 
density impulse, 505, 527 
dissociation of H 2 O and CO 2 , 508 
duration of powered flight, 520 
effect of air resistance on altitude 
reached, 521 

effective exhaust velocity, 498, 499, 
500, 503, 508 

elements of liquid-bipropellant sys- 
tem, 469 

exit velocity of gases, 487, 493, 494 
fuels, 525 

German V-2 missile, 465, 516, 517 
height reached by coasting, 520 
history, 464 
hydrogen peroxide, 529 
ideal velocity, 515 
inert gas pressurization, 469, 470 
launching rockets, 466 
liquid oxygen-gasoline, 525, 528 
liquid oxygen-hydrazine, 529 
liquid oxygen-liquid hydrogen, 527 
mass ratio, effect on efficiency, 517, 
518 

effect on ideal velocity, 516 
maximum thrust, 494 
maximum vertical height, 521 
M.E. 163 airplane, 465, 529 
monopropellants, 467, 524 
nitric acid-aniline, 530 
nozzle area ratio vs. pressure ratio, 
484, 485, 486 
optimum area ratio, 486 
oxidizers, 525 
pressure thrust, 494 
propellants, selection of, 466, 523 
propelling action, 467 
propulsion efficiency, 511 
xeduoed specific impulse, 505 
restricted burning, 466 
solid propellaats, 467, 468, 524 
specific impulse, 503, 504, 505 
specific propellant consumption, 505 
throat pressure for nozzle, 482 
thrust coeffident (Cr), 49^ 497 
thrust developed by^ 
thmst^umtion curve, 499 


Rocket motor {Continmd) 
turbine-driven pumping system, 470, 
471 

unrestricted burning rockets, 466 
velocity thrust, 494 
vertical flight, no air resistance, 518 
Walter power plant, 471, 474 
weight flow coefficient {Cq), 490 
weight flow of gases, 490 
work done during powered flight, 517 
Rynin, A., 464 

Salisbury, 399 
Sanger, E., 464, 465 
Schmidt, E., 115 

Second law of thermodynamics, 75 
Seitz, F., 535 
Shear, 13 

Shear modulus (rigidity modulus), 11, 12 
Shock wave, 129, 147 
Shockless entry, 50 
Smallwood, J., 161 
Smith, A. M. C., 521 
Smith, R. B., 270 
Societe des turbomoteurs, 259 
Soderberg, C. R., 270 
Sonic velocity, 8, 31, 110, 204 
Specific heat equations for gases, 158 
Specific heat ratio for oxygen-hydrogen 
mixtures, 474 
St. Venant, 111 
Stagnation pressure, 82 
Stagnation temperature, 81 
Stodola, A., 125, 136, 406 
Stolze, F., 258, 259 
Stress to rupture test, 538 
Sweigert, R. L., 158 

Talbert, E., 305 
Thermal jet engines, 310 
Thermochemical data on liquid fuels, 
509 

Thrust and power relationships, 514 
Thrust power, 57, 195 
Tietjens, O. G,, 112 
Time impulse, 41 

Torque, angular momentum relation, 49 
iiita:actioii between rotor and a 
fluid, 48 

Total pressure, 82 



$62 


INDEX 


Total temperature, 81 
Turbines, 406 
admission, 408, 444 
available energy, 423, 424, 426, 430, 
432 

reaction stage, 432 
blade angles, Rateau stage, 429 
blade coefficients, 425, 427, 437, 442 
blade developments, 411 
blade height, 443 
blade stress, 448 
blade velocity ratio, 407 
blade windage, 417 
blading efficiency, 428, 442 
carry-over coefficient, ideal stage, 438 
carry-over velocity, 421, 422, 426, 431 
change in operating conditions, effect 
of, 445, 446, 447 
choking of flow in, 410 
Curtis stage, 407, 409 
degree of reaction, 408 
diagram factor, reaction stage, 434 
disk and rim failures, 410, 411 
disk friction, 417 

effect of reaction on blade perform- 
ance, 441, 442 
energy losses, 422 

energy transfer equations, 51, 416, 
419, 424, 428 

enthalpy drop for impulse and reac- 
tion stages, 435, 436 
enthalpy drop per stage, 436 
enthalpy-entropy diagram, 422 
flow through blades, 423 
fluid-friction losses, 437 
internal efficiency, 430 
isentropic velocity, 421 
isentropic velocity ratio, 430 
leaving loss, 419 
losses in blade passage, 425 
nozzle and blading efficiency, Rateau 
stage, 429 

region stage, 432, 433 
nozzle angle, 419, 428 
optimum velocity ratio, 436 
power output^ 420 
principal types, 407 
Rateau stage, 407, 409, 420, 427, 429 
reaction blade section, 431 
reaction stage, 408, 409, 431 


Turbines (Continued) 
residual energy coefficient, ideal stage, 
439 

rotation loss, 420 
stage efficiency, 431, 438 
stress considerations, 410 
symmetrical reaction stage, 433 
v^elocity diagrams, 418 
wheel diameter, 448, 449 
Turbojet engine, 310, 312 
altitude, effect on efficiency, 349 
effect on thrust, 347, 348 
combustion chamber, 336 
comparison of performance with 
turboprop engine, 346 
compression temperature, 334 
compressor efficiency, effect of, 350 
cycle analysis with variable specific 
heat, 352 

cycle pressure ratio, effect of, 348 
discharge area, 327 
flight Mach number, effect on air 
flow rate, 343 

flight velocity, effect on efficiency, 349 
effect on thrust horsepower, 345 
fuel consumption, 344 
heat supplied, 330 
internal efficiency, 329, 331 
isentropic expansion in nozzle, 336 
jet velocity, 323, 339, 341 
jet velocity ratio, 323 
potentialities, 318, 356 
propulsion efficiency, 326 
propulsion parameter, 327, 328 
propulsion power, 325 
ram pressure, 331 
review of patent literature, 313 
static thrust, 342 

temperature at entrance to compres- 
sor, 333 

thermal (or plant) efficiency, 328, 340 
thermodynamic analysis of cycle, 332 
thrust, 322, 323, 341 
thrust power, 325, 326 
true air speed, effect on thrust, 344 
turbine inlet temperature, as a func- 
tion of altitude, 334 
effect of, 347 
turbine work, 335 
weight rate of gas flow, 342, 343 
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Turboprop engine, see Gas turbine 
power plant 

Units, conversion factors, 3 
English absolute system, 2 
English gravitational system, 2 
fundamental units of measurement, 4 
Universal gas constant, 22 

Values, of functions of specific heat 
ratio k, 472 

iPc/Pe)^^\ 476 

of parameter \/ z j{\ \ Z), 475 
of parameter Z — 1, 

103 

Velocity coefficient, 89, 102 
Velox steam generator, 259 
Viscosity, absolute (dynamic), 15 
air, 17 


Viscosity {Contimied) 

conversion factors (dynamic), 17 
dynamic (absolute), 15 
Engler, 19 
kinematic, 18 
relative, 18 
Saybolt, 18 
Von Opel, Fritz, 464 

Wantzel, 111 
Wave drag, 208 
Wetted perimeter, 132 
Whirl velocity, 51, 365, 398 
Whittle, F., 314, 315, 316, 359 

Zeuner, 111 
Ziolkovsky, 464 
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